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PREFACE 


This text is designed as a course of mathematics for higher technical 
schools. It contains many worked examples that illustrate the theoretical 
material and serve as models for solving problems. 

The first two chapters "Number. Variable. Function" and *Limit. Conti- 
nuity of a Function" have been made as short as possible. Some of the ques- 
lions that are usually discussed in these chapters have been put in the third 
and subsequent chapters without loss of continuity. This has made it possible 
to take up very early the basic concept of differential calculus—the deriva- 
tive— which is required in the study of technical subjects. Experience has 
shown this arrangement of the material to be the best and most convenient 
for the student. 

A large number of problems have been included, many of which illust- 
rate the interrelationships of mathematics and other disciplines. The problems 
are specially selected (and in sufficient number) for each section of the course 
thus helping the student to master the theoretical material. To a large extent, 
this makes the use of a separate book of problems unnecessary and extends 
the usefulness of this text as a course of mathematics for self-instruction. 


N. S. Piskunov 


CHAPTER I 


NUMBER. VARIABLE. FUNCTION 


SEC. 1. REAL NUMBERS. REAL NUMBERS AS POINTS ON A 
NUMBER SCALE 


-~ Number is one of the basic concepts of mathematics. It originated 
in ancient times and has undergone expansion and generalisation 
over the centuries. 

Whole numbers and fractions, both positive and negative, together 
with the number zero are called rafional numbers. Every rational 


number may be represented in the form of a ratio, £, of two 
integers p and q; for example, 
= 
7 
In particular, the integer p may be regarded as a ratio of the 
integers + ; for example, 


6 
6=7, 0=7. 


9 


Rational numbers may be represented in the form of periodic 
terminating or nonterminating fractions. Numbers represented by 
nonterminating, but nonperiodic, decimal fractions are called 


irrational numbers; such are the numbers V 2, V3, 5 —V 2, etc. 


The collection of all rational and irrational numbers makes up 
the set of real numbers. The real numbers are ordered in magnitude; 
that is to say, for each pair of real numbers x and y there is one, 
and only one, of the following relations: 


X «uy, X =y, X 2» y. 


Real numbers may be depicted as points on a number scale, 
A number scale is an infinite straight line on which are chosen: 
l)a certain point O called the origin, 2) a positive direction 
indicated by an arrow, and 3) a suitable unit of length. We shall’ 
usually make the number scale horizontal and take the 
positive direction to be from left to right. 

If the number x, is positive, it is depicted as a point M, at 
a distance OM, — x, to the right of the origin O; if the number x, 
is negative, it is represented by a point M, to the left of O at a 
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distance OM, — — x, (Fig. 1). The point O represents the number 
zero. It is obvious that every real number is represented by a 
definite point on the number scale. Two different real numbers are 
represented by different points on the number scale. 

The following assertion is also true: each point on the number 
scale represents only one real number (rational or irrational). 

To summarise, all real numbers and all points on the number 
scale are in one-to-one correspondence: to each number there cor- 
responds only one point, and conversely, to each point there cor- 
responds only one number. This frequently enables us to regard “the 
number x" and *the point x" as, in a certain sense, equivalent 

expressions. We shall make wide use 


Ma 0 M, of this circumstance in our course. 
'- 2-4 123 ^ We state without proof the follow- 
Fig. 1. ing important property of the set 


of real numbers: both rational and 
irrational numbers may be found 
between any two arbitrary real numbers. In geometrical terms, 
this proposition reads thus: both rational and irrational points may 
be found between any two arbitrary points on the number scale. 
In conclusion we give the following theorem, which, in a certain 
sense, represents a bridge between theory and practice. 
Theorem. Every irrational number a may be expressed, to any 
degree of precision, with the aid of rational numbers. 
Indeed, let the irrational number « — 0 and let it be required 


to evaluate a with an accuracy of = (for example, is: a and so 
forth ). 
No matter what « is, it lies between two integral numbers N 


and N+1. We divide the segment between N and N-+-1 into n 
parts; then a will lie somewhere between the rational numbers 


N+= and N+E, Since their difference is equal to =, each 


of them expresses a to the given degree of accuracy, the former 
being smaller and the latter greater. 


Example. The irrational number V2 is expressed by rational numbers: 
1.4 and 1.5 to one decimal place, 
1.41 and 1.42 to two decimal places, 
1.414 and 1.415 to three decimal places, etc. 


SEC. 2. THE ABSOLUTE VALUE OF A REAL NUMBER 


Let us introduce a concept which we shall need later on: the 
absolute value of a real number. 
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Definition. The absolute value (or modulus) of a real number x 
(written |x|) is a nonnegative real number that satisfies the con- 
ditions 


|Ix|2-x ifx0; 
Ix 12 — x if x «90. 
Examples. |2|—2; |—5]=5; |0|=0. 


From the definition it follows that the relationship x «|x| holds 
for any x. 

Let us examine some of the properties of absolute values. 

l. The absolute value of an algebraic sum of several real numbers 
is no greater than the sum of the absolute values of the terms 
lxt+y|<|x{+ yl. 

Proof. Let x+y=0, then 


us ad ang (since x ix| and y<]y)). 
Let x--y« 0, then 
Ix y] — (x+y) = (~x) t+ y) sll ly. 

This completes the proof. 
The foregoing proof is readily extended to any number of terms. 
Examples. 

J—24+3| «|—2|-4-|3] 224-3255 or 1 <5; 

|\—3 —5 j =|—3 [+ ]—5]=34+5=8 or 8—8. 

2. The absolute value of a difference is no less than the 
difference of the absolute values of the minuend and subtrahend: 
|x—y|>|x|—lyl. 

. Proof. Let x—y =z, then x=y+z and from what has been 
proved 
Ik -lyt2llyllzl-lyl-c-ix—vul 


|x| —1 ul I x— ul. 
thus completing the proof. 
3. The absolute value of a product is equal to the product of 
the absolute values of the factors: 
|Ixyz | |x| ly] lzi. 
4. The absolute value of a quotient is equal to the quotient 
of the absolute values of the dividend and the divisor: 
X 


whence 


|x | 


y lyi ` 


The latter two properties follow directly from the definition of 
absolute value. 
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SEC. 3. VARIABLES AND CONSTANTS 


The numerical values of such physical quantities as time, length, 
area, volume, mass, velocity, pressure, temperature, etc., are deter- 
mined by measurement. Mathematics deals with quantities divested 
of any specific content. From now on, when speaking of quantities, 
we shall have in view their numerical values. In various phenomena, 
the numerical values of certain quantities vary, while the numerical 
values of others remain fixed. For instance, in uniform motion of 
a point, time and distance change, while the velocity remains constant. 

A variable is a quantity that takes on various numerical values. 
A constant is a quantity whose numerical values remain fixed. We 
shall use the letters x, y, z, u,...,etc., to designate variables, 
and the letters a, b, c, ... ,etc., to designate constants. 

Note. In mathematics, a constant is frequently regarded as a 
special case of variable whose numerical values are the same. 

It should be noted that when considering specific physical pheno- 
mena it may happen that one and the same quantity in one pheno- 
menon is a constant while in another it is a variable. For example, 
the velocity of uniform motion is a constant, while the velocity of 
uniformly accelerated motion is a variable. Quantities that have 
the same value under all circumstances are called absolute constants. 
For example, the ratio of the circumference of a circle to its dia- 
meter is an absolute constant: x = 3.14159. 

As we shall see throughout this course, the concept of a variable 
quantity is the basic concept of differential and integral calculus. 
In *Dialectics of Nature", Friedrich Engels wrote: *The turning 
point in mathematics was Descartes’ variable magnitude. With 
that came motion and hence dialectics in mathematics, and at 
once, too, of necessity the differential and integral calculus." 


SEC. 4. THE RANGE OF A VARIABLE 


A variable takes on a series of numerical values. The collection 
of these values may differ depending on the character of the prob- 
lem. For example, the temperature of water heated under ordinary 
conditions will vary from room temperature (15-18°C) to the 
boiling point, 100°C. The variable quantity x—cos« can take on 
all values from—1 to-- 1. 

The values of a variable are geometrically depicted as points on 
a number scale. For instance, the values of the variable x= cosa 
for all possible values of « are depicted as the set of points of an 
interval on the number scale, from — 1 to |, including the points 
— {and | (Fig. 2). 
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Definition. The set of all numerical values of a variable quantity 
is called the range of the variable. 

We shall now define the following ranges of a Jake that will 
be frequently used later on. 

An open interval is the collection of 
all numbers x lying between and excluding 
the given numbers a and b (a< b) it 
is denoted (a, b) or by means of the 
inequalities a « x « b. 

A closed interval is the set of all 
numbers x lying between and including 
the two given numbers a and b; it is 
denoted [a, b] or, by means of inequali- Fig. 2 
ties, a « x « b. 

If one of the numbers a or 6 (say, a) belongs to the interval, 
while the other does not, we have a partly closed interval, which 
may be given by the inequalities 


a«x«b 


and is denoted [a, b). If the number b belongs to the set and a 
does not, we have the partly closed interval (a, b], which may be 
given by the inequalities 


a «— x «x b. 


[f the variable x assumes all possible values greater than a, such 
an interval is denoted (a, co) and is represented by the conditional 
inequalities 


a< xX «. oo. 


In the same way we regard the infinite intervals and partly closed infi- 
nite intervals represented by the conditional inequalities a s< x< oo; 
— o «C X «C; —oo «X «CC; — wl X «. OQ. 


Example. The range of the variable x-cosa for all possible values of g 
is the interval [— 1, 1] and is defined by the inequalities — I «z x « 1. 


The foregoing definitions may be formulated for a "point" in 
place of a “number”. 

An interval is the set of all points x lying between the given points 
a and b (the end points) and is called ciosed or open accordingly 
as it does or does not .include its end points. 

The neighbourhood of a given point x, is an arbitrary interval 
(a, b) containing this point within it; that is, the interval (a, 6) 
whose end points satisfy: the condition a«<x,< b. One often 
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considers the neighbourhood (a, 0) 
IER ec T of the point x, for which x, is the 
€ € midpoint. Then x, is called the 


Fig. 3. centre of the neighbourhood and 
the quantity = the radius of 


the neighbourhood. Fig. 3 shows the neighbourhood (x,— e, x, + €) 
of the point x, with radius e. 


SEC. 5. ORDERED VARIABLES. 
INCREASING AND DECREASING VARIABLES. BOUNDED VARIABLES 


We shall say that the variable x is an ordered variable quantity 
if its range is known and if about each of any two of its values 
it may be said which value is the preceding one and which is the 
following one. Here, the notions "preceding" and “following” are 
not connected with time, but serve as a way to "order" the values 
of the variable, i. e., to establish the order of the respective values 
of the variable. i 

Definition 1. A variable is called increasing if each subsequent 
value of it is greater than the preceding value. A variable is called 
decreasing if each subsequent value is less than the preceding value. 

Increasing variable quantities and decreasing variable quantities 
are called monotonically varying variables or simply monotonic 
quantities. 

Example. When the number of sides of a regular polygon inscribed in a 
circle is doubled, the area s of the polygon is an increasing variable. The 
area of a regular poiygon circumscribed about a circle, when the number of 
sides is doubled, is a decreasing variable. It may be noted that not every 
variable quantity is necessarily increasing or decreasing. Thus, if a is an 
increasing variable over the interval (0, 27], the variable x —sina is not a 
monotonic quantity. It first increases from 0 to 1, then decreases from 1 to 
— l, and then increases from —1 to O. 

Definition 2. The variable x is called bounded if there exists a 
constant M —O such that all subsequent values of the variable, 
after a certain one, satisfy the condition 


— M «x « M, that is, |x| « M. 


In other words, a variable is called bounded if it is possible to 
indicate an interval [— M, M] such that all subsequent . values of 
the variable, after a certain one, will belong to this interval. 
However, one should not think that the variable will necessarily 
assume all values of the interval [— M, M]. For example, the 
variable that assumes all possible rational values on the interval 
[— 2, 2] is bounded, and nevertheless it does not assume all values 
on [— 2, 2], namely, the irrational values. 
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SEC. 6. FUNCTION 


In the study of natural phenomena and the solution of technical 
and mathematical problems, one finds it necessary to consider the 
variation of one quantity as dependent on the variation of another. 
For instance, in studies of motion, the path traversed is regarded 
as a variable which varies with time. Here, the path traversed is 
a function of the time. 

Let us consider another example. We know that the area of a 
circle, in terms of the radius, is Q— xR*. If the radius R takes 
on a variety of numerical values, the area Q will also assume 
various numerical values. Thus, the variation of one variable brings 
about a variation in the other. Here, the area of a circle Q is a 
function of the radius R. Let us formulate a definition of the con- 
cept "function". 

Definition 1. If to each value of the variable x (within a certain 
. range) there corresponds one definite value of another variable y, 
then y is a function of x or, in functional notation, y =F (x), y= (x), 
and so forth. 

The variable x is called the independent variable or argument. 
The relation between the variables x and y is called a functional 
relation. The letter f in the functional notation y=f(x) indicates 
that some kind of operations must be performed on the value of 
x in order to obtain the value of y. In place of the notation 
y=f(x), u=ọ (x), etc., one occasionally finds y= y (x), u=u(x), 
etc., the letters y, u designating both the dependent variable and the 
symbol of the totality of operations to be performed on x. 

The notation y=C, where C is a constant, denotes a function 
whose value for any value of x is the same and is equal to C. 

Definition 2. The set of values of x for which the values of the 
function y are determined by virtue of the rule f(x) is called the 
domain of definition of the function. 


Example 1. The function y=sinx is defined for all values of x. Therefore, 
its domain of definition is the infinite interval — oo < x < œ. 


Note 1. If we have a functional relation of two variable quan- 
tities x and y=f(x) and if x and y=f(x} are regarded as ordered 
variables, then of the two values of the function y* —f(x*) and 
y** —f(x**) corresponding to two values of the argument: x* and 
x**, the subsequent value of the function will be that one which 
corresponds to the subsequent value of the argument. The following 
definition is, therefore, natural. 

Definition 3. If the function y=f(x) is such that to a greater 
value of the argument x there corresponds a greater value of the 


20 Number. Variable. Function 


function, then the function y= f(x) is called increasing. A decreas- 
ing function is similarly defined. 


Example 2. The function Q— xR? for 0< R < o is an increasing function 
because to a greater value of R there corresponds a greater value of Q 


Note 2. The definition of function is sometimes broadened so 
that to each value of x, within a certain range, there corresponds 
not one but several values of y or even an infinitude of values 
of y. In this case we have a multiple-valued function in contrast 
to the one defined above, which is called a single-valued function. 
Hencelorward, when speaking of a function, we shall have in view 
only single-valued functions. If it becomes necessary to deal with 
multiple-valued functions we shall specify this fact. 


SEC. 7. WAYS OF REPRESENTING FUNCTIONS 


I. Tabular representation of a function 


Here, the values of the argument x, x,,...,x, and the cor- 


responding values of the function Y, y,,...,y, are written out 
in a definite order. 


Examples are tables of trigonometric functions, tables of 
logarithms, and so on. 

An experimental study of phenomena can result in tables that 
express a functional relation between the measured quantities. For 
example, temperature measurements of the air at a meteorological 
station on a definite day yield a table like the following. 

The temperature T (in degrees) is dependent on the time 
t (in hours). 


This table defines T as a function of £. 
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II. Graphical representation of a function 


If in a rectangular coordinate system on a plane we have a set 
of points M (x, y), and no two points lie on a straight line parallel 
to the y-axis, this set of points defines 
a certain single-valued function y — 
—fF(x); the abscissas of the points 
are the values of the argument, the 
corresponding ordinates are the values 
of the function (Fig. 4). 

The collection of points in the 
xy-plane whose abscissas are the Fig. 4. 
values of the independent variable 
and whose ordinates are the corresponding values of the function 
is called a graph of the given function. 


III. Analytical representation of a function 


Let us first explain what “analytical expression" means. By ana- 
lytical expression we will understand a series of symbols denoting 
a totality of known mathematical operations that are performed in 
a definite sequence on numbers and letters which designate constant 
or variable quantities. 

By totality of known mathematical operations we mean not only 
the mathematical operations familiar from the course of secondary 
school faddition, subtraction, extraction of roots, etc.) but also 
those which will be defined as we proceed in this course. 

The following are examples of analytical expressions: 


x59. E 2* V 5 3- 3x, 


elc. 


If the functional relation y=f(x) is such that f denotes an 
analytical expression, we say that the function y of x is represented 
analytically. 

Examples of functions represented analytically are: 1) y = x*— 2; 
2) y-it 3) y-V1—x; 4) y= sin x; 5) Q= nR?, and so forth. 

Here, the functions are represented analytically by means of a 
single formula (a formula is understood to be the equality of two 
analytical expressions). In such cases one may speak of the natural 
domain of definition of the function. 

The set of values of x lor which the analytieal expression on 
the right-hand side has a [ully definite value is the natura! domain 
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' of definition of a function represented analytically. Thus, the natu- 
ral domain of definition of the function y= x*—2 is the infinite 
interval —oo«x«:oo, because the function is defined for all 
values of x. The function y= is defined for all values of x, 
with the exception of x= 1, because for this value of x the deno- 
minator vanishes. For the function y=V1—2, the natural domain 

; of definition is the closed interval — I «z x « 1, 

Yh g7* and so on. 

Note. It is sometimes necessary to consider 
only a part of the natural domain of a function, 
and not the whole domain. For instance, the 
dependence of the area Q of a circle upon the 
radius R is defined by the function Q = xR*. 
The domain of this function, when considering 
a given geometrical problem, is the infinite 
interval 0< R «-r oo. But the natural domain 

^ of this function is the infinite interval — oo < 
Fig. 5. « R «4 oo. 

If the function y=f(x) is represented analy- 
tically, it may be shown graphically on a coordinate xy-plane. 
Thus, the graph of the function y— x^ is a parabola as shown iri 


Fig. 5. 


SEC. 8. BASIC ELEMENTARY FUNCTIONS. ELEMENTARY FUNCTIONS 


The basic elementary functions are the following analytically 
represented functions. 

I. Power function: y— x', where a is a real number. *) 

II. Exponential function: y=a*, where a is a positive number 
not equal to unity. | 

III. Logarithmic Junction: y = log, x, where the base of logarithms 
a is a positive number not equal to unity. 

IV. Trigonometric functions: y=sinx,. y=cosx, y=tanx, 
y=cotx, y=secx, y —cscx. 

V. Inverse trigonometric functions: 


y =arc sinx, y=arccosx, y=arctanx, 
y==arccotx, y=arcsecx, y= arccsc x. 


Let us consider the domains of definition and the graphs of the 
basic elementary functions. 


*) If a is irrational, this function is evaluated by taking logarithms and 
antilogarithms: log y =4 log x. lt is assumed that x >0. 
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Power function y= x'. 

l. œ is a positive integer. The function is defined in the infi- 
nite interval — oo « x <+ oo. In this case, the graphs of the func- 
tion for certain values of « have the form shown in Figs. 6 
and 7. 


Fig. 6. PUES. 


2. a is a negative integer. In this case, the function is defined 
for all values of x with the exception of x —O. The graphs of the 
functions for certain values oí « 
have the form shown in Figs. 8 
and 9. 


Fig. 8. Fig. 9. 


Figs. 10, 11, and 12 show graphs of a power function with 
fractional rational values of «. 


gern 


Fig. 10. Fig. 11. Fig. 12. 
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Exponential function, y =a*, a0 anda + 1. This function is 
defined for all values of x. Its graph is shown in Figs. 13 and 14. 


y DO, / Pr” 
3 
2 


d DO UNA. 2? ~ 
Fig. 13. Fig. 14. 
Logarithmic function, y = log, x, a7-0 and az 1. This function 


is defined for x — 0. Its (o is shown in Fig. 15. 
Trigonometric functions. In the formulas y= sinx, etc., the 
independent variable x is expressed in radians. All the enumerated 
y trigonometric functions are periodic. 
Let us give a general definition of a 
periodic function. 
y=l09a X Definition 1. The function y=f(x) 
is called periodic if there exists a con- 
stant C, which, when added to (or sub- 
"Ne tracted from) the argument x, does not 
change the value of the function: 
f(x4-C)-—f(x) The least such number 
is called the period of the function; it 
Fig. 15. will henceforward be designated as 2l. 
From the definition it follows directly 
that y — sinx is a periodic function with a period 2x: sinx— 
—Ssin(x4-2m). The period of cosx is likewise 2m. The functions 
y=tanx and y —cot x have a period equal to x. 
The functions y= sinx, y= cosx are defined for all values of x; 
the functions y — tan x ang y=secx are defined everywhere except 


the points x — (2k+ 1) > ~ (k=0, 1,2, ...5; the functions y— cot x 


and y=cscx are defined for all fale: of x except the points 
x=kn(k=0, 1,2, ...). Graphs of trigonometric functions are 
shown in Figs. 16, 17, 18, and 19. 

The inverse trigonometric functions will be discussed in more 
detail later on. 
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Fig. 18. Fig. 19. 


Let us now introduce the concept of a function of a function. 
If y is a function of u, and u (in turn) is dependent on the var- 
iable x, then y is also dependent on x. Let 


y =F (u) 
u = q (x). 
We get y as a function of x 
y =F [ọ (x)}. 


This function is called a function of a function or a composite 
function. 


Example 1. Let y=sinu, u=x?. The function y —sin (x?) is a composite 
function of x. 


Note. The domain of definition of the function y =F [y (x)] is 
either the entire domain of the function, u =ọ (x), or that part 
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of it in which those values of u are defined that do not.go beyond 
the domain of the function F (u). 


Example 2. The domain of definition of the function y= V 1—x* (y = Vu, 
u = 1— x?) is the closed interval [— 1, 1], because when | x | > lu « O and, conse. 


quently, the function V u is not defined (although the function u —1— x? is 
defined for all values of x). The graph of this function is the upper half of 
a circle with centre at the origin of the coordinate system and with radius 
unity. 


The operation “function of a function". may be performed any 
number of times. For instance, the function y=In [sin (x' + 1)] is 
obtained as a result of the [following operations (defining the 
following functions): 

o—x'--l,u-sino, y=Inu. 


Let us now define an elementary function. 
y Definition 2. An elementary function is 
a function which may be represented by 
a single formula of the type y=f(x), 
where the expression on the right-hand 
side is made up of basic elementary func- 
„y tions and constants by means of a finite 
Ob. 7 2 number of operations of addition, 
Fig. 20. subtraction, multiplication, division and 
taking the function of a function. 
From the definition it follows that elementary functions are 
functions represented analytically. 


Examples of elementary functions: 


-— 
——— A log x 4-4 V/ x -21an x 
EU 2 y» = " 
y V 1-4 sin? x; as (co -— : 
and the like. 

Examples of non-elementary functions: 

i. The function y=1-2-3...:n[y=/f(n)] is not elementary because the 
number of operations that must be performed to obtain y increases with n, 
that is to say, it is not bounded. 

2. The function given in Fig. 20 is not elementary either because it is 
represented by means of two formulas: 


f (x)=x, if Oe x « 1, 
f(x) 22x—1, iflezxe2. 


SEC. 9. ALGEBRAIC FUNCTIONS 


Algebraic functions include elementary functions of the following 
kind: 
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l. The rational integral function, or polynomial 
y—ax"-4-ax''--...--a,, 


where a,, a,,..-., a, are constants called coefficients, and n is a 
nonnegative integer called the degree of the polynomial. It is 
obvious that this function is defined for all values of x, that is, 
it is defined in an infinite interval. 


Examples: 1. y=ax-+-6 is a linear Yk aso Yh a<0 
function. When 5 —0, the linear function 
y =ax expresses y as being directly pro- 
portional to x. For a=0, g-b, the 
function is a constant. 


2. y=ax?+bx+c is a quadratic rA j 
function. The graph of a quadratic func- 
lion is a parabola (Fig. 21). These (a) (b) 
functions are considered in detail in 
analytic geomet ry. Fig. 21. 


N. Fractional rational function. This function is defined as the 
ratio of two polynomials: 


Y= gan pbi... ba 


For example, the following is a fractional rational function: 
a 
yg 


it expresses inverse variation. Its graph is shown in Pig. 22. It is 
obvious that a fractional rational function is defined for all values 
of x with the exception 


y y of those for which the 

a>0 a<0 denominator becomes 
Zero. 

PM Ill. Irrational func- 

2 E 7 r tion. If in the formula 


y=f(x} operations of 

addition, subtraction, 

multiplication, division 

(a) (b) and raising to a power 

with rational non-inte- 

Fig. 22. gral exponents are per- 

formed on the right- 

hand side, the function y= f(x) is called irrational. Examples 


of irrational functions are: yo Ye yz V x; etc. 
x ' 
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Note 1. The above-mentioned three types of algebraic functions 
do not exhaust all algebraic functions. An algebraic function is any 
function y= f(x) which satisfies an equation of the form 


P,(x) y" +P, (x)y" T+... 4 -PL()—0, (1) 


where P,(x), P,(x), ..., P,(x) are certain polynomials in x. 

It may be proved that each of the enumerated three types of 
function satisfies a certain equation of type (1), but not every func- 
tion that satisfies an equation like (1) is a function of one of 
the three types given above. 

Note 2. A function which is not algebraic is called transcendental. 

Examples of transcendental functions are: 

y= cos X; y= 10*x 
and the like. 


SEC. 10. POLAR COORDINATE SYSTEM 


The position of a point in a plane may be determined by means 
of a so-called polar coordinate system. 

We choose a point O in a plane and call it the pole; the half- 
line issuing from this point is called the polar axis. The position 
of the point M in the plane may be specified by two numbers: 
the number o, which expresses the distance of M from the pole, 

and the number g, which is the angle formed 

a by the line segment OM and the polar axis. 

9 The positive direction of the angle @ is 

reckoned counterclockwise. The numbers o 

Ne» and « are called the polar coordinates of the 
04 x point M (Fig. 23). 

We wil always consider the radius vector 
@ nonnegative. If the polar angle ọ is taken 
within the limits 0-9 «2r, then to each 
point of the plane (with the exception of the pole) there corre- 
sponds a definite number pair ọ and gy. For the pole, ọ=0 and ọ 
is arbitrary. 

Let us now see how the polar and rectangular Cartesian coordi- 
nates are related. Let the origin of the rectangular coordinate 
system coincide with the pole, and the positive direction of the 
x-axis, with the polar axis. We establish a relationship between 
the rectangular and polar coordinates of one and the same point. 
From Fig. 24 it follows directly that 


x=Qcos p, y=eQsing 


Fig. 28. 


and, conversely, that 


e=V FF}, tang==. 
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Note. To find, it isnecessary to take into account the quad- 
rant in which the point is located and then take the correspond- 


E 


M 


Yy=9sing 


X7 C05 Q 
Fig. 24. Fig. 25. 


ing value of q. The equation ọ = F (q) in pen coordinates defines 
a certain line. 
Example 1. Equation g=a, where a= const, defines in polar coordinates 


a circle with centre in the pole and with radius a. The equation of this 
circle in a rectangular coordinate system situated as shown in Fig. 24 is 


V x+y =a or x? +y’ = a? 
(Fig. 25). 


Example 2. o0— aq, where a= const. 
Let us tabulate the values of o for certain values of q 


x It 3 3 
a FE | T 7% x PEL 2n on 4n 
Q | 0 | =0.78a = 1.574 | =2.36a ~3.14a =='4.71a | =6.28a | z-9.42a | + 12.56a 


The corresponding curve is shown in Fig. 26. It is called the spiral of Archi- 
medes. 
Example 3. 
Q = 2a cos q. 


This is the equation of a circle of radius a, the centre of which is at the 
point Qo— a, p=0 (Fig. 27). Let us write the equation of this circle in rect- 


Fig. 26. Fig. 27. 
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angular coordinates. Substituting ọ = V Fie, cos p— into the gi- 


TOES 
y xt yt 


ven equation, we get 


V + yi-2a—-—— 
V xta y? 


x? + y? — 2ax —0. 


OT 


Exercises on Chapter I 


1. Given the function /(x)=x?+6x—4. Verify the equalities 7 (1) 3, 
f (3) — 23. 


Ans. a?+2a+2. d) f(a)+1. Ans. a?+2. a?) Ans. a*--1. f) [f (a)]*. 
Ans. a*4-2a*4-1l. g) f (2a). Ans. 4a?+1. 
3. 9G) 3- B Write the expressions 16 and za) Ans o(=) a 


I—x. 1 _3(x)+5 
3+5 po  1—x ' 

4. (x)= V x? +4. Write the expressions p (2x) and (0). Ans. p(2x)= 
=2 V x? +1; 4 (0)=2. T 


5. f (0) — tan 8. Verify the equality f 09) = ee 
a-t} b 


6. p(x) lop LA. Verify the equality pato o=o C57, 


7. f (x)=log x; Q (x) —x*. Write the expressions: a) f [p(2)}. Ans. 3 log 2. 
b) / [e (a)]. Ans. 3log a. c) p [F (a)). Ans. [log aj. 

8. Find the natural domain of definition of ihe function y=2x?+1 Ans. 
—o<x<+o, 

9. Find the natural domains of definition of the functions: a) V 1—x?. 


Ans. —lezxe«--l. b) V3-rx4- V 7—x. Ans. —3<x <7. c) V xcd 


— V/ x—b. Ans. — o» « x <+ o. d) zT 
—lexs«l. f) y=logx. Ans. x 20. g) y=a* (a 0). Ans.— oo « x «4 o. 
Construct the graphs of the functions: 
10. y — 3x 4-5. 11. yaa rH 12.  y—3—2x*. 13. gy-x*-2x— 1. 


] 


. Ans. x z a. e) arc sin*x. Ans. 


14. y= "c 15. y=sin 2x. 16. y=cos 3x. 17. y= x?—4x4+ 6. 18. y= 


n n l l 
19. yin ez) . 20. y — cos ( 4) . 2l. y= tan > x. 22. y= cot ~ x. 


23. y= 3%. 24. y= 2-*", 25. y=log,—. 26. yaad F1. 27. y 4—x*. 28. y= 
I 1 


1 
. 92. y=x °. 33. y x). 34. y—|x|. 


| 
oy 29. yaa’ 30.935. 81. y—x 


35. g--log,]x|. 36. y=log,(l—x). 37. y=3sin (245 ). 38. y= 
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= 4 cos CJ 39. The function / (x) is defined on the interval [ —1, 1] 
as follows: 

f(x)=1+x for —-lax< 0; 

F(x)z1—2x forOszx-«l. 
40. The function f(x) is defined on the interval [0, 2] as follows: 


f(x)=x8 for0Oexe«l; 
[(x)2x forlexsx2. 
Plot the curves given by the polar equations: 41. => (hyperbolic spi- 


ral). 42. o —a* (logarithmic spiral). 43. ọ=a V cos2p (lemniscate). 44. Q5 
= a (1—cos 9) (cardioid). 45. Q—a sin 39. 


CHAPTER U 


LIMIT. CONTINUITY OF A FUNCTION 


SEC. 1. THE LIMIT OF A VARIABLE. 
AN INFINITELY LARGE VARIABLE 


In this section we shall consider ordered variables that vary in 
a special way defined as follows: “the variable approaches a 
limit". Throughout the remainder of the course, the concept of 
limit of a variable will play a fundamental role, for it is intimate- 
ly bound up with the basic concepts of mathematical analysis, 
such as derivative, integral, etc. 

Definition 1. A constant number a is said to be the /imit of a 
variable x, if for every preassigned arbitrarily small positive num- 
ber e it is possible to indicate a value of the variable x such 
that all subsequent values of the variable will satisfy the inequality 

|x—a| <e. 

If the number a is the limit of the variable x, one says that x 
approaches the limit a; in symbols we have 


x—a or limx=a. 

In geometric terms, limit may be defined as follows. 
26 The constant number a is the limit 
d ESSET of the variable x if for any preassigned 
Ü pu j arbitrarily small neighbourhood with 
centre in the point a and with radius 
Figs «9 e there is a value of x such that all 
points corresponding to subsequent values 
of the variable will be within this neighbourhood (Fig. 28). Let us 

consider several cases of variables approaching limits. 


Example 1. The variable x takes on successive values: 


l i 
x exe n=l 5: y= lai e Xgl i s 


We shall prove that this variable has unity as its limit. We have 


Te = 


\x,—l[= m 
For any £, all subsequent values of the variable begin wiih n, where 


n 


<E n> T will satisfy the inequality |x,—1]|« € and the proof is 
n — 


complete. 
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It will be noted here that the variable quantity decreases as it approaches 
the limit. 


Example 2. The variable x takes on successive values: n-l—: v= 
l l i 1 
—lta: Xy=l—ay; X —l—3; me 1 lb Us os 
This variable has a limit of unity. Indeed, 


iniu (1e comi): 


For any e, beginning with n, which satisfies the relation 


| 
p c 
from which it follows that 
99s a 
€ 
n log 2 > log — 


or 


all subsequent values of x will satisfy the relation 
|x,—1]| <e. 


It will be noted here that the values of the variable are greater than or 
T than the limit, and the variable approaches its limit by “oscillating 
about it”. . 


Note 1. As was pointed out in Sec. 3 (see Ch. 1), a constant 
quantity c is frequently regarded as a variable whose values 
all coincide: x — c. 

Obviously, the limit of a constant is equal to the constant 
itself, since we always have the inequality |x—c|=|]c—c|=0<e 
[or any e. 

Note. 2. From the definition of a limit it follows that a vari- 
able cannot have two limits Indeed, if limx=a and limx= 
=b (a< b) then x must satisfy, at one and the same time, two 
inequalities: 


[x—a| <e and |x—bi<e > 


b—a 
2 


for an arbitrarily small e; but this is impossible if e< 
(Fig. 29). 


2—3388 
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Note 3. One should not think that every variable has a limit. 
Let the variable x take on the following successive values: 


l l 
Xa = | — zx ^Xspui77 92k 41 


(Fig. 30). For & sufficiently large, the value x,,and all subsequent 
values with even labels will differ from unity by as small a 


| Ly wa f? X X, X po 
> » 3 1 2 6 
D ; 
E e< bza E SS 


Fig. 29. Fig. 30. 


number as we please, while the next value x,,,, and all subse- 
quent values of x with odd labels will differ from zero by as 
small a number as we please. Consequently, the variable x does 
not approach a limit. | 

In the definition of a limit it is stated that if the variable 
approaches the limit a, then a isa constant. But the word “appro- 
aches” is used also to describe another type of variation of a 
variable, as will be'seen from the following definition. 

Definition 2. A variable x approaches infinity if for every 
preassigned positive number M it is possible to indicate a value 
of x such that, beginning with this value, all subsequent values 
of the variable will satisfy the inequality |x|— M. 

If the variable x approaches infinity, it is called an infinitely 
large variable and we write x — œ. i 


Example 3. The variable x takes on the values 
x=- l; X, = —2; X; =— 3; Caen X,=(—1)"n eee 


This is an infinitely large variable quantity, since for an arbitrary M> 0 all 
values of the variable, beginning with a certain one, are, in absolute 
magnitude, greater than M. 


©The variable x “approaches plus infinity", x —--oo, if for an 
arbitrary M >Q all subsequent values of the .variable, beginning 
with a certain one, satisfy the inequality M <x. 


Án example of a variable quantity approaching plus infinity is the variable 
x that takes on the values x,— 1, X, — 2, eg edo ia 
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A variable approaches minus infinity, x —— oo, if for an arbi- 
trary M —0, all subsequent values of the variable, beginning with 
a certain one, satisfy the inequality x <— M. 


For example, a variable x that assumes the values x,-2 —1, x,=—2, . 


*e95 
XQ,7——n, ..., approaches minus infinity. 


SEC. 2. THE LIMIT OF A FUNCTION 


In this section we shall consider certain cases of the variation 
of a function when the argument x approaches a certain limit a 
or infinity. 

Definition 1. Let the function y=f(x) be defined in a certain 
neighbourhood of the point a or at certain points of this neigh- 
bourhood. The function y —f (x) approaches the limit b (y — b) as x 
approaches a(x —»a), if for every positive number e, no matter 
how small, it is possible to indicate a positive number à such 
that for all x, different from a and satisfying the inequality *) 


|x—a | <ô, 
we have the inequality 
|f G)— b | «e. 


If b is the limit of the function f(x) as x —a, we write 


lim f(x) b 
Xx 
or f(x) — b as x —a. 

If f(x) — b as x —«a, this is 
illustrated on the graph of the 
function y=f(x) as follows 
(Fig. 3l). 

Since from the inequality 
Ix—al« 6 there follows the 
inequality |f(x)—b|« e, this 
means that for all points x Fig. 81. 


*) Here we mean the values of x that satisfy the inequality 
|x—a| « 6 and belong to the domain of definition of the function. We shall 
encounter similar circumstances in the future. For instance, when considering 
the behaviour of a function as x — oo, it may happen that the function is 
defined only for positive integral values of x. And so in this case x —» oco, 
assuming only positive integral values. We shall not specify this when it 
comes up later on. ' 


2* 
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that are not more distant from the point a than 6, the points 
M of the graph of the function y=f(x) lie within a band of 
width 2e bounded by the lines y=b—e and y=b-+e. 

Note f. We may define the limit of the function f(x) as x —a 
as follows. 


Let a variable x assume values such (that is, ordered in such 
fashion) that if 
|x*— a|>|x**—al, 
then x** is the subsequent value and x* is the preceding value; 
but if 


| x*—a|=|x**—a| and x*« x**, 


then x** is the subsequent value and x* is the preceding value. 

In other words, of two points on a number scale, the subsequent 
one is that which is closer to the point a; at equal distances, the 
subsequent one is that which is to the right of the point a. 

Let a variable quantity x ordered in this fashion approach the 
limit a[x — a or limx-a]. 

Let us further consider the variable y — f(x). We shall here and 
henceforward consider that of the two values of a function, the 
subsequent one is that which corresponds to the subsequent value 
of the argument. 

If, as x —a, a variable y thus defined approaches a certain 
limit 6, we shall write 

lim f (x) = b 


and we shall say that the function y=f(x) approaches the limit 
y b as x—a. 

It is easy to prove that both 
definitions of the limit of a function 
are equivalent. 

Note 2. If f(x) approaches the limit 
b, as x approaches a certain number 
a, so that x takes on only values less 
than a, we write lim f(x)=b, and 


X—GG-0 
call b, the limit of the function f(x) 
on the left of the point a. If x takes 
Fig. 32. on only values greater than a, we 
write lim f(x)-— b, and call b, the 


- x—>a+0 
limit of the function on the right of the point a (Fig. 32). 
[t can be proved that if the limit on theright and the limit on 
the left exist and are equal, that is, 5,— 5,— b, then 6 will be 
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the limit in the sense of the foregoing definition of a limit at the 
point a. And conversely, if there exists a limit 6 of a function at 
the point c, then there exist limits of the function at the point a 
both on the right and on the left and they are equal. 


Example 1. Let us prove that lim(3x4-1) 2-7. Indeed, let an arbitrary 


X—>2 
£ > 0 be given; for the inequality or entl <e to be fulfilled it is neces- 
sary to have the following inequalities fulfilled: 


i 8 g & 
Iàx—6|« e, |x—2| < 3, —3 «x—2 «3. 


Thus, given any e, for all values of x satisfying the inequality | x —2 | <== 


= 6, the value of the function 3x--1 will differ from 7 by less than e. And 
this means that 7 is the limit of the function as x —*2. 


Note 3. For a function to have a limit as x —a, it is not ne: 
cessary that the function be defined at the point x — a. When find- 
ing the limit we consider the values of the function in the 
neighbourhood of the point a that are different from a; this is 
clearly illustrated in the following case. 

x? — 4 x? — 


Example 2. We shall prove that lim = 4. Here, the function 
x2 X—2 x—2 


is not defined for x —2. 
It is necessary to preve that for an arbitrary e, there will be a 6 such 
that the following inequality will be fulfilled: 


x* —4 
x—2 
if |x—2]| <ô. But when x Æ 2 inequality (1) is equivalent to the inequality 


(x—2) (x+2)_, 
x-—2 


4| «e (1) 


=| (x +2)—4| «e 


Ix—2| <e. (2) 


Thus, for an arbitrary e, inequality (1) will be fulfilled if inequality (2) 
is fulfilled (here, 6=ec), which means that the given function has the 
number:4 as its limit as x —-2. 


Let us now consider certain cases of variation of a function 
as X — oo. 

Definition 2. The function f(x) approaches the limit b ak — oo 
if for each arbitrarily small positive number e it is possible to 
indicate a positive number N such that for all values of x that 
satisfy the inequality |x|=>>N the inequality |f (x) —6| « & will 
be fulfilled. 
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Example 3. To prove that 


OT 


It is necessary to prove that, for an arbitrary e, the following inequality 
will be fulfilled 


CENT " 


provided [x | > N, where N is determined by the choice of e. Inequality (3) 


is equivalent to the following inequality: Fa <e, which will be fulfilled if 
I 
lx} >—=N. 
e 


And this means that lim (1+ =)= lim etl i (Fig. 33). 
xX -=> @ des 


X-— o0 X 


Fig. 33. 


Knowing the meanings of the symbols x — œ and x —-— œ the meanings 
of the following expressions are obvious: 

"f (x) approaches b as x — + oo" and 

“f (x) approaches b as x —- — œ”, or, in symbols, 


lim f (x) — b, 


x + @ 


lim f (x) =6. 
X-—-—o 


SEC. 3. A FUNCTION THAT APPROACHES INFINITY. 
BOUNDED FUNCTIONS 


We have considered cases when the function f(x) approaches a 
certain limit b as x — a or as x- oo. 

Let us now take the case when the function y= f(x) approaches 
infinity when the argument varies in some way. 
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Definition 1. The function f(x) approaches infinity as «— a, 
Le, it is an infinitely large quantity as x— a, if for each 
positive number M, no matter how large, it is possible to find 
a 6>>0 such that for all values of x different from a and satisfying 
the condition |x —a| <ô, we have the inequality |f(x)| >M. 

If F(x) approaches infinity as x — a, we write 


lim f (x) = oo 
or f(x) 9 œ as x a. 


If f(x) approaches infinity as x — a and, in the process, assumes 
only positive or only negative values, the appropriate notation is 


lim f (x) - -- oo or limf (x) 2 — oo. 
Xu x ->a 
Example 1. We shall prove that lim Ior = -+ o. Indeed, for any 
X -1 E 


M 0 we will have 
l 


ü— ^ 
provided 
l 1 
] — x» «Ta | —x| < ——-—6. 
(=a? < ap eh < ae 
The function i assumes only positive values (Fig. 34). 
Example 2. We shall prove that lim (7x) — o.  lndeed, for any 
X - 0 
M> 0 we will have 
-t> 
x 


provided 


|x} 21x—9| <$} =ð. 


Here (- =) > 0 for x <0 and (7x) <0 for x > 0 (Fig. 35). 


If the function / (x) approaches infinity as x — oo, we write 


lim /(x)— o, 


and we may have the particular cases: 


lim / (x) 2 oo, lim /(x)- o, lim /(x) 2 — co. 
K— 40 [2 x= +o 


For example, 


lim x2=-+ o, lim x! =— co 
K — œ ` X -> — 0 
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Note 1. The function y— f(x) as x—^ a or as x— oo may not 
approach a finite limit or infinity. 


y 


Fig. 35. 
Example 3. The function y=sinx defined on the infinite interval 


— o «x«-o, as x— + o, does not approach either a finite limit or 
infinity (Fig. 36). í 


Fig. 36. 


Example 4. The function y=sin - defined for all values of x, except 


x--0, does not approach either a finite limit or infinity as x — 0. The 
graph of this function is shown in Fig. 37. 


Definition 2. The function y =f (x) is called bounded in a given 
range of the argument x if there exists a positive number M such 
that for all values of x in the range under consideration the 
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inequality |f (x) | « M will be fulfilled. If there is no such num- 
ber M, the function f(x) is called unbounded in the given range. 


Example 5. The function y=sinx, defined in the infinite interval 
— o «x«-o, is bounded, since for all values of x 


| sin x | s 1 — M. 


Definition 3. The function f(x) is called bounded as x —a if 
there exists a neighbourhood with centre at the point a, in which 
the given function is bounded. 

Definition 4. The function y= f(x) is called bounded as x — co 
if there exists a number NO such that for all values of x 
satisfying the inequality |x|— V, the function f(x) is bounded. 

The boundedness of a function approaching a limit is decided 
by the following theorem. 

Theorem 1. If lim f(x)=06, where b is a finite number, the 


function f(x) is bounded as x — a. 
Proof. From the equality lim f(x)=6 it follows that for any 


£ —0 there wil be a 6 such that in the neighbourhood 
a—8<x<1a-+6 the inequality 


if (x)—6|<e 


F<] +s 


will be fulfilled, which means that the function f(x) is bounded 
as x — a. 

Note 2. From the definition of a bounded function f(x) it 
follows that if 


OT 


lin f(x) -oo. or lim f(x) — co, 
X-uü xX -> œ% 

that is, if f(x) is an infinitely large function, it is unbounded. 
The converse is not true: an unbounded function may not be 
infinitely large. 

For example, the function y=xsinx as x—»oco is unbounded 
because, for any M0, values of x can be found such that 
|x sinx| œM. But the function y= x sinx is not infinitely large 
because it becomes zero when x=0, n, 2n,... The graph of the 
unction y=xsinx is shown in Fig. 38. 

Theorem 2. /f lim f(x)=0 450, then the function Y= isa 
bounded function as x — a. 

Proof. From the statement of the theorem it follows that for an 
arbitrary e>>0 in a certain neighbourhood of the point x —a we 
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will have |f (x) — 6|« e, or lf (G)|—|6l« e or —e</flx)|— 
— |b|«e, or |b]|—e« |f Go | «164 e. 


— 
| 
| 
{ 
| 
! 
4---3 


— an = an i ee 


— — a — — —À — eee a— — — — oe — 


From the latter inequality it follows that 
l l | 
j&[-s^ ioo] 7 (bite * 


For example, taking e— 1151, we get 
10 l 10 
S[6]^ Trey] ^ 181" 


which means that the function = is bounded. 


SEC. 4. INFINITESIMALS AND THEIR BASIC PROPERTIES 


In this section we shall consider functions approaching zero as 
the argument varies in a certain manner. | 

Definition. The function a=a(x) is called infinitesimal as x —a 
or as x— œ if lim a(x)=0 or lim a(x)=0. 


From the definition of a limit it follows that if, for example, 
lin a(x) 20, this means that for any  preassigned arbitrarily 


small positive e there will be a 0 —O such that for all x satisfying 
the condition | x —a|« ô, the condition [a (x)| « & will be satisfied. 


Example 1. The function a—(x—1)? is an infinilesimal as x — 1 because 
lim a= lim (x—1) 20 (Fig. 39). 
avi 


imal 
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Example 2. The function a= is an infinitesimal as x — oo (Fig. 40) 


(see Example 3, Sec. 2). 


€ 
676 


Fig. 39. Fig. 40. 


Let us establish a relationship that will be important later on. 
Theorem 1. /f the function y=f(x) is in the form of a sum of 
a constant b and an infinitesimal a: 


y=b+a, (1) 
then 
limy=b (as x— a or x— o0). 


Conversely, if limy — b, we may write y=b+a, where a is an 
infinitesimal. 

Proof. From equality (1) it follows that |y—6|[=]a|. But for 
an arbitrary e, all values of a, from a certain value onwards, 
satisfy the relationship |aļ< e; consequently, the inequality 
|[yj—b|«se will be fulfilled for all values of y from a certain 
value onwards. And this means that limy= b. 

Conversely: if. limg- 6, then given an arbitrary e, for all 
values of y, from a certain value onwards, we will have |y— b | « e. 
But if we denote y—b=a, then it follows that for all values 
of a, from a certain one onwards, we will have |a|« e; and this 
means that a is an infinitesimal. 


Example 3. Let a function be given (Fig. 41) 


I 
ge : 
then 
lim y=1, 
xo 
and, conversely, if 
lin y =1 


x 
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the variable y may be represented in the 
form of a sum of the limit 1 and the 


infinitesimal a— —; that is (Fig. 4l), 


y 714a. 


Theorem 2. If a=a(x) approaches 
zero aS x—a (or asx— œ) and 


does not become zero, then y= 


approaches infinity. 
Proof. For any M no matter 


how large, the inequality T mM will 


be fulfilled provided the inequality la] < -r is fulfilled. The latter 


inequality will be fulfilled for all values of a, from a certain 
one onwards, since a (x) — 0. 

Theorem 3. The algebraic sum of two, three and, in general, a 
definite number of infinitesimals is an infinitesimal function. 

Proof. We shall prove the theorem for two terms, since the 
proof is similar for any number of terms. 

Let u(x)==a(x) +(x), where lim & (x) =0, lim B(x)=0. We 

-G0 


shall prove that for any e — 0, no matter how. ‘small, there will 
be a 6>>0 such that when the inequality |x—a|< ò is satisfied, 
the inequality |u| «e will be fulfilled. Since a(x) is an infinites- 
imal, a 6 will be found such that in a neighbourhood with centre 
at the point a and radius à,, we will have 


Fig. 41. 


KORET 


Since B(x) is an infinitesimal, we will have IBCO I in the 


neighbourhood of the point a with radius 6,. 
Let us take 6 equal to the smaller of the two quantities 6, and 


9, then the inequalities |a| «7. and |B|< 5 will be fulfilled in 
the neighbourhood of the point a with radius à. Hence, in this 
neighbourhood we will have 
|u| =la(x) +B C21 1o 9I IB COL zs 
and so |u|« e, as required. 
The proof is similar for the case when 
lima(x)=0, lim B(x) 0. 
X -— o 


i> 0 
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Note. Later on we shall have to consider sums of infinitesimals 
such that the number of terms increases with a decrease in each 
term. In this case, the theorem may not hold. To take an example, 


consider wat pit. Joh where x takes on only positive 


— —Á— — 
x terms 
integral values (x —1, 2, 3,. n, ...). It is obvious that as 


x — oo each term is an infinitesimal, but the sum 4 —1 is not an 
infinitesimal. 

Theorem 4. The product of the function of an infinitesimal 
a=a(x) by a function bounded by z—z(a), as x —a (or x — œ) 
is an infinitesimal quantity (function). 

Proof. Let us prove the theorem for the case x—+a, For a 
certain M —0 there will be a neighbourhood of the point x=a 
in which the inequality |z| «c M will be satisfied. For any e>0 


there will be a neighbourhood in which the inequality |a] « 


will be fulfilled. The following inequality will be fulfilled in the 
least of these two neighbourhoods: 


|az| 4: M —e 


which means that az is an infinitesimal. The proof is similar for 

the case x — oo. Two corollaries follow from this theorem. 
Corollary 1. If lima —0, ling —0, then limaf —O because p (x) 

is a bounded quantity. This holds for any finite number of factors. 


Corollary 2. If limo —0 and c=const, then lim ca =O. 
Theorem 5. The quotient TS obtained by dividing the infini- 


tesimal a(x) by a function eye limit differs from zero is an 
infinitesimal. 

Proof. Let ri iR 0, limz(x) -- b 4: 0. By Theorem 2, Sec. 3, 
it follows that —— is a bounded quantity. For this reason, the 


a a) 
26 ala) zu are a product of an infinitesimal by a 


bounded quantity, that is, an infinitesimal. 


fractions 


SEC. 5. BASIC THEOREMS ON LIMITS 


In this section, as in the preceding one, we shall consider sets 
of functions that depend on the same argument x, where x —a 
or X —+00, 

We shall carry out the proof for one of these cases, since the 
other is proved analogously. Sometimes we will not even write 
x—a or x — oo, but will take them for granted. 
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Theorem 1. The limit of an algebraic sum of two, three and, 
in general, any definite number of variables is equal to the 
algebraic sum of the limits of these variables: 


lim(u,+u,+...+u,)=limua, 4-limu,+...+limy,. 


Proof. We shall carry out the proof for two terms, since it is 
the same for any number of terms. Let limu,=a,, limu, —a,. 
Then on the basis of Theorem 1, Sec. 4, we can write 


U, — 0, +0, U,— 0, +0, 
where a, and a, are infinitesimals. Consequently, 
u, +u, — (a, J- a,) + (a, +0). d 


Since (a,-+-a,) is a constant and (a,+a,) is an infinitesimal, 
again by Theorem 1, Sec. 4; we conclude that 


lim (u, +4,)=a,-+-a, =lima, 4- lim u, 


Example I. 


2 
lim 2% lim (14 =)= lim 14- lim 2=14 lim 2=140=1. 
x ; x xo. xo X xo X 


Theorem 2. The limit of a product of two, three and, in general, 
any definite number of variables ‘is equal to the product of the’ 
limits of these variables: 


linu,-u, ... u,—limu,-limu, ... limu, 


Proof. To save space we shall carry out the proof for two 
factors. Let limu, —a,, limu,=a,. Therefore, 


u,=a,70,, U,=a,+4,, 
UU, = (a, +4,) (a, +a,) =a,a,+a,0,+ 4,0, + a,q.. 


The product a,a, is a constant. By the theorems of Sec. 4, the 
quantity aa,+a,a,-+-a,a, is an infinitesimal. Hence, lim u,u, = 
= Qa, =limu, lim u,. 

Corollary. A constant factor may be taken outside the limit 
sign. Indeed, if limu,=a,, c is a constant and, consequently, 
limc— c, then lim (cu, )— lime. lim u, — c-limu,, as required. 


Example 2. 
lim 5x? —5 lim x? = 5.8 = 40. 


X—2 X2 


Theorem 3.. The limit of a quotient of two variables is equal 
to the quotient of the limits of these variables if the limit of the 


denominator is not zero: 
li u — 


- if lime # 0, 
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Proof. Let linu—a, limo —b #0. Then u=a+a, v=0+6, 
where a and 6 are infinitesimals. 
We write the identities 


u | 840 E^ a+a  aN a ab — pa 
v-$4g-&| )-$*:0p 


b 4-p bp b b (b+ p)" 
Or 
u a ab — pa 
w7.tb6d.D 
: a. " à ab — pa 
The fraction - is a constant number, while the fraction » (3B) 


is an infinitesimal variable by virtue of Theorems 4 and 5 (Sec. 4), 
since ab—fa is an infinitesimal, while. the denominator b (b -|-) 


nw ; - u aa lima 
has the limit b? +0. Thus, lim 7- — 7 = imo . 


Example 3. 


lim (3 5 3 lim x -- 5 
lim 3x 4-5 m kr x1 + 3.14-5 


smiS im (A) 4 limx—2 41—2 3-7 
X-—1 x1 


to] oo 


Here, we made use of the already proved theorem for the limit of a fraction 
because the limit of the denominator differs from zero as x — 1. If the limit 
of the denominator is zero, the theorem for the limit of a fraction is not 
applicable, and special considerations have to be invoked. 


2 
Example 4. Find lim umi ; 
X -—2 
Here the denominator and numerator approach zero as x — 2, and, con- 
sequently, Theorem 3 is inapplicable. Perform the following identical 
transformation: 
x!'—4  (x—2) (x+2) 
x—2 x—2 


This transformation holds for all values of x different from 2. And so, 
having in view the definition of a limit, we can write 


—x-2. 


2o — 
lim 2 a lim (x—~ 2) (x +2) lim (x 4-2) 24. 
x2X—2 x»? x—2 x2 
Example 5. Find lim -n . As x— l the denominator approaches zero 
Li" 


bit the numerator does not (it approaches unity). Thus, the limit of the 
reciprocal quantity is zero: 


! lim (x— 1) 
luct e e c 
x21 X lim x l 
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Whence, by Theorem 2 of the preceding section, we have 


dim 1-9. 

Theorem 4. Jf the inequalities u<z<v are fulfilled between 
the corresponding values of three functions u=u(x), z=2Z(x), 
and o-v(x) where u(x) and v(x), as x—a (or as x— œ), 
approach one and the same limit b, then z=2z(x) as x —«a (or 
as x — oo) approaches the same limit. 

Proof. For definiteness we shall consider variations of the 
functions as x—+a. From the inequalities u «zs follow the 
inequalities 

u— b «z-—bsv—b; 
it is given that 

limu—b, lim o- b. 
Consequently, for any e>0 there will be a certain neighbourhood 
with centre at the point a, in which the inequality |u—b| <e 
will be fulfilled; likewise, there will be a certain neighbourhood 
with centre at the point a in which the inequality | v. — 5 |« e 
will be fulfilled. The following inequalities will be fulfilled in the 
smaller of these neighbourhoods: 


—ex<u—b<e and —e&«v—06« s, 
and thus the inequalities 
—£«z—b«e 
will be fulfilled; that is, 
lim z= b. 

Theorem 5. /f as x —5 a (or as x — oo) the function y takes on 
nonnegative values yz» 0 and, al the same time, approaches the 
limit b, then b is a nonnegative number b =Q. 

Proof. Assume that 6<(0, then |gy—b|zeb; that is, the 
difference modulus |g— b| is greater than the positive number |5| 
and, hence, does not approach zero as x—+a. But then y does 
not approach b as x—~a; this contradicts the statement of the 
theorem. Thus, the assumption that b< 0 leads to a contradiction. 
Consequently, b =Q. | 

In similar fashion we can prove that if y «0, then lim y «0. 

Theorem 6. If the inequality vu zeu is fulfilled -between corre- 
sponding values of two functions u- u(x) and v=u(x) which 
approach limits as x —a (or as x — oo), then lim v z«limu. 
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Proof. It is given that v—4uze0. Hence, by 
Theorem 5, lim (v — u) = 0 or lim o — lim u= 0, 
and so limo ze limu. 


A 
Example 6. Prove that lim sin x —O0. 
Xx-0 

From Fig. 42 it follows that if OA=1, x>0, then 
AC —sin x, AB =x, sin x <x. Obviously, when x «0 
we will have [sinx| <x]. By Theorems 5 and 6, it 9 ~ C B 
follows, from these inequalities, that lim sin x —O. 

X0 Fig. 42. 


X 


Example 7 Prove that lim sin 5 =0. Indeed, 


eX . 
sinz-| < | sin x]. Conse- 
x -0 2 2 


quently, lim sin ==0. 
x> 0 


Example 8. Prove that lim cosx-1; note that 


X -—0 


NET. 
cos x =] —2sin* > , 


therefore, 


lim cos x= lim (1—2 sint 5) =1—2 lim Sint E E 
X —90 X —0 2 X -—0 2 


In some investigations concerning the limits of variables, one 
has to solve two independent problems: 

1) to prove that the limit of the variable exists ‘and to 
establish the boundaries within which the limit under consideration 
exists; 

2) to calculate the limit to the necessary degree of accuracy. 

The first problem is sometimes solved by means of the following 
theorem which will be important later on. 

Theorem 7. If a variable v is an increasing variable, that is, 
each subsequent value is greater than the preceding value, and if 
it is bounded, that is, v< M, then this variable. has the limit 
limv=a, where ax M. 

A similar assertion may be made with respect to a decreasing 
bounded variable quantity. 

We do not give the proof of this theorem here since it is based 
on the theory of real numbers, which we shall not consider in 
this text. 

In the following two sections we shall derive the limits of two 
functions that find wide application in mathematics. 
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SEC. 6. THE LIMIT OF THE FUNCTION —— As x > 0 


This function is not defined for x =O since 
the numerator and denominator of the fraction 
c become zero. Let us find the limit of this 


| function as x — 0. Let us consider a circle 
\ of radius 1 (Fig. 43); denote the central angle 
\ MOB by x; 0x. From Fig. 43 it 
AN follows in straightforward fashion that 
0 B A area /\MOA< area of sector MOA < 
Fig. 43. area A COA. (1) 
The area A MOA=~+0A-MB=4-1-sinx= 4 sin x. 
The area of sector M04 — 50A-ÁM 5 1-1.x— lx. 
The area of A COA =5 04 AC — 5- 1-tanx— 1 tanx. 


Alter cancelling i. inequality (1) is rewritten 


sin x « x « tan x. 
Divide all terms by sin x: 


x ] 
sin x COS x 


|< 


OT 


sin x 


| > ~ > cos x. 


We derived this inequality on the assumption that x — 0; noting 
that 3779 == and cos(—x)=cosx, we conclude that it 
holds for x «0 as well But lim cosx=1, lim 1=1. 
i x —0 x—>0 
Hence, the variable m: lies between two quantities that have 
the same limit (unity). Thus by Theorem 4 of the preceding 


section, 


The graph of the function y= 9t is shown in Fig. 44. 
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Examples. 
pod di qu EE o DERE. o nO 
x-0 xo X COSX v... X x0. OS X l 
Olin 2 qua S ape ti oe ae. oN, 
X->0. x0 Rx xo (Rx) 
(kx + 0) 
jesse 2 sin? Š sin = 
3) lim = lim = lim — sin—=1-0=0. 
x0 x--0 x0 * 2 
2 
sin ax lim 99x 
) li sinax — im 9. ax — Q x+0 AX — 
x-eSinBx xo B sinBx P iim sinBx 
px X0 x 
a | 


"ub I= (a=const, B =const). 
SEC. 7. THE NUMBER £ 
Let us consider the variable 
Ut). 
Pu n is an increasing variable that takes on the values 1, 
ihesen 1. The variable +2), as n— œ, has a limit 


between the numbers 2 and 3. 
Proof. By Newton’s binomial formula we have 


(ea) rer ent (a) t (a) + 
pe pom (1. 


1:2-:...-A 


(1) 
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Carrying out the obvious algebraic manipulations in (1), we get 


(1+4) 914 0E zu (1 —)*rs3(1-x)0-$2)* T" 


tip (1-2) (1-).. 4-4), (2) 


From the latter equality it follows that the variable (1 tx) 


is an increasing variable as n increases. 
Indeed, when passing from the value n to the value n-- 1, each 
lerm in the latter sum increases, 


(1-72) «1:21 zu) and so forth, 


bn 
and another term is added. (All terms of the expansion are 
positive.) | 
We shall show that the variable (1 +4) is bounded. Noting 


that (1—4) <1; (1—4) (1-4) <1, elc, we obtain from 


n 1 n 
expression (2) the inequality 


1\" l l l 
(1 ur) «itltptpest-ectbE- 


Purther noting that 


l 1 1 - 1 p 
L23 2 l2.3.4 ^35! D3-.na $i: 


we can write the inequality 
I n 
(iz) «DEDE Ra eus 
S a d 


Fhe grouped terms on the right-hand side of this inequality form 
a geometric progression with the common ratio 1=7 and the 
first term a= 1, and so 


(ez) < +i titat taa] = 
! 
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Consequently, for all n we get 
(0I) «3. 
From equality (2) it follows that 
(1 dc zy L2. 
Thus, we get the inequality 
2« (1-5) «3. (3) 
This proves that the variable (1 tx) is bounded. 


Thus, the variable (vx) is an increasing and bounded 


variable; therefore, by Theorem 7, Sec. 5, it has a limit. This 
limit is denoted by the letter e. 


Definition. The limit of the variable (1 tx) as n— œ is the 
number e: 


e= lim (rz). 


n > © 


By Theorem 6, Sec. 5, it follows from inequality (3) that the 
number e satisfies the inequality 2«zes3. The theorem is thus 
proved. 

The number e is an irrational number. Later on, a method will 
be shown that permits calculating e to any degree of accuracy. Its 
value to ten significant decimal! places is 


e = 2.7 182818284... 
Theorem 2. The function (1 +4) approaches the limit e as x 
approaches infinity, lim (1 ils +) =e. 


Proof. It bas been shown that I++ e as n—oo, ifn 


takes on positive integral values. Now let x approach infinity 
while taking on fractional and negative values. 


" 
*) It may be shown that Le) >e as t -— ]-co even if n is not an 
increasing variable quantity. 
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— 


1) Let x — 4- oo. Each of its values lies between two positive 
integral numbers, 
nscx«n-4l. 


The following inequalities will be fulfilled: 


1 nal 1 x ] n 
(ict) >(1+4) >( +h). 
If x— oo, it is obvious that n — oo. Let us find the limits of the 
x 
variables between which the variable (1 +>) lies: 


lim (iv) = lim (1+4 0) 


ll 


n- to no « 
^ ] M8 : f 
254 ( x) A z)- des 
ERU CHEF CMT een 
( zu) 
lim (Iz) li ot 5 
nto n -—- +0 ESSE 
: l n+ 
gd (i zu) — £E e 
a ] E 
lim (14555) 
Hence, by Theorem 4, Sec. 5, 
` 1 \* 
dim (1 +5) = e. (4) 
2) Let x —— oo. We introduce a new variable ł£=— (x+ 1) or 


x=—(t+1). When t—-+ oo then x —— oo. We can write 


lim (14-7) — lim (=n) "= lim (zm) - 


X-—-—o i-o t> +@ 
; 141 : i1 
— lim (=| = lim (1 +7) ^ 
f> +o i {+o i 


sim (1+4) (142) 96122. 


i-o 
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The theorem is proved. The graph of the function y= (1 tx] 
is shown in Fig. 45. 


Fig. 45. 


If in equality (4) we put la, then as x — oo we have a —«0 
(but & #0) and we get | 


1 
lim (1 +a) * =e. 
Q -> 0 
Examples: 
| pee 1 \" 1\ 
haut (1+4) Jim (145) (+ ) nr 
: ] l 
E (+4) EA (142) idu 
2) li ] MV lim i 1\* 1\* 1\* 
EG e = lim, ( tr) (TF3) (e) s 
Í 1\* 


x o x 
x 
3) lim (i) = lim (V) se 
X - 0 X y > o y 
4) lim (+) = lim C D edm duc cay 
xo \x—1 xo x—1 XxX- o x—1 
i 4 NGAU os, 4N + 
= l —À = | = 
An P Ll E 
= lim (i+ =)" lim (142) =e ] — et, 
yo y y> o 
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SEC. 8. NATURAL LOGARITHMS 


In Sec. 8 of Chapter I we defined the logarithmic function 
y=log,x. The number a is called the base of the logarithms. 
If a=10, then y is the decimal (common) logarithm of the num- 
ber x and is denoted y=logx. In school courses of mathematics 
we have tables of common logarithms, which are called Briggs’ 
logarithms after the English mathematician Briggs (1556-1630). 

Logarithms to the base e=2.71828... are called natural or 
Napierian logarithms after one of the first inventors of logarithmic 


Fig. 46. 


tables, the mathematician Napier (1550-1617).*) Therefore, if 
e =x, then yis called the natural logarithm of the number x. In 
writing we have y=Inx (alter the initial letters of logarithmus 
naturalis) in place of y=log,x. Graphs of the function y=Inx 
and y=logx are plotted in Fig. 46. 

Let us now establish a relationship between decimal and 
natural logarithms of one and the same number x. 

Let y=logx or x-10". We take logarithms of the left and 
right sides of the latter equality to the base e and get Inx=y In 10. 


We determine y ulnis or, substituting the value of y, we 


l 
have log x = 38 In x. 


Thus, if we know the natural logarithm of a number x, the com- 


mon (decimal) logarithm of this number is found by multiplying 
by the factor M = s A 0.434294, which factor is independent 
of x. The number M is the modulus of common logarithms with 


respect to natural logarithms: 
logx= MInx. 


*) The first logarithmic tables were constructed by the Swiss mathemati- 
cian Bürgi (1552-1632) to a base close to tlie number e. 
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If in this identity we put x-e, we obtain an expression of the 
number M in terms of common logarithms: 


log e= M (lne = 1). 


Natural logarithms are expressed in terms of common logarithms 
as follows: 


Inx = D log x 
where 


1 
ay = 2.302589. 


SEC. 9. CONTINUITY OF FUNCTIONS 


Let the function y=f(x) be defined for some value x, and in 
some neighbourhood with centre at x,. Let y, =f (x,). 

If x receives some positive or negative (it is immaterial which) 
increment Ax and assumes the value y 
x=x,+Ax, then the function y too will 
receive an increment Ay. The new in- 
creased value of the function will be 
Y, + Ay = f (x, + ^x) (Fig. 47). The incre- 
ment of the function Ay will be expressed 
by the formula 


Ay Te f (x, x Ax) —f (x,). "E 


Definition 1. The function y=f(x) is ^ % 0 Xothx x 
called continuous for the value x=x, Fig. 47. 
(or at the point x,) if it is defined in 
some neighbourhood of the point x, (obviously, at the point x, 
as well) and if 


lim Ay=0 (1) 
Ax —0 
or, which is the same thing, 
dim [f (, + Ax) —F (*,)] = 0. (2) 


In descriptive geometrical terms, the continuity of a function at a 
given point signifies that the difference of the ordinates of the 
graph of the function y= f(x) at the points x,+Ax and x, will, 
in absolute magnitude, be arbitrarily small, provided |Ax]| is 
sufficiently small, 
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4 


Example 1. We shall prove that the function y =x? is continuous at an 
arbitrary point x,. Indeed, 


Yo= X. Uo - AU = (x, + Ax)’, Ag = (xX, + Ax) — x1 — 2x, Ax + Ax’, 
;um f= MER , Qn. Ax + Ax’ =2x lim Ax-- lim Ax: m Ax —0 
X -—9 


AX —0 Ax —0 


lor any way that Ax may approach zero (Figs. 48, a and 48, 5). 


«yy Ax>0,dy>0 Y į 4x«0, Ay«0, 


(a) 


Fig. 48. 


Example 2. We shall prove that the function y=sinx is continuous at 
an arbitrary point x,. Indeed, 


Y= sin xs, Yo + Ay — sin (x) + Ax), 


Ay =sin (x, + Ax) —sin x, —2 sin $% -cos (++) 


It was shown that lim sin 7 0 (Example 7, Sec. 5). The function 


Ax 0 


cos (++) is bounded. Therefore, lim Ay=0. 


Ax —>0 


In similar fashion, it is possible to prove the following theorem 
by considering each basic elementary function and each 
elementary function. 


Theorem. Every elementary function is continuous at each point 
at which it is defined. 


The condition of continuity (2) may be written thus: 


Jim f(x, Ax) =] («) 


OT 
lim f (x) = f (x,), 
but 
x= lim x. 


X => X9 
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Consequently, 


lim f (x) 2f (lim x). (3) 
X — Xo X — Xo 
In other words, in order to find the limit of a continuous function 
as x — x, it is sufficient to substitute into the expression of the 
function the value of the argument, x,, in place of the argument x. 
Example 3. The function y=x? is continuous at every point x, and 
therefore 
im xtd, 
X -— Xo 
lim x?=3?=9, 
X-—3 


Example 4. The function y=sinx is continuous at every point and 
therefore 
y 2 2 


lim sin x — sin I =- 
m 4 
x= — 
a 


Example 5. The function y =e" is continuous at every point and therefore 
lim e* ==e*. 
X >â 
l 
Example 6. lim in (+42 lim Lin (1+ x)= lim In{(l+x)*]. Since 


X —-9 X x0 X 
1 


lim (14-x) * =e and the function Inz is continuous for z>0, and, 
Xx—09 
consequently, for 2—e, 

1 1 


lim In (1 4-x) * ] In [lim (1--x) *] Ine =1. 
x0 Xx —0 


Definition 2. If the function y= f(x) is continuous at each point 
of a certain interval (a, b), where a< b, then it is said that the 
function is continuous in this interval. 

If the function is also defined for x=a and lim of), 


it is said that f(x) at the point x—a is continuous "on the right. 
If Am F(x) -F(b), it is said that the function f(x) is continuous 


on p? “left of the point x— b. 

If the function f(x) is continuous at each point of the interval 
(a, b) and is continuous at the end points of the interval, on the 
right and left, respectively, it is said that the function f(x) is 
continuous over the closed interval [a, b]. 


Example 7. The function y =x? is continuous in any closed interval [a, 6}. 
This follows from Example 1 
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If at some point x=x,, at least one of the conditions of conti- 
nuity is not fulfilled for the function y=/(x), that is, if for x= x, 
the function is not defined or there does not exist a limit lim f (x) 


or lim f(x) X f(x,) in the arbitrary approach of x— x, although 


the expressions on the right and left exist, then at x-x, the 
function y=f(x) is discontinuous. In this case, the point x — x, 
is called the point of discontinuity of the function. 


Example 8. The function =+ is discontinuous at x=0. Indeed, the 
function is not defined at x=0. 


; : l 
lim Dai o; lim —=— o 
x040 X x—0—-0 X 


(see Fig. 35). It is easy to show that this function is continuous for any 
value x Æ 0. 

1 
rx 


Example 9. The function y=2 is discontinuous at x=0Q. Indeed, 
1 1 


lim 2* =o, lim 2* =0. The function is not defined at x=0 (Fig. 49). 
x90 X —09-—0 


y=f(x) 
Fig. 49. Fig. 50. 
Example 10. Consider the function f(x)= Fi . At x «0, IFTE 
at x 2-0, Tab Hence, 
lim f(x)= lim —*~. =— l; 


X-r 0-0 a-o-o |x| 


lim f(x)= lim T zl; 
Xx—9040 x-0-F9 [ x | 
the function is not defined at x —0. We have thus established the fact that 
the function f (x) = —— is discontinuous at x=0 (Fig. 50). 


|x | 
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Example 11. The earlier examined function y — sin— is discontinuous 
at x=0. 


Definition 3. If the function f(x) is such that there exist finite 
limits lim f(x)=f(x,+0) and lim f(x)=f(x,—0), but either 


X — X90 : X --XQ—0 
lim f(x)- lim f(x) or the value of the function f(x) at x — x, 
X —X94-0 X —Xg—0 - 
is not defined, then x—x, is called a point of discontinuity of the 
firsí kind. (For example, for the function considered in Example 10, 
the point =O is a point of discontinuity of the first kind). 


SEC. 10. CERTAIN PROPERTIES OF CONTINUOUS FUNCTIONS 


In this section we shall consider a number of properties of 
functions that are continuous on an interval. These properties 
will be stated in the form of theorems given without proof. 

Theorem 1. /f a function y=f(x) is continuous on some inter- 
val [a, b] (as x « b), there will be, on this interval at least one 
point x=x, such that the value of the function at this point will 
satisfy the relation 

Fo) => F (x), 


where x is any other point of the interval, and there will be at 
least one point x, such that the value of the function at this point 
will satisfy the relation 


FG) < F (x). 


We shall call the value of the function f(x,) the greatest value 
of the function y=f(x) on the interval [a, b], and the value of 
the function f(x,) the smallest 
(least) value of the function on 
the interval [a, b]. 

This theorem is briefly stated as 
follows: 

A function continuous on the 
interval as xs b attains on this 
interval (at least once) a greatest 
value M and a smallest value m. 

The meaning of this theorem is 
clearly illustrated in Fig. 51. 

Note. The assertion that there exists a greatest value of the 
function may prove incorrect if one considers the values of the 
function in the interval a«x«zb. For instance, if we consider 
the function y=x in the interval O«x« 1, there will be no 


Fig. 51. 
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greatest and no least (smallest) values among them. Indeed, there 
is no least value or greatest value of x in the interval. (There 
is no extreme left point, since no matter what point x* we take 


there will be a point left of it, for instance, the point 5 ; like- 


wise, there is no extreme right point; consequently, there: is no 
least and no greatest value of the function y= x.) 

Theorem 2. Let the function y=f(x) be continuous on the inter- 
val [a, b] and at the end point of this interval let it take on 
val ues of different sign; then between the points a and b there will 
be at least one point x-c, at which the function becomes zero: 


f(c)=0, a«c« b. 
This theorem has a simple geometrical meaning. The graph. of a 
continuous function y=f(x) joining the points M,[a,f(a)] and 
M, [b, f (b), where f (a) «0 and f(b)>0 
OT f (a) >0 and f (b) «0, cuts the x-axis 
at least at one point (Fig. 52) 


y Mol b,f(b)) 


M,(af(a) 
/ 
Fig. 52. Fig. 53. 
Example. Given the function y —x* —2. y,_,=—1, yc... It is conti- 


nuous in the interval [1, 2]. Hence, in this interval there is a point where 
y = x! —2 becomes zero. Indeed, y —0 when x= y 2 2 (Fig. 53). 


Theorem 3. Let the function y=f(x) be defined and continuous 
in the interval [a, b]. If at the end points of this interval the 
function takes on unequal values f (a) - A, F(b) — B, then no mat- 
ter what the number u between numbers A and B, there will bea 
point x=c between a and b such that F(c) 9 

The meaning of this theorem is clearly illustrated in Fig. 54. 
In the given case, any straight line y=p cuts the graph of the 
function y = f(x). 
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Note. It will be noted that Theorem 2 is a particular case ol 
this theorem, for if A and B have different signs, then for p one 
can take 0, and then ui — 0 will lie between the numbers A and B. 


Fig. 54. 


Corollary of Theorem 3. /f a function y=f(x) is continuous in 
some interval and takes on a greatest value and a least value, 
then in this interval it takes on, at least once, any value lying 
between the greatest and least values. 

Indeed, let f(x,)=M, f(x,) - m. Consider the interval [x,, x,]. 
By Theorem 3, in this interval the function y=f(x) takes on 
any value p lying bétween M and m. But the interval [x,, x,] 
lies inside the interval under consideration in which the function 
f (x) is defined (Fig. 55). 


SEC. 11. COMPARING INFINITESIMALS 
Let several infinitesimal quantities 


@;: By Ve wee 


be at the same time functions of one and the same argument x 
and let them approach zero as x approaches some limit a or 
infinity. We shall describe the approach of these variables to zero 
when we consider their ratios. *) 

We shall, in future, make use of the following definitions. 


Definition 1. If the ratio La has a finite nonzero limit, that 


is, if lim P. = A +0, and therefore, lim + =— +0, the infinites- 
imals f and a are called infinitesimals of the same order. 


. *) We assume that the infinitesimal in the denominator does not vanish 
in some neighbourhood of the point a. 
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Example 1. Let a=x, B —sin2x, where r0. The infinitesimals a and f 
are of the same order because 


im Ê — lim sin 2x» 


x90 Q x0 X 


Example 2. When x 0, the infinitesimals x, sin 3x, tan 2x, 7 In (1 +x) are 
infinitesimals of the same order. The proof is similar to that given in 
Example 1. 


Definition 2. If the ratio of two infinitesimals i approaches 
zero, that is, if lim £ = (and lim — oo), then the infinitesi- 


mal B is called an infinitesimal of higher order than a, and the 
infinitesimal a is called, an infinitesimal of lower order than p. 


Example 3. Let a=x, =x", n1, x—0. The infinitesimal f is an 
infinitesimal of higher order than the infinitesimal a, since 


x" 
lim * — = lim x? 7120. 
xo x x0 


Here, the infinitesimal a is an infinitesimal of lower order than f. 


Definition 3. An infinitesimal B is called an infinitesimal of the 
kth order relative to an infinitesimal a, if p and a* are infinitesimals 


of the same order, that is, if lim A +0, 


Example 4. If a=x, p—x', then as x-»0 the infinitesimal p is an 
infinitesimal of the third order relative to the infinitesimal a since 


P 
i a? m 9 EE 
Definition 4. If the ratio of two infinitesimals B. approaches 


p 


unity, that is, if lim —- — 1, the infinitesimals B and a are called 
equivalent infinitesimals and we write a ~ p. 


Example 5. Let a —x and f-sinx, where x—0. The infinitesimals a 
and p are equivalent, since 


Example 6. Let a=x, B=ln(1 +x), where x O0. The infinitesimals a 
and D are equivalent, since 
lim LUHY 1 
x> 0 X 


(see Example 6, Sec. 9). 
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Theorem 1. /f a and B are equivalent infinitesimals, their differ- 
ence a—f is an infinitesimal of higher order than œ- and than p. 
Proof. Indeed, 


lim =F = tim (1—£) =1 lim £ = 1-1 =0. 
a a a 

Theorem 2. /f the difference of two infinitesimals a—f is an 
infinitesimal of higher order than a and than B, then a and p are 


equivalent infinitesimals. 


Proof. Let lim 2— P0, then lim ( —=) =Q, or 1 — lim £o, 
04; P . 5 : a—p _ . a m 
or l—lim —, i. e., aa p. If lim B 0, then lim (4 1) 0, 
lim pol, that is, aw p. 


Example 7. Let a—x, B —x-4-x?, where x — 0. 
The infinitesimals a and f are equivalent, since their difference f. — a =x’ 
is an infinitesimal of higher order than a and than p. Indeed, 


S 3 
lim P Z lim ~ = lim x3 = 0, 
x>o9 @ x0 * x0 
a—p , x8 : x? 
lim = lim —— = lim ——. = 0. 
p xo% HX 2.914%? 
Example 8. As x— œ the infinitesimals a Eti and B= are equivalent 
infinitesimals, since their difference a— c — is an infinitesimal] 


of ener order than a and than B. The limit of the ratio of a and p is 
unity: 


l 
B X x+! ( -) 
lim — = lim = lim = lim I+— ]=1 
RAISED a Lia 
x? 


p 


Note. If the ratio of two infinitesimals = has no limit and 


does not approach infinity, then B and « are not comparable in 
the above sense. 


Example 9. Let a=x, B=x sin +, where x—+Q. The _ infinitesimals 


p 


a and f cannot be compared because their ratio g ^ sin < as x— 0 does not 


approach either a finite limit or infinity (see Example 4, Sec. 3). 


3— 3388 
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Exercises on Chapter ll 
Find the indicated limits: 


1. lim x-r2x 5 Ans. 4. 2. 


xià  X*-LF]1 lim [2 sin x — cos x + cot x]. Ans. 2. 


a 
x>— 
2 


3. lim ~—2_. Ans. 0. 4. lim (2-444) Ans. 2. 5. lim 2+ | 
x2 V 2+x X — 0 X x* Xx -— 0o x$ —5 


Ans. 4 6. lim xli Ans. 1. 7. lim ster te Ans. aa 


3 Xo X n - o 


8. lim Lini aste kaiii Aus. 


noo n 3 


Hint. Write the formula (&-- 1) —&?* —3&?--3k +1 for R=0, 1, 2, ..., n. 
Pa 

2:3 —]1*—3.1?-4-3.14- 1H; 

33 —23 —3.2*?--3.2--1; 


(n+ 1) —n! =3n?+3n+1. 
Adding the left and right sides, we get 
(n 4-1)! 2:3 (1*-E 2? ... n 3 (1 2-4... 0) T (n D), 
(nf D —3 (1-23 4... 09 —8 UCET p (n yy, 


whence 
12 4.2!4. pare OE PED 

9 im tre Ans dw 10. lim 3x* —2x —l . Ans. Q. 
xo 2x+5 x> o x5 4-4 
.. 4x! —2x? 4- x l ee _ x —l1.- 

I1]. lm -————c— . —. 12. lim . Ans. 4. 13. lim . Ans. 3. 
ix 3x? + 2x an 2 x:x—2 x1 X —l ie: 
i 2 —5x4-6 ] re, x 43x —10 

4. lim .*—9* 319 . Ans. L. 15. lim 4 7°47. Ans. 1. 

2 x* — 12x + 29 ix 8 ke 3x? — 5x —2 ix 

16. lim HIEU Ans. — 2. 17. lim ub+4ur-+4t Ans. O. 
p -2 y*—y—6 5 u => -2(u4d-2)(u — 3) 

18. lim STEE. Ans. 3x. 19. lim | 2 1]. Ans. —=1. 
ho h x21ll1l—x 1—x* 


20. lim a. Ans. n (nisapositive integer). 21. lim Pater. Ans... 


x31 X*%— x—0 
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— «I 
2. dm /2**0—3 — 44, 2V2 33 tim VEEP, Ans 8, 
x4 Vy x—2—y 2 3 x9 V x?--g2—9 p 

94 — mT m/— m /— 
—1i x— a 
24. lim Vo, Ans. 2 25. lim’ — *. —. Ans. va 
x1 V x—1 3 xa X—a ma 
25. lim Vitr, aw, L, o7, tim VEZ. Ans. 1. 
x->0 x 2 X — o TEES 
28. lim LEES Ans. las x —-]-o, —!| asx-—c. 29. lim (Y x3 1— 
X — © x+l X> @ 
— y x?—1). Ans. 0. 30. lim x (Y x*--1— x). Ans. > as x +-+0, —oo as 
X— 0 
: in4 sint 
x-—o. 31. lim PŽ. Ans 1. 32. lim SU". Ans. 4. 33. lim i 
x= 0 tany x=>0 «€ X0 X 
Ans. t 34. lim ——Ž—. Ans. A , 35. lim xcotx. Ans. l. 
9 x0 V1-—cosx V 2 X —0 
36. lim .—2cov . Ans. V 3. 37. lim (4 —z) tan Z. Ans. 32. 
x 5) £1 2 n 
v= — sin | v —— 
3 3 
38. Hm 2288 Ans, 2. sp, jg; StA) — siala), Ans. 9 cosa. 
X -—0 3x 3 x—>0 x 
A. din 905 95 ans E. 41. — lim CHE Ans. et, 
x> 0 x* 2 x> o X 
x x 
42. lim (1-—) . Ans. LL, 43. lim ( x ) . Ans. L. 
X0 X e X 00 | Tx e 
l n45 
44. lim (1+5) . Ans. e. 45. lim in [In (n 4-1) —1n nj}. Ans. l. 
n - 0 n n o 
46. lim (l4-cosx)'?*^*, Ans. e. 47. lim ZOE Ans. a. 
Jt X —9 X 
X—— 
2 
x 2 
48. lim (ZE) o diss dh 49. lim (1--3tan?x)9" *,' Ans. æ. 
xo \2x+1 x—9 


Q - o a 


m a 
50. lim (cos =) . Ans. 1. 51. lim Ind +e") | Ans. | as a —+ œ, 0 as 


x 
a+—eo. 52. lim SOX, Ans * . 53. lim ČL (a 1). Ans. +o 
‘ x —0 Sin Dx p P a.) 
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E ; e?* — ei* 
asx =+ œ, 0asx —— o. 54. lim n ja" —1]|. Ans. Ina. 55. lim " " 
n — oo Xx -—0 
x 
Ans. a —p. 56. lim _ eae Ans. |. 
x > o Sinax—sin [x 
Determine the points of discontinuity of the functions: 
x— | un 
97. Y= FGENESH . Ans. Discontinuities of second kind for x = —2; —1; 


0; 2. 58. y=tan +. Ans. Discontinuities of second kind for x=0 and 


2 2 2 
xc i axo cs E nfn. vs 
1 
59. Find the points of discontinuity of the functions y=1+2* and con- 
struct the graph of this function. Ans. Discontinuity of second kind at x=0 
(y >- œ as x — 0+0, y - 1 as x ^ —0— 0). 
60. From among the following infinitesimals (asx —0); x?, V x (1— 3), 
sin3x, 2x cos x y tan? x, xe&?*, select infinitesimals of the same order as x, 


and also of higher and lower order than x. Ans. Infinitesimals of the same 
order are sin 3x and xe®*; infinitesimals of higher order, x? and 2x cos x i/ ian? X; 


infinitesimals of lower order, V x (1— x). 
61. Choose from among the same infinitesimals (as x — 0) such that are 


equivalent to the infinitesimal x: 2sinx, > tan2x, x—3x?, V 2x? + x3, 
In (14x), x3--3x*. Ans. > tan 2x, x—3x?, In(1+x%). 
62. Check to see that as x +1, the infinitesimals 1—x and I— yx are 


of the same order of smallness. Are they equivalent? Ans. lim p : 
x>il—i/x 


hence, these infinitesimals are of the same order, but they are not equivalent. 


CHAPTER II 


DERIVATIVE AND DIFFERENTIAL 


SEC. t. VELOCITY MOTION 


Let us consider the rectilinear motion of some solid, say a stone, 
thrown vertically upwards, or the motion of a piston in the cylin- 
der of an engine, etc. Idealising the situation and disregarding 
dimensions and shapes, we shall always represent such a body in 
the form of a moving point M. The distance s of the 
moving point reckoned from some initial position M, 
will depend on the time ¢; in other words, s will be a 


function of time ?: ash” v 

s=f (ft). (1) mt 

At some instant of time*) ¢, let the moving point M $ ` 
be at a distance s from the initial position M,, and at Mo 


some later instant ¢+ At let the point be at M,, a 

distance s+ As from the initial position (Fig. 56). Thus, Fig. 56. 
during the interval of time Af the distance s changed 

by the quantity As. In such cases, one says that during the time 
At the quantity s received an increment As. 


Let us consider the ratio ES it gives us the average velocity of 


At 
motion of the point during the time Af: 
As 
U av = NU (2) 


The average velocity cannot in all cases give an exact picture 
of the rate of translation of the point M at time £. If, for example, 
the body moved very fast at the beginning of the interval Af and 
very slow at the end, the average velocity obviously cannot reflect 
these peculiarities in the motion of the point and give us a correct 
idea of the true velocity of motion at time ¢. In order to express 
more precisely this true velocity in terms of the average velocity, 
one has to take a small interval of time Af. The most complete 
description of the rate of motion of the point at time / is given 
by the limit which the average velocity approaches as Af — Q. 


*) Here and henceforward we shall denote the specific value of a variable 
and the variable itself by the same letter. 
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This limit is called the rate of motion at a given instant: 


v=lim =, (3) 


Thus, the rate (velocity) of motion at a given instant is the limit 
of the ratio of increment of path As to increment of time Af, as 
the time increment approaches zero. 

Let us write equality (3) in full. Since 


As = f (t + At) — f (0, 
o—lim LUE59—10 (3') 
At — 0 

This is the velocity of variable motion. It is thus obvious that 
the notion of velocity of variable motion is intimately related to 
the concept of a limit. It is only with the aid of the limit concept 
that we can determine the velocity of variable motion. 

From formula (3’) it follows that v is independent of the increment 
in time Af, but depends on the value of ¢ and the type of 
function f(t). 


Example. Find the velocity of oni omiy accelerated motion at an. arbitrary 
time ¢ and at /—2 sec if the relation ol the path traversed to the time is 
expressed by the formula 

=~ gt 


Solution. At time ¢ we have — at time 7-- A! we get 


s+As=5 g(t Alias g (t* -- 21 At + At?). 
We find As: 
Asc g (t+ 2t A+A) gi! = gt M m Af’. 


We form the ratio as. 


At 
l 
As gt At +o gA?? 
i Ee EAR 


by definition we have 


As l 
v=lim — = lim ( {+— at) = t. 
At — o M rut gt gE g 


Thus, the velocity at an arbitrary time ¢ is v — gt. 
At (22 we have (.)/,,— g:2—9.8.2— 19.6 m/sec. 
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SEC. 2. DEFINITION OF DERIVATIVE 


Let there be a function 
y = f (x) (1) 


defined in a certain interval. The function y= f(x) has a definite 
value for each value of the argument x in this interval. 

Let the argument x receive a certain increment Ax (it is imma- 
terial whether it be positive or negative) Then the function y will 
receive a certain increment Ay. Thus, with the value of the argu- 
ment x we will have y=f(x), with the value of the argument 
x+ Ax we will have y+ Ay — f (x + Ax). 

Let us find the increment of the function Ay: 


| Ay =f (x + Ax) —f (x). (2) 
Forming the ratio of the increment of the function to the increment 
of the argument, we get 

Ay f(x+Ax)—f (x) 
oS 3) 


We then find the limit of this ratio as Ax — 0. If this limit exists, 
it is called the derivative of the given function f (x) and is denoted 
F (x) Thus, by definition, 
t = ļi Ay 
FA arse 
or 


F (x) = lim Fert an i : (4) 


Consequently, the derivative of a given function y —f(x) with 
respect to the argument x is the limit of the ratio of the increment 
of the function Ay to the increment of the argument Ax, when 
the latter approaches zero in arbitrary fashion. 

It will be noted that in the general case, the derivative j' (x) 
has a definite value for each value of x, which means that the 
derivative is also a function of x. 

The designation f'(x) is not the only one used for a derivative. 
Alternative symbols are 


" " dy 
Y Y x dx’ 
The specific value of the derivative for x —a is denoted f'(a) or 


y zÉza 
am operation of finding the derivative of a function /(x) is 
called differentiation of the function. 
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Example 1. Given the function y= x?; find its derivative y’: 

l) at an arbitrary point x, 

2) at x —3. 

Solution. 1) For the value of the argument x, we have y =x?. When the 
value of the argument is x + Ax, we have yt Ay = (x + Ax) 

Find the increment of the function: 


Ay = (x + Ax)! — x? = 2x Ax + (Axy*. 


Forming the ratio nt we have 


Ay _ 2xAx + (Ax)? 
Ax Ax 
Passing to the limit, we get the derivative of the given function: 


= 2x + Ax. 


y' = lim AY lim a a aaa 
Ax—coAX Axo 


Hence, the derivative of the function y =x? at an arbitrary point is y’ —2x, 
2) When x=3 we have 
y | x23722:3—6. 
Example 2. y=—; find y’. 


Solution. Reasoning as before, we get 


l l 
ge yt AY = IAE 
ee ] E m X—X—AX _ AK 
XcAX Xx xQCRAX) —— ¥(t-+ Ax)’ 
Ay _ ] 
AX x (x-+ Ax)’ 
y'= lim AY dim l-:cxas| 7 
Ax-o AX Ax X (x 4- Ax) x 


Note. In the preceding section it was established that if the 
dependence upon time ¢ of the distance s of a moving point is 
expressed by the formula 

s-—[(t), 


the velocity v at time ¢ is expressed by the formula 


. AS . fF H- AD — H (t) 
v= lim —-— ln —————-——-—. 
At >o Â A At 
Hence 
U= Ss = f (t), 


or, the velocity is equal to the derivative *) of the distance with 
respect to the time. 


*) When we say "the derivative with respect to x" or "the derivative 
with respect to /" we mean that in computing the derivative we consider 
the variable x (or the time f, etc.) the argument (independent variable). 
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SEC. 3. GEOMETRIC MEANING OF THE DERIVATIVE 


We approached the notion of a derivative by regarding the 
velocity of a moving body (point), that is to say, by proceeding 
from mechanical concepts. We shall now give a no less important 
geometric interpretation of the derivative. To do this we must 
first define a line tangent to a curve at a given point. 

We take a curve with a fixed point M, on it. Taking a point 
M, on the curve we draw the secant M, M, (Fig .57). If the point 
M, approaches the point M, without limit, the secant M, M, will 


occupy various positions M, M,,M,M,, and so on. 

If, in the limitless approach of the point M, (along the curve) 
to the point M, from either side, the secant tends to occupy the 
position of a definite straight line M,T, this line is called the 
tangent to the curve at the point M, (the concept “tends to occupy” 
will be explained later on). 

Let us consider the function f(x) and the corresponding curve 


y=f(x) 
in a rectangular coordinate system (Fig. 58). At a certain value of 


x the function has the value y =} (x). Corresponding to these values 
of x and y on the curve we have the point M, (x, y). Let us increase 


Fig. 57. Fig. 58. 


the argument x by Ax. Corresponding to the new value of the 
argument, x+ Ax, we have an increased value of the function, 
y+ Ay —f(x4- ^x). Another corresponding point on the curve will 
be M, (x + Ax, y+ Ay). Draw the secant M,M, and denote by @ the 
angle formed by the secant and the positive direction of the x-axis. 
Form the ratio A From Fig. 58 it follows immediately that 


^ 
tan (p. (1) 
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Now if Ax approaches zero, the point M, will move along the 
curve always approaching M,. The secant M, M, will turn about 
M, and the angle q will change in Ax. If as Ax— 0 the angle q 
approaches a certain limit a, the straight 
line passing through M, and forming an 
angle a with the positive direction of 
the abscissa axis will be the sought-for 
line tangent. It is easy to find its slope: 


ee tang = lim S =f (x). 
AX —> 0 
Bienes: 
F (x)= tan a, (2) 


which means that /he values of the 
derivative f'(x), for a given value of 
the argument x, is equal to the tangent of the angle formed with 
the positive direction of the x-axis by the line tangent to the graph 
of the function f(x) at the corresponding point M,(x, y). 


Example. Find the tangents of the angles of inclination of the line tangent 


to the curve y— x* at the points M, > c. p Ma(— L 1) (Fig. 59). 
Solution. On the basis of Example 1, Sec. 2, we have y’=2x; hence, 
tan a, — y' ; =1; tana,=y = —2, 


SEC. 4. DIFFERENTIABILITY OF FUNCTIONS 
Definition. If the function 
y=f(x) (1) 


has a derivative at the point x=x,, that is, if there exists 


lin ^7. lim 


] (x, + Ax) — f (xo) 
Ax 0 Ax — 0 Ax i 


(2) 


we say that for the given value x= x, the function is differentiable 
or (which is the same thing) has a derivative. 

If a function is differentiable at every point of some interval 
ja, b] or (a, b), we say that it is differentiable over the interval. 


Theorem. /f a function y=f(x) is differentiable at some point 
x=x,, if is continuous at this point. 


Differentiability of: Functions 15 


Indeed, if 
e AU og (s 
or "d (a), 
then 
AU gg 
ems (x) 3- Y, 
where y is a quantity that approaches zero as Ax — 0. But then 
Ay =F (x,) Ax + yAx; 


whence it follows that Ay — 0 as Ax — 0; and this means that the 
function f(x) is continuous at the point x, (see Sec. 9, Ch. II). 

In other words, a function cannot have a derivative at points 
of discontinuity. The converse is not true; from the fact that at 
some point x —x, the function y=f(x) is continuous, it does not 
yet follow that it is differentiable at this point: the function f (x) 
may not have a derivative at the point x, To convince ourselves 
of this, let us examine several cases. 


Example 1. A function f(x) is defined in an interval [0, 2] as follows (see 
Fig. 60): 
f (x) =x when sra], 


f (x) == 2x—1 when I <x <2. 
At x=1 this function has no derivative, although it is continuous at this point. 
Indeed, when Ax > 0 we have 


lig (UO +49-/ OM _ jig (I rA0—1]—[2:1—1] — qj 2Ax 
Ax — 0 Ax Ax — 0 AX Ax—0 AX 


when Ax <0 we get 


lim LO +4A9)—FO)_ um FEA! lim 4an. 
Ax +0 AX Ax -> 0 Ax Ax — 0 Ax 


Thus, this limit depends on the sign of Ax, and this means that the function 
has no derivative *) at the point x=1. Geometrically, this is in accord with 
the fact that at the point x —1 the given "curve" does not have a definite line 
tangent. 
Now the continuity of the function at the point x=1 follows from the 
fact that 
Ay = Ax when Ax <0, 


Ay =2Ax when Ax >0, 


and, therefore, in both cases Ay > 0 as Ax — O. 


+) The definition of a derivative requires that the ratio As should (as 


Ax — 0) approach one and the same limit regardless of the way iu which Ax 
approaches zero, 
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Example 2. A function y= x , the graph of which is shown in Fig. 61, 
is defined and continuous for all values of the independent variable. 

Let us try to find out whether this function has a derivative at x —0; to 
do this, we find the values of the function at x=0 and at x=0+ Ax: at 


x=0 we have y=0, at x=0+Ax we have y+ Ay= y/ (Ax). 


Therefore, 
Ay = V/ (Ax). 


Find the limit of the ratio of the increment of the function to the incre- 
ment of the argument: 


3 —— aw 
lim A7.. lim y (Ax) = lim 
Ax AX Axo AX Ax —0 


] 
———- == Qo. 
Vas 

Thus, the ratio of the increment of the function to the increment of the argument 
atthe point x —0 approaches infinity as Ax —0 (hence there is no limit). Consequ- 


ently, this function is not differentiable at the point x — 0. The line tangent to the 


curve at this point forms, with the x-axis, an angle > » Which means that it 


coincides with the y-axis. 


SEC. 5. FINDING THE DERIVATIVES OF ELEMENTARY FUNCTIONS, 
THE DERIVATIVE OF THE FUNCTION y-—x^, WHERE z IS POSITIVE 
AND INTEGRAL 


To find the derivative of a given function y= f(x), it is neces- 
sary to carry out the following operations (on the basis of the 
general definition of a derivative): 

1) increase the argument x by Ax, calculate the increased value 
of the function: 


y+ 4y =] (x+ Ax); 
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2) find the corresponding increment of the function: 


Ay = f (x + Ax) — F(x); 
3) form the ratio of 


the increment of 
increment of the argument: 


the function to the 


Ay. f(x+Ax)—F(x), 
Ax — Ax i 


4) find the limit of this ratio as Ax — Q: 


^ OO um AM nuQ EtA) —F (x) 
= pu arc dd Ax f 
Here and in the following sections, we shall apply this general 
method for evalwating the derivatives 
functions. 


of certain elementary 
Theorem. The derivative of the function y=x", where n is a 
positive integer, is equal to nx"^'; that is, 


if y=x", then y'= nx": 
Proof. We have the function 


(1) 
pex. 
1) If x receives an increment Ax, then 


y+ Ay = (x + Ax). 
2) Applying N ewton's binomial formula, we find 


Ay = (x-F Ax) —x" = p Tn Ax + 


207 not (xy as... E (Ax — 2" 
Or 
Ag — nx" AxA EZD ert (Ax 4 LL. +(x)”. 
3) We find the ratio 
AY — Q,n- n (n— 
Ag Mx e ——__ 


ae ee Ce S (Agent 
4) Then we find the limit of this ratio 


aga 
= lim [nt 4 Seg A Lus + (Ay | = net, 
Ax — 0 
consequently, y'= nx" 


, and thus we have proved the theorem. 
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Example 1. y=x°, y'= 5x*-!— 5x4. 
‘=1. The latter result has a simple geo- 


of x coincides with this line and, 
direction of the x-axis an angle, the tangent of which is l. 
Note that formula (1) also holds true when n is fractional or 


negative. (This will be proved in Sec. 12). 


Example 2. y—x, y'—lx!-!, 
metric interpretation: the line tangent to the straight line y —x for any value 
consequently, forms with the positive 


Example 3. y-Vx. 
e function in the form of a power: 
| 


Let us represent th 
y-—x a 


then by formula (1), taking into consideration what we have just said, we gef 


or 
/-—3yr 


Example 4. y — 
X x 
Represent y in the form of a power function: 


y-x ? 
Then : 
Punch. ems. 
uu gaye 


SEC. 6. DERIVATIVES OF THE FUNCTIONS y=sin x y—cos x 
(IT) 


Theorem 1. The derivative of sinx is cosx, or 
if y= sinx, then y' —cos x. 


Proof. Increase the argument x by the increment Ax; then 


aT AS—* cos EAT TES, 


1) y+ Ay = sin (x + Ax); 
(+) 


2) Ay = sin (x + Ax) —sin x = 2 sin 
= 2 sin A* cos 


2 sin cos (s + Ax sin £” 
3) Aj eS o oe ning x 
E Ax T Ax 2j 
2 


Derivatives of the Functions y —sin x; y= cosx 79 


. ÀX 
sin —— 
E sn AY 4: ME = 
4) p = lim 32 = lim . lim cos(x F), 
) g Ax —» o AX AX -> 0 Ax Ax > 0 " 2 
but since 
Ax 
sin 75- 
lim EL 
Ax — 0 Ax 


we get 


y'= lim cos x -- 3E) =: cos x. 
Ax +0 2 


This latter equality is obtained on the grounds that cos x is a 
continuous function. 
Theorem 2. The derivative of cosx is —sin x, or 
if y —cosx, then y' = —sin x. (IIT) 


Proof. Increase the argument x by the increment Ax, then 
y + Ay = cos (x + Ax); 


Ay = cos (x-+ Ax) — cos x = — 2sin HA sin tart. 


ux pud A e Ax\, 
= 2 sin $ sin (x45); 
Ax 
sin —— 
AY Ax 
"m Ax sin c 3r 
2 
A sin GZ Re Ax 
y'= lim AY = — lim sin(x+ 4) e — lim sin («+ 4); 
Ax — 0 Ax Ax — 0 2 Ax 70 2 


taking into account the fact that sinx is a continuous function, 
we finally get 


y = —sinx. 
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SEC. 7. DERIVATIVES OF: A CONSTANT, THE PRODUCT OF A CONSTANT 
BY A FUNCTION. A SUM, A PRODUCT, AND A QUOTIENT 


Theorem 1. The derivative of a constant is equal to zero; that is, 
if y=C, where C= const, then y' —0. (IV) 
Proof. y=C is a function of x such that the values of it are 


equal to G for all x. 
Hence, for any value of x 


y =f(x)=C. 


We increase the argument x by an increment Ax(Ax=0). Since 
the function y retains the value C for all values of the argument, 
we have 


y+ Ay — f (x+ Ax) «C. 
Therefore, the increment of the function is 
Ay — f (x + Ax) —f (x) —0, 


the ratio of the increment of the function to the increment of the 
argument 


Ay .. 
Ax! 
and, consequently, 
r x AU 
dd al 
that is, 
y = 


The latter result has a simple geometric interpretation. The 
graph of the function y=C is a straight line parallel to the x-axis. 
Obviously, the line tangent to the graph at any one of its points 
coincides with this straight line and, therefore, forms with the 
x-axis an angle whose tangent y’ is zero. 

Theorem 2. A constant factor may be taken outside the deriva- 
five sign, i.e., 


if y=Cu(x) (C=const), then y' —Cu' (x). (V) 
Proof. Reasoning as in the proof of the preceding theorem, we 
have 
ye Cu (x); 


y + Ay =Cu (x + Ax); 
Ay = Cu (x + Ax) — Cu (x) =C [u (x + ^x) — u (x)], 
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Ay c! (x + Ax) ——u (x) 
| Ax : 
u (x-+Ax)—u (x) 
g'— lim SY iC lim: (oe e 
Ax — o AX Ax — 0 ^ 


Example 1. y=3 e 
x 


r-z) = sale aa ei 373.5, 


yie € = Cu x) 


or 


Se 
E OVV x 


Theorem 3. The derivative of the sum of a finite number of diffe- 
rentiable functions is equal to the corresponding sum of the 
derivatives of these functions. *) 

For the case of three terms, for example, we have 


y=u (x) + v (x)+ wlx); y -—u'(x)-rv' ()-Fw' (x). (VI) 
Proof. For the values of the argument x 
y=uto+w 


(for the sake of brevity we drop the argument x in denoting the 
function). 
For the value of the argument x+Ax we have 


y + Ay = (u + Au) + (v + Av) 4- (w+ Aw), 


where Ay, Au, Av, and Aw are increments of the functions y, u 
v and w, which correspond to the increment Ax in the argument 
x. Hence, 
" i Ay Au Av , Aw 
Ay = ^u +4- Ao + Ato, Le reas he ag i 


= lim At n Au lim s im iis 
4 Ax o ÂX D uu n no 


, 


Or 
y' =u’ (x) +0" (x) + w'(x). 
I 


— } 
Vi 


*) The expression y=u (x — u (x) is equivalent | to A v (x) 
v’ (x). 


x) 
and y =u (x)-+(—1) 9 QJ] =u (x) -F E 9 Q9] =a’ Q) — 


Example 2: 
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and so 


Theorem 4. The derivative of a product of two differentiable 
functions is equal to the product of the derivative of the first fun- 
ction by the second function plus the product of the first function 
by the derivative of the second function; that is, 


if y=uv, then y =u v+ uv. (VII) 
Proof. Reasoning as in the proof of the preceding theorem, we 
get | 
y= ud, 
y+ Ay = (u + Au) (v + Av), 
Ay = (u + Au) (v + Av) —uv = Auv + uAv.+ Au Av, 
Ay AU yy uM Aub? 
Rae a Ax! 
Weiz 1 Ay — 1 Au i AU i Ao _ 
es p xo os hu. Ax T oe Ax 
—f{ lim 44 im Av i im AY 
= ( lim. E) Eur us Ax T n xd 2 Ax 


(since u and v are independent of Ax). 
Let us consider the last term on the right-hand side: 


lin Au lim 4°, 
Ax — 0 Ax +9 AX 
Since u(x) is a differentiable function, it is continuous. 


Consequently, lim Au =0. Also, 
Ax +0 
: Av _ " 
VY LEE 
Thus, the term under consideration is zero and we finally get 
y -u'v-uv'. 
The theorem just proved readily gives us the rule for diflerentiating 


the product of any number of functions. 
Thus, if we have a product of three functions 


y= uv, 
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then by representing the right-hand side as the product of u and 
(vw), we get y’ —u' (vw)+ u (vwy -u'vw-ru(v'w-r- vw’) =Uu'vwW+ 
+uv'wt uvw’. 

In this way we can obtain a similar formula for the derivative 
of the product of any (finite) number of functions. Namely, if 


y=u,u,...u,, then 
' r ? 4 
Y —UU.,... Uca Ug TUU, ... Uz Haube FU, n, ... Us, 


Example 3. If y—x?sinx, then 


y' — (x?)' sin x +x? (sin x)’ = 2x sin x -]- x? cos x. 


Example 4. If y= V xsinxcosx, then 


y' =(V xy sinxcos x 4- V x (sinx)' cos x 4- V. x sin x (cos x)’ = 

l 
(2y x 

ee. 
2Yy x 
Theorem 5. The derivative of a fraction (that is, the quotient 
obtained by the division of two junctions) is equal to a fraction 
whose denominator is the square of the denominator of the given 
fraction, and the numerator is the difference between the product of 


the denominator by the derivative of the numerator, and the pro- 
duct of the numerator by the derivative of the denominator; i. e., 


sin x cos x-+ V x cos x cos x + Y x sin x (— sin x) — 


sin x cos x+ V. x (cos? x— sin? x) = re + Y x cos 2x. 
x 


if y=, then y =, (VIII) 


v? 


Proof. If Ay, Au, and Av are increments of the functions y, u, 
and v, corresponding to the increment Ax of the argument x, then 


^ v-FAvV v v(U+Ad) ’ 


U Au —u AU AU ou AU 
Ay — Ax Ax Ax 


Ax v(v-Av)  v(vJAv) ’ 
A Au pu Ê? v tim A. y tim A? 
y'= lim 24= lim & Ax _ Axo AX Axo Ax 


Sro AX axso U(U+AL) — v lim (+ Av) 
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Whence, noting that Au — Oas Ax-~0, *) we get 
, u'v —uv' 


y= "T 


x? 
Example 5. If y— —— , then 
cos x  - 
3y — x? AE 36 
, (x) cos x— x? (cos x) 3x*cos x - x? sinx 
E cos? x cos? x 


Note. If we have a function of the form 


ETC 
uii 


y 
where the denominator c is a constant, then when differentiating 


this function we do not need to use formula (VIII); it is better 
to make use of formula (V): 


P ( ] á = 1 Ey u’ 
y = zu) ae u aF 
Of course, the same result is obtained if formula (VIII) is applied. 


COS X 


Example 6. lf y= 7T 


SEC. 8. THE DERIVATIVE OF A LOGARITHMIC FUNCTION 


Theorem. The derivative of the function log, x is E log, e, that is, 
: X 
if y=log, x, then y'= | log, e. (IX) 


Proof. If Ay is an increment of the function g-—log,x that 
corresponds to the increment Ax of the argument x, then 


y + Ay = log, (x + Ax); 
Ay = log, (x + Ax)—log, x = log, 55:27- — log, (1 +42) : 


Ag 1] Ax 
Arm az 8 (1+), 


*) lim Av-0 since u(x) is a differentiable and, consequently, continuous 
AX —0 


function. 
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Multiply and divide by x the expression on the right-hand side of 
the latter equality: 


Ad os loga (1 +42) =— log, (1 y OE), 


We denote the quantity at in terms of œ. Obviously, for the 
given x, 2—+0 as Ax — O0. Consequently, 


I 
a 


Ay d 
Ax y 105 (1 +a) 


But, as we know from Sec. 7, Ch. II, 
lim (14-a)? =e. 
Q -> 0 


But if the expression under the sign of the logarithm approaches 
the number e, then the logarithm of this expression approaches 
loge (in virtue of the continuity of the logarithmic function). 
We therefore finaily get 

; 1] | 

y'= lim ag lim log, (1-- a) = — log, e. 


Ax > 0 


Noting that log, e= —— , we can rewrite the formula as follows: 


pod. 
y =< Tha’ 


The following is an important particular case of this formula: 
il a=e, then Ina=Ine=1; that is, 


if y — nx, then y=. (X) 


SEC. 9. THE DERIVATIVE OF A COMPOSITE FUNCTION 


Given a composite function y= f(x), that is, such that it may 
be represented in the following form: 


y= F (u), u= (x). 


or y=F [p(x)] (see Ch. I, Sec. 8). In the expression y= F (u), 
u is called the intermediate argument. 
Let us establish a rule for differentiating composite functions. 
Theorem. /f a function u=q(x) has, at some point x, a deriva- 
live u, = q' (x), and the function y — F(u) has, at the corresponding 
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value of u, the derivative y =F’ (u), then the composite function 
y =F [p(x)] at the given point x also has a derivative, which is 
equal to 

Yx = Fy, (u) @ (x), 


where in place of u we must substitute the expression u=@(x). 
Briefly, 


Yz = utis. 
In other words, the derivative of a composite function is equal to 
the product of the derivative of the given function with respect to 
the intermediate argument u by ihe derivative of the intermediate 


argument with respect to x. 
Proof. For a definite value of x we will have 


u=ọ(x) y-F(u) 
For the increased value of the argument x-+ Ax, 
u+t+Au=p(x-+Ax), ytAy=F(u+ Au). 


Thus, to the increment Ax there corresponds an increment Au, 
to which corresponds an increment Ay, whereby Au — Q0 and 
Ay —0 as Ax—-0. It is given that 


From this relation (taking advantage of the definition of a limit) 
we get (for Au-z0) 
AU 
Au 
where œ — 0 as Au — 0. We rewrite (1) as 


= Yat a, (1) 


Ay = ya Au +0 Au. (2) 
Equality (2) also holds true when Au=0 for an arbitrary o, 
since it turns into an identity, 0—0. For Au =0 we shall assume 
a=Q. Divide all terms of (2) by Ax: 
Ay s Au a Au (3) 


It is given that 
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Passing to the limit as Ax — O0 in (3), we get 


Us = Yuliy, (4) 
which is the required proof. 


Example !. Given a function y=sin(x?). Find y, Represent the given 
function as a function of a function as follows: 


y-sinu, u=x?, 
We find 


Y,=COSu,  u,-—2x. 
Hence, by formula (4), 
Y= YU, = COS u-2x. 
Substituting, in place of u, its expression, we finally get 
y, = 2x cos (x?). 
Example 2. Given the function y= (ln x)’. Find y, 


Represent this function as follows: 


yj-—uM =x. 
We find 


Hence, 


, ) MA 1 
Y, = 3u* ——3 (In x. 
If a function y = f(x) is such that it may be represented in the form 
y=F (u), u-q(v) v-—wu) 


the derivative Yx is found by a successive application oí the foregoing theorem, 
Applying the proved rule, we have 


Yr =Y ute 
Applying the same theorem to find as, we have 
uU, m SU, 
Substituting the expression of u, into the preceding equality, we get 
Jy m Yulo (5) 
or 
y, — F, (4) P'o (v) Py (2). 


Example 3. Given the function y-sin[(Inx)]. Find y,. Represent the 
lunction as follows: 
y=sinu, =v, v=x 
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We then find 
, ' r l 
Y, = COSU, u,-3v?, Bom 
In this way, by formula (5), we yet 
, r r’ Í 
Y y =Y yy, = 3 (cos u) v? = ; 
or finally, 


Y= cos [(in x)?]-3 (In x)? L 


It is to be noted that the function considered is defined only for x O. 


SEC. 10. DERIVATIVES OF THE .FUNCTIONS y=tan x, 
y=cot x, y—In(ix] 


Theorem 1. T'he derivative of the function tanx is — ; 


or if y=tanx, then y' — (XI) 


cos? x 
Proof. Since 

_ sink 

^. cosx ’ 


by the rule of differentiation of a fraction [see formula (VIII), 
Sec. 7, Ch. III] we get 


zn (sin x)' cos x —sin x (cos x)' __ COS x cos x— sin x (— sinx) E 
cos? x cos? x 
. cos*x--sin?x o 1. 
cos? x ~ cos? x 


Theorem 2. The derivative of the function cot x is 
l 


A or if y — cot x, then y eae ry (XII) 
Proof. Since y= a , we have 
,  (cosx) sin x— cos x (sin x) — sin x sin x —cos x cos x 


LT o ————————M——————————— D —M————À———M—— MÀ 


sin? x ue X 


Example 1. If y —tan V x, then 


y -— 7x = 
cos? V x = Siw VE 
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Example 2. If y —1n cot x, then 


TEM ST (aus adus Pan ees ei ts -A 
Y= Col x RE ^. cot x sin?x/ | cosxsinx sin2x 


Theorem 3. The derivative of the function 1n| x| (Fig. 62) is s 
or if y —]n|x]|, then y =+. (XIII) 
y 


y=ln{xl 


Fig. 62. 


Proof. a) If x —0, then |x|— x, In|x|— nx, and therefore 
y -—. 
b) Let x 0, then |x|-: —x. But 
In|x|2 1n (— x). 
(It will be noted that if x 0, then —x>0:) Let us represent 
the function y —1n(— x) as a composite function by putting 


y=Inu; u=—x. 
Then 
, IN l l ] 
Yx = Yula == 7 (— yep ==>. 
And so for negative values of x we also have the equation 
l ] 
Gx =>: 


x 
Hence, formula (XIII) has been proved for any value x40. 


(For x=0 the function Inlx| is not defined.) 
SEC. 11. AN IMPLICIT FUNCTION AND ITS DIFFERENTIATION 


Let the values of two variables x and y be related by some 
equation, which we can symbolise as follows: 


F(x, y) - 0. (1) 
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If the function y=f(x), defined on some interval (a, b), is 
such that equation (1) becomes an identity in x when the expres- 


y 


Fig. 63. Fig. 64. 


sion f(x) is substituted into it in place of y, the function y = f(x) 
is an implicit function defined by equation (1). 
For example, the equation 


x -- y —a* —0 (2) 
defines implicitly the following elementary functions (Figs. 63 
and 64): 
y-Ya'—x, 9 
——YVya-—x., (4) 
Indeed, substitution into equation (2) yields the identity 
x + (a! — x^) — a* — 0. 


Expressions (3) and (4) were obtained by solving equation (2) 
for y. But not every implicitly defined function may be represented 
explicitly, that is, in the form y= f(x), *) where f(x) is an ele- 
mentary function. 

For instance, functions defined by the equations 


y'—y—x'-0 
Or 
y—x— sin y=0 


are not expressible in terms of elementary functions; that is, these 
equations cannot be solved for y by means of elementary functions. 

Note 1. Observe that the terms “explicit function” and “implicit 
function” do not characterise the nature of the function but merely 
the way it is defined. Every explicit function y=f(x) may also 
be represented as an implicit function y—/ (x) —0. 


*) If a function is defined by an equation of the form y=f(x), one says 
that the function is defined explicitly or is explicit, 
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We shall now give the rule for finding the derivative of an 
implicit function without transforming it into an explicit one, 
that is, without representing it in the form y=f(x). 

Assume the function is defined by the equation 


x +y — a? — 0. 


Here, if y is a function of x defined by this equality, then the 
equality is an identity. 

Differentiating both sides of this identity with respect to x, and 
regarding y as a function of x, we get (via the rule of differentiat- 
ing a composite function) 

2x + 2yy' — 0, 
whence 
r une 
y y^ 

-Observe that if we were to differentiate the corresponding explicit 

function 
y=V a?—x’, 
we would obtain 


which is the same result. 
Let us consider another case of an implicit function y of x: 


y'—y—x' =Q. 
Differentiate with respect to x: 


6g'y' — y' — 2x — 0, 
whence 


" 2x 
y — 6y5— | T 


Note 2. From the foregoing examples it follows that to find the 
value of the derivative of an implicit function for a given value 
of the argument x, one also has to know the value of the function y 
lor a given value of x. 


SEC. 12. DERIVATIVES OF A POWER FUNCTION FOR AN ARBITRARY 
REAL EXPONENT, OF AN EXPONENTIAL FUNCTION, | 
AND A COMPOSITE EXPONENTIAL FUNCTION 


Theorem 1. The derivative of the function x", where n is any 
real number, is equal to nx"^'; that is, 


if y — x", then y’ = nx^^!, (1’) 


92 Derivative and Differential | 


Proof. Let x — 0. Taking logarithms of this function, ‘we get 
In y -- ninx. 


Differentiate, with respect to x, both sides of the equality obtained, 
taking y to be a function of x: 


Muni tla. 
"xor y c yn-. 


Substituting into this equation the value y — x", we finally get 
jn. 


It is easy to show that this formula holds true also for x< 0 
provided x" is meaningful. *) 
Theorem 2. The derivative of the function a*, where a>O, is 
a* Ina; that is, 
if y=a*, then y =a* lna. (XIV) 


Proof. Taking logarithms of the equality y =a", we get 
In y — x In a. 


Differentiate the equality obtained regarding y as a function of x: 


l y —lna; y'—yglna 
y 
or 
y =a* Ina. 
If the base is a—e, then Ine=1 and we have the formula 
yet. g se. ( XIV?) 


Example 1. Given the function 
y =e". 
Represent it as a composite function by introducing the intermediate argument u: 
yg exe u Ex 

then 

y,=e", u,—2x 
and, therefore, 

y, = 24 .2x =°. 2x. 


*) This formula was proved in Sec. 5, Ch. II, for the case when n is a 
positive integer. Formula (I) has now been proved for the general case (for 
any constant number 7). 
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A composite exponential function is a function in which both 
the base and the exponent are functions of x, for instance, (sin x)", 
xis", x* (Inx)", and the like; generally, any function of the form 


y = [u (x) J? =u? 


is an exponential function (composite exponential function). *) 
Theorem 3. 


If y — u*, then y = vu” u J- u?v' Inu. (XV) 
Proof. Taking logarithms of the function y, we have 
In y — v Inu. 


Diflerentiating the resultant equation with respect to x, we get 


l JOD l f f 
m T +v'lnu 


whence 
, u' / 
y =y (v ud Inu) : 
Substituting into this equation the expression y =u", we obtain 
y' = vu” u’ + u?v' Inu. 


Thus, the derivative of an exponential function (composite expo- 
nential function) consists of two terms: the first term is obtained 
by assuming, when differentiating, that u is a function of x and v 
is a constant (that is to say, if we regard u^ as a power function); 
the second term is obtained on the assumption that v is a function 
of x, and u= const (i. e., if we regard u” as an exponential 
function). 


Example 2. If y =x", then y’ —xx*^! (x') 4-x* (x') Inx 
or y! —x* + x* In x - x* (1 +1n x). 


Example 3. If y= (sin x)**, then 
y’ = x? (sin x)** 7! (sin x)' + (sin x)** (x?) In sin x = 
= x? (sin x)** ^! cos x + (sin x)** 2x In sin x. 


The procedure applied in this section for finding derivatives 
(first finding the derivative of the logarithm of the given function) 
is widely used in differentiating functions. Very often the use of 
this method greatly simplifies calculations. 


*) In the Russian mathematical literature this function is also called an 
exponential-power function or a power-ex ponential function. 
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p— 


Example 4. To find the derivative of the function 


(eth? Vel 
~ (x-F4ye* 


Solution. Taking logarithms we get 
In y=2 In (x + Heu In (x — 1) -23 In (x 4- 4) —x. 


Differentiate both sides of this equality: 


LECHE T uS 

y fel IR- ari 
Multiplying by y and substituting, in place of y, the expression 
EEVT gesa 
TET 
SADRE] 2 | 3 |] 


— pie (ri ai x44 - 


Note. The expression-Z- = (In yY’, which is the derivative, with 


respect to x, of the natural logarithm of the given function 
y=y(x), is called the logarithmic derivative. 


SEC. 13. AN INVERSE FUNCTION AND ITS DIFFERENTIATION 


Take an increasing or decreasing function (Fig. 65) 
y=f(x) (1) 
defined in some interval (a, b) (a « b) (see Sec. 6, Ch. I). Let 
(a) —c, fF (b) —d. For definiteness we shall henceforward consider 
an increasing function. 

Let us consider two different values X, 
and x, in the interval.(a, b). From the 
definition of an increasing function it 
follows that if x,«x, and y,=f(x,), 
y,-—f(x,, then y,<y,. Hence, to two 
different values x, and x, there correspond 
two different values of the function, y, 
and gy, . The converse is also true: if 
Y,<y, yf), and g,—f(x,), then 
from the definition of an increasing function it follows that X, « X,. 
Thus, a one-to-one correspondence is established between the values 
of x and the corresponding values of y. 

Regarding these values of y as values of the argument and the 
values of x as values of the function, we get x asa function of , y: 


x= 9 (4). | (2) 
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- 


This function is called the inverse function of y =f (x). It is obvi- 
ous too that the function y= f(x) is the inverse of x—qg(y). With 
similar reasoning it is possible to prove that a decreasing function 
also has an inverse. 

Note 1. We state, without proof, that if an increasing (or de- 
creasing) function y =f (x) is continuous on the interval (a, b], where 
f(a)=c, F (b) d, then the inverse function is defined and is 
continuous on the interval [c, d]. 


Example 1. Given the function y —x*. This function is increasing on the 


infinite interval — oo <x < o; it has an inverse function «= V y (Fig. 66). 
It will be noted that the inverse function x=@(y) is found by solving the 
equation y —/ (x) for x. 


y y-x? 
x=VY 
—— > X 
0 
Fig. 66. Fig. 67. 


Example 2. Given the function y=e*. This function is increasing on the 
infinite interval —o «x« œ. It has an inverse x -In y. The domain of 
definition of the inverse function is 0 < y < œ (Fig .67). 


Note 2. If the function y=f(x) is neither increasing nor decreas- 
ing on a certain interval, it can have several inverse functions. *) 


Example 3. The function y--x* is defined on an infinite interval 
— o «x«-o. It is neither increasing nor decreasing and does not have 
an inverse function. If we consider the interval O «x < œ, then the function 


here is increasing and x= V y is its inverse. But in the interval — o <x «0 
the function is decreasing and its inverse is x — — Vy (Fig. 68). 


Note 3. If the functions y=f(x} and x=ọ(y) are reciprocal, 
their graphs are represented by a single curve. But if we again 


*) Let it be noted once again that when anne of y as a function of x we 
have in mind that y is a single-valued function of x. 
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denote the argument of the inverse function by x, and the function 
by y and then construct them in a single coordinate system, we 
will get two different graphs. 

It will readily be seen that the graphs 
will be symmetric about the bisector of 
the first quadrantal angle. 


y 


Example 4. Fig. 67 gives the graphs of the 
function y=e*(orx=Iny) and its inverse 
y=Inx, which are considered in Example 2. 


Let us now prove a theorem that per- 
mits finding the derivative of a function 
Fig. 68. y=f(x) if we know the derivative of 
the inverse function. 
Theorem. /f for the function 


y=f(x) (1) 
there exists an inverse function 
x — 9 (y) (2) 


which at the point under consideration y has a nonzero derivative 
q'(y), then at the corresponding point x the function y=f(x) has 


a derivative f'(x} equal to that is, the [following formula 
is true 


9' (y) , 


/ l 
f =g TÉ (XVI) 
Thus, the derivative of one of two reciprocal functions is equal to 
unity divided by the derivative of the second function for corre- 
sponding values of x and y.*) 
Proof. Diflerentiate, with respect to x, both sides of equality (2), 
taking y as a function of x **): 


1 = Q’ (y) yx, 


*) When we write f’ (x) or y, we regard x as the independent variable 


when evaluating the derivative; but when we write q' (y) or X, we assume 


that y is the independent variable when evaluating the derivative. It should 
be noted that after differentiating with respect to y, as indicated on the right 
side of formula (XVI), f (x) must be substituted for y. 

**) Actually, here we find the derivative of a function of x defined 
implicitly by the equation 


x—g(y)=0 
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whence 


, l 
w= FG" 


Noting that y,=f’ (x) we get formula (XVI), which may also be 
written as 


Y=: 
y 

The result obtained is clearly illustrated 
geometrically. Consider the graph of the 
function y= f (x) (Fig. 69). This curve will 
also be the graph of the function x= ọ (y), 
where x is now regarded as the function 
and y as the independent variable. Take some 
point M (x, y) on this curve. Draw a tangent 
to the curve at this point. Denote by a and f Fig. 69. 
the angles formed by the given tangent and 
the positive directions of the x- and y-axes. On the basis of the 
results of Sec. 3 concerning the geometrical meaning of a derivative 
we have 


F (x) =tana, (3) 


q' (y) — tan p. 
From Fig. 69 it follows directly that if a<—, then 


AX 
p -——a. 
But if o, then, as is readily seen, B——e. Hence, in 
any case 
tan B = cot a, 
whence 


tana tan =tanacota=1, 
or 


Substituting the expressions for tan a and tan B from formula (3), 
we get 


ls 


43388 
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SEC. 14. INVERSE TRIGONOMETRIC FUNCTIONS 
AND THEIR DIFFERENTIATION 


]) The function y= arcsin x. 
Let us consider the function 


x — sin y (1) 
and construct its graph by directing the y-axis vertically upwards 
(Fig. 70). This function is defined in the infinite interval 
NR MI oo. Over the interval 

—> «ys 5 , the function x= siny 
is increasing and its values fill the in- 
terval — l sxs 1. For this reason, the 


= function x= sin y hasan inverse which is 
denoted by 


y= arc sin x.*) 


This function is defined on the inter- 
val —l1<x<1, and its values fill the 


xesiny interval — $ <y < $. In Fig. 70, the 
Fig. 70. graph of y=arcsinx is shown by the 
heavy line. 


Theorem 1. The derivative of the function arcsinx is equal to 
| ds. Gs; 


l 
Y i—x? 


ify=arcsinx, then y' = (XVII) 


l 
Vir 
Proof. On the basis of (1) we have 
x= COS y. 
By the rule lor diflerentiating an inverse function, 


l 
COS y 


, ] 
Yx = — = 
Xy 


but 
cos y= V 1— sin y = V 1— x, 


*) H may be noted that the familiar equation y — arc sin x of ttigonometry 
is another way of writing (1). Here M a given x) y denotes the totality of 
values of angles whose sine is equal to 


t 
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therefore, 
, l . 
ye 
the sign in front of the radical is plus because the function 


y=arcsinx takes on values in the interval -$ ym, and, 
consequently, cos y = Q. 
Example 1. y =arc sine”, 
’ xt ud 
y= (e^) = Vinee’ 


l 
V 1—(e”}? 
, 1 \3 
y=(aresin—), 
l : (x) — € Rn 


een oe eV I 
a. 


2) The function y = arc cos x. 
As before, we consider the function 


x= COS (2) 


Example 2. 


l 
' =? arc sin — 
y x 


and construct its graph with the y-axis extending 
upwards (Fig. 71). This function is defined on 
the infinite interval — oo < y «<+. On the 
interval Oxy<cn, the function x=cosy is 
decreasing and has an inverse that we denote 


y= arc cos x. 


This function is defined on the interval 
—]lsx«l. The values of the function fill 
the interval n>y>0. In Fig. 71, the function y-arccosx is 
depicted by the heavy line. 
Theorem 2. The derivative of the function arc cos x is TS ; 
-—X 
Í e., 
l 


if y =arccos x, then y' =— (XVIII) 


Proof. From (2) we have 
| X, zs — sin y. 
4* 


100 Derivative and Differential 


Hence 
I ] ] 


a do siny V 1—cos? y 
But cosy — x, and so 


l 
Ure Waa 


In sin y=V 1—cos' y the radical is taken with the plus sign, 
since the function y= arccos x is defined on the interval Ox y « x 
and, consequently, sin y = Q. 


Example 3. y -—arccos (tan x), 
l 1 
V 1—tan? xcos? x 


f 


l 
Am wei ERE (tan x)! = ne 
I V 1—tan?x 


3) The function y=arctanx. l 
"T We consider the function 
oT 


clue eue E x- tany (3) 


and construct its graph (Fig. 72). 
This function is defined for all 


values of y except y=(2k+ 1) 
(k=0, +1, +2,...). On the 
interval —5<y< > the function 


== x=tany is increasing and has an 
inverse: 


y=arc tanx 
X-tan 


y —arctan x. 


This function is defined on the 
-$r interval — o0 < x < oo. The values 
of the function fill the interval 


—5 <y< 5. In Fig 72; the 
graph of the function y=arctanx is shown as a heavy line. 

Theorem 3. The derivative of the function arctanx is 
L8, 


l . 
l +x?’ 


ify=arctanx, then y'= (XIX) 


l 
l +x?’ 
Proof. From (3) we have 
, l 
Xy = cos? y` 
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Hence 


but 


l 
2 a —Ó * 
SOS Y= secty ic tany’ 
since tan y— x, we get, finally, 
, l 
y — T+ x?" 


Example 4. y — (arc tan x)‘, 
l 


y' =4 (arc tan x)* (arc tan x)’ —4 (arc tan x)? 


] + x?" 


4) The function y= arc cot x. 
Consider the function 


x= cot y. (4) 


This function is defined for all 
values of y except y — Rx (k — O0, +1, 
+2). The graph of this function is 
shown in Fig. 73. On the interval 
O<y<n, the function x=coty is 
decreasing and has an inverse: 


y = arc cot x. 


Consequently, this function is de- 
fined on the infinite interval — oo < 
<x<too, and its values fill the Fig. 78. 
interval x > y >Q. 


Theorem 4. The derivative of the function arc cot x is — 
i. e., 


I e 
1+4?’ 


if y = arc cot x, then-y’ =— ipp : (X X) 


Proof. From (4) we have 


Hence 
l I 


— 


PES sin go 
Yx 4 csc? y 1+ cot 3g ° 
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But 


cot y — x. 
Therefore 


d l 
cx 
SEC. 15. TABLE OF BASIC DIFFERENTIATION FORMULAS 


Let us now bring together into a single table all the basic for- 
mulas and rules of differentiation derived in the preceding sections. 


y= const, y’ — 0. 
Power function: 


particular instances: 
= u o., 
d 4 "M 2Yx- 


Trigonometric functions: 


y — sin x, y' — cos x, 


y=cosx, jy' — — sin x, 
— P e 
y=tanx, y ~ cos? x? 
l 
y= col x, yY = — ac. 
Inverse trigonometric functions: 
" ] 
= arc sin x, —— 
y y Vins’ 
l 
L4 
— arc cos x, y'= — ———À 
y y Vins’ 
l 
, 
y = arc tan x, y —1-rx' 
| ee, 1 T 
y = arc cot x, y e m 


Exponential function: 


y — a*, y’ — a* In à; 
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in particular, 
y —e*, y =e". 
Logarithmic function: 
y = log, x, y = I log, e; 


in particular, 
l 


y=lnx, y =>. 
General rules for differentiation: 

y — Cu (x), y’ = Cu’ (x) (C = const), 
y—u--v—wu, y'eu'-r-v'—w', 
y=u-v, yo =u'v + uv’, 

u , u'u—uv' 
gu Uc 4 
m] Thoi 
y— u^, y' = vu” u' + u?v' Inu. 


If y=f(x) x=ọ (y) where f and @ are reciprocal functions, 
then 


F (0 where y=f(x). 


SEC. 16. PARAMETRIC REPRESENTATION OF A FUNCTION 


Given two equations: 
x — Qt), 
y— V). i 


where ¢ assumes values that lie in the interval [T,, T,]. To each 
value of ¢ there correspond values of x and y (the functions @ 
and »p are assumed to be single-valued). If one regards the values 
of x and y as coordinates of a point in a coordinate xy-plane, 
then to each value of ¢ there will correspond a definite point in 
the plane. And when ¢ varies from T, to T,, this point will de- 
scribe a certain curve. Equations (1) are called parametric equations 
of this curve, ¢ is the parameter, and parametric is the way the 
curve is represented by equations (1). 
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Let us further assume that the function x— « (£) has an inverse, 
t= M(x). Then, obviously, y is a function of x; 


y — [o (x)]. (2) 

Thus, equations (1) define y as a function of x, and it is said 
that the function y of x is represented parametrically. 

The explicit expression of the dependence of y on x, y= f(x), 

is obtained by eliminating the parameter ¢ from equations (1). 

Parametric representation of curves is widely used in mechanics. 

If in the xy-plane there is a certain material point in motion and 

il we know the laws of motion of the projections of this point 
on the coordinate axes, then 


x— e(t), ! L 

y=" (f) n 
where the parameter ¢ is the time. Then 
equations (1’) are parametric equations of . 
the trajectory of the moving point. Eli- 
minating from these equations the para- 
meter ¢, we get the equation of the 
trajectory in the form y=f(x) or 
F(x, y) 0. By way of illustration, let 
us take the following problem. 


Fig. 74. Problem. Determine the trajectory and 

point of impact of a load dropped from an 

airplane moving horizontally with a velocity v at an altitude yo (air 
resistance is disregarded). 

Solution. Taking a coordinate system as shown in Fig. 74, we assume 
that the airplane drops the load at the instant it cuts the y-axis. It is 
obvious that the horizontal translation of the load will be uniform and with 
constant velocity v: 


x — Ug. 
Vertical displacement of the falling load due to the force of gravity will be 
expressed by the formula 
EE 
—. 


Hence the distance of the load from the ground at any instant will be 


S 


t? 
y= yr 
The two equations 
X — VÉ, 
gi? 
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will be the parametric equations of the trajectory. To eliminate the parame- 

ter £ we find the value to — from the first equation and substitute it into 

the second equation. Then we get the equation of the trajectory in the form 
g 


=j, — -= x*. 
U = Yo 2u? 


This is the equation of a parabola with vertex at the point M (0, gy, the 
y-axis serving as the axis of symmetry of the parabola. 

We determine the length of OC, denote the abscissa of C by X, and note 
that the ordinate of this point is y=0. Putting these values into the 
preceding formula, we get 


whence 


- SEC. 17. THE EQUATIONS OF CERTAIN CURVES IN PARAMETRIC FORM 


Circle. Given a circle with centre at the coordinate origin and with 
radius r (Fig. 75). 

Denote by £ the angle formed by the x-axis and the radius to some point 
M (x, y) of the circle. Then the coordinates of any point on the circle will 
be expressed in terms of the parameter ¢ as follows: 


x=F cos 5 joszt «cs. 


y —r sin f, 


These are the parametric equations of the circle. If we eliminate the para- 
meter £ from these equations, we will have an equation of the circle contain- 
ing only x and y. Squaring the parametric equations and adding, we get 


x? +- y? = r? (cos? t + sin? t) 


or 
x? 4- y? — rà, 
Ellipse. Given the equation of the ellipse 
x? y* 
Set 
x —a cos t. (2^) 


Putting this expression into equation (1), we get 


y — b sin f. (7) 
The equations 
x —a COS f, 
Sony JO ect «cn (2 


are the parametric equations of the ellipse. 
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Let us find out the geometrical meaning of the parameter £. Draw two 
circles with centres at the coordinate origin and with radii a and b (Fig. 76). 
Let the point M (x, y) lie on the ellipse, and let B be a point of the large 


y 


circle with the same abscissa as M. Denote by ż the angle formed by the 
radius OB with the x-axis. From the figure it follows directly that 


x —OP =a cos f [this is equation (2’)], 
CQ — b sint. 
From (2^ we conclude that CQ =y; in other words, the straight line CM is 
parallel to the x-axis. 


Consequently, in equations (2) £ is an angle formed by the radius OB and 


the axis of abscissas. The angle t is sometimes called an eccentric angle. —, 


Fig. 77. 


Cycloid. The cycloid is a curve described by a pointlying on the circum- 
ference of a circle if this circle rolls upon a straight line without sliding 
(Fig. 77). Suppose that when motion began the point M of the rolling circle 
lay at the origin. Let us determine the coordinates of M after the circle has 
turned through an angle £. If a is the radius of the rolling circle, it will be 
seen from Fig. 77 that 

x=OP=OB— PB, 


but since the circle rolls without sliding, we have 
OB = MB =at, PB=MK=asint, 


Hence, x =at—asint=a (t — sin f). 
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Further, 
y= MP = KB = CB —CK =a—a cos t =a (1— cos t). 


The equations 


x — a (t— sin f), 


y =a (1 — cos t), ) OSEN (3) 


are the parametric equations of the cycloid. As ¢ varies between O and 2x, 
the point M will describe one arc of the cycloid. 

Eliminating the parameter ¢ from the latter equations, we get x as a 
function of y directly. In the interval Os ts x, the function y =a (1—cos £) 
has an inverse: 


i — atc cos 


a—y 
25 
Substituting the expression for ¢ into the first of equations (3), we get 


a—y : a—y 
X=a arc cos ——- —a sin | are cos ——- 
a a 
or 


X= a arc cos 4 — y 2ay — y! when O0 «zx < na. 


Examining the figure we note that when za < x < 2xa 


x—2na— (a arc cost à — Y 3aj— y) . 


It wil! be noted that the function 
x — a ({—sin t) 


has an inverse, but it is not expressible in terms of elementary functions. 
And so the function y=f(x) is not expressible in terms of elementary 
functions either. 


Note 1. The cycloid clearly shows that in certain cases it is more con- 
venient to use the parametric equations for studying functions and curves 
than the direct relationship of y and x (y as a function of x or x as a 
function of y). mE 


Astroid. The astroid is a curve represented by the following parametric 
equations: 
x —a cos? f, 
y —a sin? t, 10st «2n. (4) 


Raising the terms of both equations to the power: 2/3 and adding, we get 
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the relationship between x and y 
ee. eet. S 
x? +y? =a’ (cos? t+ sin? t), 
or 
= =. 
x? +y? =a}. (5) 
Later on (Sec. 12, Ch. V) it will be shown 
that this curve is of the form shown in 
Fig. 78. It can be obtained as the trajectory 
of a certain point on the circumference of 
a circle of radius a/4 rolling (without 
sliding) upon another circle of radius a 
c De circle E aue ^ remains inside 
M the larger one; see Fig. 78). 
Fig. 78. Note 2. It will be noted that equations 
(4) and equation (5) define more than one 
function y=f (x). They define two continuous functions on the intervai 


—asxs--a. One takes on nonnegative values, the other nonpositive 
values. 


SEC. 18. THE DERIVATIVE OF A FUNCTION REPRESENTED 
PARAMETRICALLY 


Let a function y of x be represented by the parametric equations 
x — 9 (t), ! 
yet), | ests? o) 
Let us assume that these functions have derivatives and that the function 
x—Q(t) has an inverse f=@({x), which also has a derivative. Then the 


function y =f (x) defined by the parametric equations may be regarded as a 
composite function: 
y="p(t), t=@ (x), 


t being the intermediate argument. 
By the rule for differentiating a composite function we get 


y, =y; t= P(t) 0). (2) 
From the theorem for the differentiation ol an inverse function, it follows 


that 
l 


D (x) = ——— 4 
: q, (£) 
Putting this expression into (2), we have 
Y (0) 
9x = PA 
or 
; 9: 
Y, Sas (XXI) 


The Derivative of a Function Represented Parametrically 109 


The derived formula permits finding the derivative y, of a 


function represented parametrically without having to find the 
expression of y as a direct function of x. 


Example 1. The function y of x is given by the parametric equations 


yoasint } Cetemm 

jose EY : l B 
Find the derivative dr l) for any value of 1i; 2) tor direi 

Solution. 

, (a sin t)' ae acos t E 
U dete ast ^ en 
2) y. ¢ scot. es. 
( a) => 4 


Example 2. Find the slope of a tangent to the cycloid 


x — a (t —sin t), 
y =a (1 — cos f) 
at an arbitrary point (0 < f < 2n). 
Solution. The slope of a tangent at each point is equal to the value of 
the derivative Y, at that point; i. e., it is 


y m Yi 
x x, 


But ; , 
x,==a(l—cost), y,=asint, 


Consequently, 


„_ asint _ 2 eee a gene x t 
‘Fi a 790g a | 


Hence, the slope of a tangent to a cycloid at every point is equal fo 
tan 5—4 , Where ¢ is the value of the parameter corresponding to this 
point. But this means that the angle a of the slope of the tangent to the x-axis is 


equal to 3—5 (for values of ¢ lying between —7t and n)". 


*) Indeed, the slope is equal to the tangent of the angle of inclination a 
of the tangent to the x-axis. And so tana=tan 2-5 and om 


t 
for those values of ¢ for which y lies between 0 and x, 
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SEC. 19. HYPERBOLIC FUNCTIONS 
In many applications of mathematical analysis we encounter 


combinations of exponential functions of the form + (e*—e-*) and 


z (em. These combinations are regarded as new functions 
and are designated as follows: 


sinh x= m i 
(1) 


-X 
cosh xf : 


The first of these functions is called the hyperbolic sine, the 
second, the hyperbolic cosine. These functions may be used to define 


inh 
Sm X and coth arto i 
osh x sinh x 


two more functions: tanh x=; 


tanh xut. Am 


ote 


* — the hyperbolic tangent, | 
(1^) 


coth xm xz-— the hyperbolic cotangent. 


The functions sinh x, cosh x, tanh x are obviously defined for 
all values of x. But the function coth x is defined everywhere, 
except the point x=0. 

The graphs of the hyperbolic functions are given in Figs. 79, 


From the definitions of the functions sinh x and cosh x [formu- 
las (1)] there follow relationships similar to those between the 
appropriate trigonometric functions: 


cosh* x — sinh?’ x — 1, (2) 
cosh (a + b) = cosh a cosh b--sinh asinh b, (3) 
sinh (a + b) = sinh a cosh b+ cosh a sinh b. (3^) 
Indeed, 
: a" ee NO f een 
cosh* x — sinh rm { 2 ) -( 5 ) = 
e** 1.2 --e- 2% —e?** 4.9 e 7 ** —] 
A uM ML 


Further, noting that T : 
a4 aT 
cosh (a + b)  ——7—— ; 
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we get 


, ! ef eg- 2g e? eg! —e-94 eb —e-’ 
cosh a cosh b -+ sinh a sinh b = = E 


2 2 2 2 
ett 4 o- a+b 4 pa—b 4 Q-a-b 4 Qa*b  Q—a*cb  Qa-b | o-a—-b 
rl ee oe | = eo L1tdQt1 tà 81 íÓG LLL. 
a+b —a-—0 
mE shi (a+ b). 


2 


The prove is similar for relation 


(3^). 

The name “hyperbolic functions" 
comes from the fact that the func- 
tions sinh ¢ and cosh ¢ play the 
same role in the parametric 
representation of the hy perbola, 


disp = 1, 


g 


y-coth x 


Fig. 81. 


as the trigonometric functions sin £ and cos ¢ do in the parametric 
representation of the circle, 


x! gy -—l. 
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Indeed, eliminating the parameter ¢ from the equations 
x=cost, y=sinf, 
we get 
x? +y’ = cos? t + sin’? 
or 
x*+y’?=1 (the equation of the circle). 


Similarly, the equations 
x = cosh f, 
y = sinht 
are the parametric equations of the hyperbola. 
Indeed, squaring these equations termwise and subtracting the 
second from the first, we get 
x^ — y* = cosh? t — sinh" f. 


Since, on the basis of formula (2), the expression on the right 
side is equal to unity, we have 


Guy =l, 


which is the equation of the hyperbola. 

Let us consider a circle with the equation x*+y’=1 (Fig. 82). 
[n the equations x= cost, y= sinf, the parameter / is numerically 
equal to the central angle AOM or to the doubled area S of the sector 
AOM, since t= 2S. 


Fig. 62. Fig. 83. 


Let it be noted, without proof, that in the parametric equations 


of the hyperbola, 
x= cosh £, 


y=sinhf, 


the parameter ¢ is also numerically equal to the doubled area of 
the “hyperbolic sector" AOM (Fig. 83). 
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The derivatives of the hyperbolic functions are defined by the 
formulas 


(sinh x)’=coshx, (tanh x)’ = ahi | 


(cosh x) —sinhx, (coth xy = a | (X XII) 


which follow from the very definition of hyperbolic functions; for 
f — we have 


instance, for the function sinh x= z 


X p~ž\?’ -X 
(sinh x)’ — (—57—) ate = cosh x. 


SEC. 20. THE DIFFERENTIAL 


Let the function y=f(x) be differentiable on the interval [a, b]. 
The derivative of this function at some point x of [a, b] is 
determined by the equality 


lim =F (x). 
Ax ÀX le) 


As Ax — O0, the ratio a approaches a definite number F (x) and, 
consequently, differs from the derivative F (x) by an infinitesimal: 


AU p 
mu (x) +a, 


where œ — 0 as Ax — 0. 
Multiplying all terms of the latter equality by Ax, we get 


Ay =F (x) Ax-t aAx. (1) 


Since in the general case f’ (x)=40, for a constant x and a variable 
Ax— 0, the product f (x)Ax is an infinitesimal of the first or- 
der relative to Ax. But the product aAx is always an infinitesimal 
of higher order relative to Ax, because 


Thus, the increment Ay of the function consists of two terms, of 
which the first is [when F (x)=40] the so-called principal part of 
the increment, and is linear relative to Ax. The product F (x) Ax 
is called the differential of the function and is denoted by dy or 
df (x) (read, dy or df of x). 
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And so if a function y=f(x} has a derivative F (x) at the point 
x, the product of the derivative f’ (x) by the increment Ax of the 
argument is called the differential of the function and is denoted 
by the symbol dy: 


dy =F (x) Ax. (2) 
Find the differential of the function y =x; here, 
y’ (x) =1, 


and, consequently, dy = dx — Ax or dx= Ax. Thus, the differential 
dx of the independent variable x coincides with its increment Ax. 
The equality dx= Ax might be regarded likewise as a definition 
of the differential of an independent variable, and then the fore- 
going example would indicate that this does not contradict the de- 
finition of the differential of a function. In any case, we can write 
formula (2) as 


dy =F (x) dx. 


But from this relationship it follows that 


Hence, the derivative f'(x) may be regarded as the ratio of the 
differential of a function to the differential of the independent 
variable. 

Let us return to expression (1) which, taking (2) into account, 
may be rewritten thus: 


Ay = dy + aAx. (3) 


Thus, the increment of a function differs from the differential of 
a function by an infinitesimal of higher order relative to Ax. If 
F (x)-0, then «Ax is an infinitesimal of higher order relative to 
dy and 

AX 


. AU — $ 
lim T = l+ lim YA 


= l| + lim 
dy åx>0 


åx> o0 


l. 


E. 
f(x) 
For this reason, in approximate calculations one sometimes uses 
the approximate equality 
Ay zx dy (4) 

or, in expanded form, | 

f(x + Ax) — E (x) e F (x) Ax, (5) 
thus reducing the volume of computation. 
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Example 1. Find the differential dy and the increment Ay of the function 
p sext 

1) for arbitrary values of x and Ax; 

2) for x —20, Ax—0.1. 

Solution. 1) Ay — (x + Ax)t— x? = 2x Ax -+ Ax?, 


dy — (x? Ax == 2xAx. 
2) If x 220, Ax —0.1, then Ay=2-20-0.1 + (0.1)? — 4.01, 
dy —2.20.0.] = 4.00. 


Replacing Ay by dy yields an error of 0.01. In many cases, it may be 
considered small compared to Ag--4.01 and the- 
refore disregarded. 

Fig. 84 gives a clear picture of the above 
problem. 


Ax 
VUE Ys = 4% 


In approximate calculations, one also 
makes use of the following equality, which 
is obtained from (5): 


F (x+ Ax) e F (+F (x) Ax. (6) 


Example 2. Let f (x) —sin x, then F (x) — cos x. 
In this case the approximate equality (6) takes 
the form 


sin (x + Ax) = sin x 4- cos x Ax. (7) Fig. 84 
Let us calculate the -approximate value of did 
sin 46°. 
ELLA — oaa A = o ge E E . . 
Put x = 45° = 1 Ax=1 180’ 46° = 45° + 1 4 tigo: Substituting 
into (7) we get 
Kun coe agin n 
sin 46 =sin ( 1 jg) sin 1 + cos 4 180 
or 
sin 46° = LAS E: 1357 0.7071 -+ 0.7071 -0.017 = 0.7194. 


Example 3. If in (7) we put x0, Ax=a, we get the following approxi- 
mate equality: 


sin a = a. 


Example 4. If /(x)—tanx, then by (6), we get the following approximate 
equality: 


tan (x -+ Ax) = tan x + —,- -r 
lor x=0, Ax—a, we get 
tan a =a. 


Example 5. Iff (x) V x, then (6) yields 
V xt a Ax s 


Vi! Axe l 
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Putting x —1, Ax—a, we get the approximate equality 


Vi Cocxl jsa 


The problem of finding the differential of a function is equiva- 
lent to that of finding the derivative, since, by multiplying the 
latter into the diferential of the argument we get the differential 
of the function. Consequently, most theorems and formulas perta- 
ining to derivatives are also valid for differentials. Let us illustrate 
this. 

The differential of the sum of two differentiable functions u and 
v is equal to the sum of the differentials of these functions: 


d (u +v) — du + dv. 


The differential of the product of two differentiable functions u 
and v is determined by the formula 
d (uv) =u do +v du. 
By way of illustration, let us prove the latter formula. If y = uo, 
then 
dy = y' ^x = (uv' +- vu’) Ax = uv' Ax + vu’ Ax, 
but 
v’ Ax=dv, u’ Ax=du, 
therefore 
dy =u do + v du. 
Other formulas (for instance, the formula defining the differen- 
tial of a quotient) are proved in similar fashion: 


v du —u dv 
2 t 
U 


ify=—, then dy = 


Let us solve some problems dealing with calculating the diffe- 
rential of a function. 


Í 
2 — LÀ 
Example 6. y — tan*x, dy =2 tan x TEM dx 


l l 
———————dx 
2Vi+t+inx * 


We find the expression for the differential of a composite function. 
Let 


Example 7. y= Vi +Inx, dy= 


y=[(4), u= (x), ory=flp()) 
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Then by the rule for the differentiation of a composite function, 


“4 — fa (u) ' (2). 
Hence, 
dy = fa (u) ọ' (x) dx, 
but ’ (x) dx ^ du, therefore 
dy =f’ (u) du. 


Thus, the differential of a composite function has the same form 
as it would have if the intermediate argument were the independent 
variable. In other words, the form of the differential does not de- 
pend on whether the argument of a function is an independent va- 
riable or a function of another argument. This important property 
of a differential, called invariance of the form of the differential, 
will be widely used later on. 


Example 8. Given a function y=sin Y x. Find dy. Solution. Representing 
the given function as a composite one: 


y=sinu, u= Vx, 
we find 
I 
2V x 


dy —cosu 


dx; 
l 


2y x 


but 


dx-du, so we can write 


dy = cos u du 
or 


dy—ccs(V x)d(V x). 


SEC. 21. THE GEOMETRIC SIGNIFICANCE OF THE DIFFERENTIAL 


Let us consider the function 
y=f(x) 
and the curve it represents (Fig. 85). 
On the curve y —/f (x), take an arbitrary point M (x, y), draw a 
line tangent to the curve at this point and denote by a the angle *) 


which the line tangent forms with the positive direction of the 
x-axis. Increase the independent variable by Ax; then the function 


*) Assuming that the function /(x) has a finite derivative at the point x, 
we gel a £ > . 
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will change by Ay=NM,. To the values x+ Ax, y+ Ay on the 
curve y=f (x) there will correspond the point M, (x+ Ax, y + Ay). 
From the triangle MNT we find 


NT = MN tana; 
since 
tana=f’ (x), MN=Ax, 
we get 
NT =f’ (x) Ax; 
but by the definition of a differential f’ (x) Ax = dy. Thus, 
NT = dy. 


The latter equality signifies that the differential of a function f (x), 
which corresponds to the given values x and Ax, is equal to the 


Fig. 85. 


increment in the ordinate of the line tangent to the curve y=} (x) 


at the given point x. 
From Fig. 85 it follows directly that 


M T = Ay—dy. 


By what has already been proved, ar — 0 as Ax — 0. 
One should not think that the increment Ay is always greater 
than dy. For instance, in Fig. 86, | 
Ay=M,N, dy=NT, and Ay<dy. 


SEC. 22. DERIVATIVES OF DIFFERENT ORDERS 


Let a function y=f(x} be differentiable on some interval [a, b]. 
Generally speaking, the values of the derivative /' (x) depend on x, 
which is to say that the derivative f’ (x) is also a function of x. 
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Diflerentiating this function, we obtain the so-called second 
derivative of the function f (x). 

The derivative of a first derivative is called a derivative of the 
second order or the second derivative of the original function and 
is denoted by the symbol 7" or f" (x): 


= (yy =F (x). 
For example, if y =x*, then 
y' = 5x5, y' = (bx*)' = 20x’. 


The derivative of the second derivative is called a derivative of 
the third order or the third derivative and is denoted by y” o 
pu (x). 

Generally, a derivative of the nth order of a function f(x) is 
called the derivative (first-order) of the derivative of the (n — 1) st 
order and is denoted by the symbol y” or f* (x): 


y™ = (yy Spe (x). 


(The order of the derivative is taken in parentheses so as to avoid 
confusion with the exponent of a power.) 

Derivatives of the fourth, fifth, and higher orders are also 
denoted by Roman numerals: y", y", yV! . Here, the order of the 
derivative may be written without brackets. For instance, if y — x, 
then y’ = 5x* ng OF: y’”’ = 60x", j!Y =y ™ = 120x, yY = y? — 190, 
y= gU = — (0), 

Example 1. Given a function y —e** (k —const). Find the expression of its 


derivative of any order n. 
Solution. y’ = ke**, y" =ke", ..., y"? — k"et”, 


Example 2. y=sinx, Find "m 
Solution. 


y' =cosx=sin (+5) ; 
y" = — sin x =sin («+2 +) : 
n 
y” = —cos x — sin (x+3 z) ; 


y"! — sin x — sin (x44 1) ; 


* a 9 ù ọọ ò è o ò o ‘o ò a" 0 @ 


y™ = sin (ren) š 
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In similar fashion we can also derive the formulas for the 
derivatives of any order of certain other elementary functions. The 
reader himself can find the formulas for derivatives of the nth 
order of the functions y x^, y=cosx, y— nx. 

The rules given in theorems 2 and 3, Sec. 7, are readily 
generalised to the case of derivatives of any order. 

In this case we have obvious formulas: 


(u + vy)” = u -+ p (Cu)? = Cu. 


Let us derive a formula (called the Leibniz rule, or formula) 
that will enable us to calculate the nth derivative of the product 
of two functions u(x) v(x). To obtain this formula, let us first find 
several derivatives and then establish the general rule for finding 
the derivative of any order: 


y = uUo, 
y —u'v4-uv', 
y" — u"U J- u'v' J- u'v' p uv" = u"v + 2u'v' - uv", 
y" SE u'u + u'u’ -+ 2u"v' + 2u'v" + u'u" + uo'"' = 
—u'vu--3u'v' --3u'v" p auv”, 


ylV — ulVu + 4u'''v' 4- 6u^v" + 4u' v” + uv! V, 


The rule for forming derivatives holds for the derivative of any 
order and obviously consists in the following. 

The expression (u +v)” is expanded by the binomial theorem, 
and in the expansion obtained the exponents of the powers of u 
and v are replaced by indices that are the order of the derivati- 
ves, and the zero powers (u*'-v'—1) in the end terms of the 
expansion are replaced by the functions themselves (that is, 
"derivatives of zero order"): 


i, uo - tig" Lo uo, 


y = (uo) = uv + nu" YO" SE 
This is the Leibniz rule. 

A rigorous proof of this formula may be performed by the me- 
thod of complete mathematical induction (in other words, to prove 
that if this formula holds for the nth order it will hold for the 
order n+ 1). 


Example 3. y —e^*x?. Find the derivative of y, 
Solution. 


“er, Ux, 
u' =ae™*, v’ —2x, 
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y = a" g9* x? 4+. ng" 71e9* . 2x 4 S ) gap 9 


or 
jV? — e?* [a" x? --2na" 7x +n (n— 1) a? - ?]. 


SEC. 23. DIFFERENTIALS OF VARIOUS ORDERS 


Suppose we have a function y —f (x), where x is the independent 
variable. The differential of this function 


dy =f (x) dx 


is some function of x, but only the first factor, f’ (x), can depend 
on x; the second factor, (dx), is an increment of the independent 
variable x and is independent of the value of this variable. Since 
dy is a function of x we have the right to speak of the differen- 
tial of this function. 

The differential of the differential of a function is called the 
second differential or the second-order differential of this function 
and is denoted by d'y: 


d (dy) = d'y. 


Let us find the expression for the second differential. By virtue 
of the general definition of a differential we have 


d'y = |F (x) dx] dx. 


Since dx is independent of x, dx is taken outside the sign of the 
derivative upon differentiation, and we get 


d'y =f" (x) (dx)’. 
When writing the degree of a differential it is common to drop 
the brackets; in place of (dx) we write dx' to mean the square 
of the expression dx; in place of (dx) we write dx’, etc. 


The third differential or the third-order differential of a function 
is the differential of its second differential: 


d'y =d (d'y) = [f" (x) dx' dx =F” (x) dx’. 


Generally, the n£h differential is the first differential of a diffe- 
rential of the (n—1)st order: 


d"y = d (d"~"'y) = [FO ° (x) dx"™'Y dx, d"y=f (x) dx". (1) 
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Using differentials of diflerent orders, the derivative of any order 
may be represented as a ratio of differentials of the appropriate 
order: 


Fe-2 Feu... Pos. (2) 


It should, however, be noted that equalities (1) and (2) (for n> 1) 
hold only for the case when x is an independent variable.*) 


SEC. 24. DIFFERENT-ORDER DERIVATIVES OF IMPLICIT FUNCTIONS 
AND OF FUNCTIONS REPRESENTED PARAMETRICALLY 


l. An example will illustrate the finding of derivatives of 
different orders of implicit functions. 
Let an implicit function y of x be defined by the equality 


zr p 1 =0. (1) 
Differentiate, with respect to x, all terms of the equation and re- 


member that y is a function of x: 


2x , 2ydy — n. 
att Bde” 
from this we get 
Y= (2) 
dx  aty* 
Again differentiate this equality with respect to x (having in view 
that y is a function of x): 


ax? de . E 
Substituting, in place of the derivative ay, its expression from 


d 
(2), we get 


X 
d*y p? yx a? y 
di^ at’ y? x 
or, after simplifying 
' d*y = b? (a*y? + b?x*) 
dx! ——— ay? 


* Nevertheless, we shall also write equality (2) when x is not an indepen- 


dent variable; but in this case, the expression should be 


y 4 
dxt? °°" dx” 
regarded as symbols of derivatives. 
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From equation (1) it follows that 
a'y? + b*x* = a?b*. 
therefore the second derivative may be represented as 
d'y — p^ 
dx! —— at 
Differentiating the latter equation with respect to x, we find L. 
etc. 
2. Let us now consider the problem of finding the derivatives 


of higher orders of a function represented parametrically. 
Let the function y of x be represented by parametric equations 


x= (1), 
y = b (£), 


the function x —g(/) has an inverse function £—/ (x) on the inter- 
val [2 £T. 


In Sec. 18 it was proved that in this case the derivative dY is 


\ bere. (3) 


LÀ 


dx 
defined by the equation 
dy 
dy — dt 
dx dx (4) 
dí 


To find the second derivative, T differentiate (4) with respect 
to x, bearing in mind that ¢ is a function of x: 


dy dy 
ANA L LAE CL 5 
x? dx|dx | dt\ dx |dx’ (9) 


dt / dt 
but 

dy. dx d (dyY, dy d (dx dedty dy dtx 
d| dt V dt dt \dt dt diXdt ] dt d? dt dii 
didx|— — (dy — — [dew ' 

dt / ; ài) Ca 

| deos o aq 
x dx’ 
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Substituting the latter expressions into (5), we get 
dxd*y | dy d?x 


d'y didt dt dt? 


dxi (m) 
dt 


This formula may be written in more compact form as follows: 
gy O OE 09. 


dx? [p (HP 

In similar fashion we can find the derivatives 
ay Ey 
dx*’ dx! 


and so forth. 


Example. A function y of x is represented parametrically: 
x=acos?, y=Osint. 


: c dy dy 
Find the derivatives dx’ dx 
Solution. 

ie — à sin f£; c E — à cos É; 
dt ' di? : 
dy _ , du 
Ti b cos £; ji — 5 sin ts 
dy _ bcost b 
dx snl a 
d'y _(—a sin £) (—b sin /) —(b cos t) ( —a cos D b | 
dx (—a sin 1) ~ a? sin? t’ 


SEC. 25. THE MECHANICAL SIGNIFICANCE OF THE SECOND DERIVATIVE 


Let s be the path covered by a body under translation as a 
function of the time; it is expressed as 


s= f(t). (1) 
As we already know (see Sec. 1, Ch. IIT), the velocity v of a body 
at any time is equal to the first derivative of the path with 
respect to time: 


v=. (2) 


At some time f, let the velocity of the body be v. If the motion 
is not uniform, then during an interval of time Aż that has elapsed 
since ¢ the velocity will change by the increment Av. 
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The average acceleration during time A is the ratio of the 
increment in velocity Av to the increment in time: 


AU 
lav = Kr 


Acceleration at a given instant is the limit of the ratio of the 
increment in velocity to the increment in time as the latter 
approaches zero: 


a= lim Av, 
Ab o A C 


in other words, acceleration (at a given instant) is equal to the 
derivative of the velocity with respect to time: 


E 
EN ru 


but since v = 25 consequently, 


dt? 
dud [05 0s 
Sgi (dt) ~ dP? 


or the acceleration of linear motion is equal to the second deriva- 
tive of the path covered with respect to time. Reverting to equation 
(1), we get 

a=F (f). 


Example. Find the velocity v and the acceleration a of a freely falling 
body, if the dependence of distance s upon time £ is given by the formula 


l 
s= gt? -- vof -- s, (3) 


where ui m/sec? is the acceleration of gravity, and S= Stao is the value 
of s at ¢=0. 
Solution. Differentiating, we find 


ds 
v= z m 8 d Vo; (4) 


from this formula it follows that v= (U) o 
Differentiating again, we find 


Let it be noted that, conversely, if the acceleration of some motion is con- 
stant and equal to g, the velocity will be expressed by equation (4), and 
the distance by equation (3) provided that (v) ,,— v, and (s)i zo So- 
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SEC. 26. THE EQUATIONS OF A TANGENT AND OF A NORMAL. 
THE LENGTHS OF THE SUBTANGENT AND THE SUBNORMAL 


Let us consider a curve whose equation is 
y=f(x). 


On this curve take a point M (x, y,) (Fig. 87) and write the 
equation of the tangent line to the given curve at the point M, 
assuming that this tangent is not parallel to the axis of ordinates. 

The equation of a straight line with slope & passing through the 
point M is of the form 


y—y, =k (x—X,). 
For the tangent line (see Sec. 3) 
k =f’ (x,), 


and so the equation of the tangent 
is of the form 


y—y, =F (x,) (x—x,). 


In addition to the tangent to a 
Fig. 87. curve at a given point, one often 
has to consider the normal. 
Definition. The normal to a curve at a given point is a straight 
line passing through the given point perpendicular to the tangent 
at this point. 
From the definition of a normal it follows that its slope ek, is 
connected with the slope &, of the tangent by the equation 


| 
ka => ki 
Or 
] 
Ra = a y (x) 


Hence, the equation of a normal to a curve y=f(x) at a point 
M (x y,) is of the form 


l 
y — y9, — FQ) (x — x,). 


Example 1. Write the equations of a tangent and a normal to the curve 
y=x* at the point M (l, 

Solution. Since y’ = 3x%, the slope of the tangent is (y’)x21=3. 

Therefore, the equation of the tangent is | 


y—1=3 (x—1) or y23x—2. 
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The equation of the normal is 


l 
y—l=— -z (x—!) 
or 
4 
y=— Zitz 
(see Fig. 88). 


. The length T of the segment QM 
(Fig. 87) of the tangent between 
the point of tangency and the 
x-axis is called the length of the 
tangent. The projection of this 
segment on the x-axis, that is, 
QP, is called the subtangent; the 
lenght of the subtangent is deno- 
ted by S, The length N of the i X 
segment MR is called the length 
of the normal, while the projection RP of the segment RM on the 
x-axis is called the subnormal; the length of the subnormal is 
denoted by S,. 

Let us find the quantities T, S N, S, for the curve y= f(x) 
and the point M (x,, y,). 

From Fig. 87 it wit be seen that 


therefore 


ry sistent nn 


It is further clear trom this same figure that 


— m 
. 


PR — y, tana— yt: 
and so 


Sy lul, 


N- y VG, yy m o, y. ley. 


These formulas are derived on the assumption that y, 20,50. 
However, they hold ia the general case as well. 
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Example 2. Find the equations of 
the tangent and normal, the lengths 
of the tangent and the subtangent, 
the lengths of the normal and 

y subnormal for the ellipse 


x=acost, y—bsint (1) 


at the point M (x,, y,) for which 
i =+ (Fig. 89). 


Solution. From equations (1) we find 


dx 


= . ay , dy b dy EE 
Ue sins —= b cost; T (Z QA 787 


dt 


4 


We find the coordinates of the point of tangency of M: 


The equation of the tangent is 


(—yg7-«(*- yv) 


Or 
bx + ay —ab V 2 =0. 
The equation of the normal is 
TE Vig) 
y o\* ym 
or 


(ax— by) V 2 —a?+6?=0. 


The lengths of the subtangent and subnormal are 


The lengths of the tangent and the normal are 
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SEC. 27. THE GEOMETRIC SIGNIFICANCE OF THE DERIVATIVE 
OF THE RADIUS VECTOR WITH RESPECT TO THE POLAR ANGLE 


We have the following equation of a curve in polar coordinates: 

g = f (8). (1) 

Let us write the formulas for changing from polar coordinates 

to rectangular Cartesian coordinates: 
x-ocosf, y=ọ sin). 


Substituting, in place of ọ, its expression 
in terms of 0 from equation (1), we get 


x = F (I) cos 0, 
y =F (0) sin 9. } 


Equations (2) are parametric equations of 0 
the given curve, the parameter being the Fig. 90. 
polar angle 0 (Fig. 90). 

[f we denote by « the angle formed by the tangent to the 
curve at some point M (o, 0) with the positive direction of the 
x-axis, we will have 


dy 
di dg 
tanp == d 
dà 
OT 
T sin0 te cos 0 
Lu ae CEDE (3) 
6 cos 0 — o sin 8 


Denote by p. the angle between the direction of the radius vector 
and the tangent. It is obvious that p =  — 6, 
tan p—tan 0 
1+tan p tan O^ 

Substituting, in place of tang, its expression. (3) and making 
the necessary changes, we get 


iQ’ sin 0 +. cos 0) cos 0 — (Q’ cos 0 —e sin O) sind _ E 
(Q^ cos 0 — Q sin 8) cos 0 + (p' sin 0+ @ cos 6) sind 


tanpu = 


tanp = 
or 
=Q cot p. (4) 


5-23388 
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Thus, the derivative of the radius vector with respect to the 
polar angle is equal to the length of the radius vector multiplied 
by the cotangent of the angle between the radius vector and the 
tangent to the curve at the given point. 


Example. To show that the tangent to the logarithmic spiral 
Qe 


intersects the radius vector at a constant angle. 
Solution. From the equation of the spiral we get 


0’ = ae’, 
From formula (4) we have 


cot y = e =a; that is, u = arc cot æ = const. 


Exercises on Chapter II 


Find the derivatives of functions using the definition of a derivative. 
], y—x*. Ans. à3x*. 2. y=. Ans. -. 3. y=V x. Ans. 
l l 
4. y=—=. Ans.— ~=. 5. y=sin?x. Ans. 2sinxcosx. 6. y-—2x*—x. 
Y 2x Y x 


x 
Ans. 4x—1. 


Determine the tangents of the angles of inclination of tangents to the 
curves: 7. y= x. a) When x=1. Ans. 3. b) When x=— 1. Ans. 3. Make a. 


drawing. 8. =>. a) When — Ans. —4. b) When x-zl. Ans. —1. 


P — O 


x 


Make a drawing. 9. y= Y x when x=2. Ans. 3 : 


Find the derivatives of the functions: 10. y=x* + 3x5 —6. Ans. y! — 4x? + 6x. 
x x 


=R y , 2 M nO . ce 
ll. y—- 680 —x*. Ans. gy'—18x*—2x. 12. y TD emu x. Ans. y 

5x? 2x x —x^41 , 29x! —2x mE 
en ae 13. a MESE. Ans. y — 5 e 14. y = 2ax p: 


x 2x 2 12 " 
mre Ans. y —6ar—7. 15. y=6x" --Ax" 42x, Ans. y'—21x" + 


m 3 ] , V3 ] ] 
+10x* 4-2. 16. y= V 3x -+ y * T . Ans. y Syr 37a o» , 
DURO Ans, yp SEEDER 


x m x? nn’ 
T Eo gro qos 
a 


x 2x 
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yo 3l. Qe -25* 3/— uw pete ne 
Ans. y Sofa ee 19. y = j/—2V x +5. Ans. y 72 


X 
go 2 5 
l ax? b y x D — 8. e— 
ne. | = — —— ——. Ans. ' =- ax? ——bx ? 
y FUA Ve VE j 3 puse 
I an ——- 
d—x : 
6 


21. y —(1-4- 4x?) (1424). Ans. y' =4x (1 +3x -+ 10x). 22. y =x (2x — 1) (3x 4- 2). 
Ans. y'=2 (9x? + x —1). 23. y (2x — 1) (x* —6x +3). Ans. y' —6x*— 26x + 12, 


24. yaa. Ans. y — n. 25. y= Ans. Y=- ‘ 
26. IO - a Ans. F (y=. 27. jy EXT. Ans. f' (s)= 
= SEE m yet Aans y2F EIS HE 
29. as Ans. =e 30. y= (2x?3)2, 


Ans. yf =8x (2x?—3). 31. g-(x*-Fa?5. Ans. y=10x (x? +a. 32. y= 
= V x?+a?. Ans. y =-= 33. y=(a+ x) Vax. Ans. y = Eco 


V x Fa? 2Va—x- 
_ | 4x REN RENEN ox? 
34. y= Ve, Ans. PIED Vici: 35. are geri Ans. y' = 
2 3 y —————— 
pla. 36. y = Y x! 4- x -F 1, Ans. y= arent 37. ya 
Sedit: 3 nm. 2 
x? (1 4- x?) ? (x ++!) 


3 /_ : Sy en ey aod 
=(1+V xy. Ans. y=(1+57=) . 38. ya *+V*+ Vx. Ans. y= 


V x 
€ "—— es | re RN (1 tava) 39. y=sin? x. Ans 
2y et VF Val 2V4 VE GV3 m 


,zsin2x. 40. y=2sinx-+cos3x. Ans. y’=2cosx—3sin3x. 41. y= 


" a |. sinx ld 
= tan (ax 4- b). Ans. y' = papse 40-3 p p 4n CASE 


43. y — sin 2x-cos 3x. Ans. y'-2cos2x cos 3x—3 sin 2x sin 3x. 44. y=cot? 5x. 


Ans. y’ =—~ 10 cot 5x csc? 5x. 45. y=tsint-+cost. Ans. y'= tcost. 46. y= 
= sin! f cost. Ans. y’ —sin*/ (3 cos? t—sin? t). 47. y=a Vcos2x. Ans. y = 


x x 

tan —-+cot — 

a sin 2x "EU " p P 2 2 

—— —————.48.r—asin!—- Ans. =a sin? 7 cos— . 49. y = ——— —————7 
Terror 4 sin -y Ans. r, =a sin" 5 cos-; 9. y x Š 


5* 
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2x cos x + sin? x | tan M a ; 
Ans. y =— : í 50 =a(1—cos 5) Ans. y'= 
pe ye cia? y . 50. y = gj: Ans. y= 
= 2a sin? $ cos . ol. y=5 tan*x. Ans. y’=tanxsec?x. 52. y=In cos x. 


+ ES 2 = 2 f 
Ans. y'= — tanx. 53. y Intan x. Ans. y = nu 54. y — In sin? x. Ans. y'= 
|] -- sin x 


tan x — 
m Ó—sinx ` 


= 2cot x. 55. y E E Ans. y’ = sin x+ cos x. 56. y=in y 


Ans. y = 


X x l 
. . = € — a » ETE a == i 
er 57. y In tan (3 +5) Ans. y Tee 58. y — sin (x + a)x 


xcos (x-Fa). Ans. g'ecos2(x-.-a). 59. f(x)=sin(Inx). Ans. fF (x) = 


& 2 
sena 60. f(x)=tan(Inx). Ans. f (xy = EOD. 61 f (x) =sin (cos x). 


Ans. F (x)=— sin x cos (cos x). 62. r= 3 tan? g—tang+q. Ans. Fg tant Q. 


63. /(x)=(x cot x). Ans. F (x)= 2x cot x {cot x —x csc? x). 64. yotn(ax+ 6) 
RUE, E = 2 Peo a 

Ans. y E E 65. y=log (xX*-Fl) Ans. y Enn 

" 9x — 

Paw. Ans. y' = : 67. y = log, (x^— sin x). Ans. y’ Sa 


66. y = 


= In 


TE Za =W sinx)In3 | 
2 
68. y=ln nee . Ans. y= : 69. yn (x? x). Ans. y’ -36 l 


70. y=In (x? — 2x + 5). Ans. y =A 


i ; 
72. y —n*'x. Ans. yaa * 95. y=lIn («+ V1 +x. Ans. ae gare 

X 
+x ] o 
mr Ans. f (x) —1— 


. 71. y —xIn x. Ans. y' =ìnx+ | 


74. y=In(Inx). Ans. y =: 75. F(x) 2dn 


xinx' 
Vx*-l1—x 


V xt—1-x i 


, ` 


76. f(x)=ìn 77.. y= V a +x — 


Ans. f x)2&— ane 


x? 


V 2 2 a24 y? y?n? 

—ap ETUR Ans. RET 78. yz |n (x+ yxp. Ee 
, V xpa? COS x l x : l 

Ans, A a a 79. =— zap tg tan y. Ans. y are 

sin x 1 + sin? x 1 i 

. Y= 5. e =- . 81. y= | pm 
E0. 5 Teo Ans. y TU. 81. y g tan? x -- In cos x. Ans. y 

e tan'x. 52. y=e. Ans. y —ae^*. 83. ymet*t*®, Ans. y =4e +5, 

84. pza". Ans. ?2xa"' Ina. 85. yz 7* *?*, Ans. y —2(x-- 1) 7* *?* |n 7, 

86. y exc" 7 Ans. y 2 — 2xc?' ^ *' Inc, 87. jaa" *. Ans. ja or ee 

x 
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In 8 dr a”’ina ; 


nô í 8 un ar a ina Ina- 
88. hee Ans. r'—a ina. 89. r—a  . Ans. 76 8 = 6 In a. 
' e*—]1 ; 2e* 
90. y —e* (1—x?). Ans. y' =e" (1—2x-—x?). 91. Y= FLT (P EIRC 
x x x 
92. y=In L. Ans. gusce 93 y=—(e? —e a) Ans. y = 
l +-e* be 2 


x x $ 
— (ete "y M. jg — e *, Ans. y'=" * cos x. 95, y =a"? "* Ans. y'= 


—ng n "*secfuy|na, 96. y=e*sinx. Ans. y’=e°* (cos x —sin? x). 

97. y=e*Insinx. Ans. y’=e* (cot x--Insinx). 98. y—x"e I" *, Ans. y' = 
1 
X 


n—1,sin x 


=x (n+x cosx). 99. y=x*. Ans. y’=x*(Inx+1). 100. y=x 


: i; 
Ans. y’=x* (=); t01. y=x™*, Ans. y' —xl"*- Inx? 102. y=, 
Ans. y! e (14- In x) x*. 103. i Ans. y' =n x) (1 +1n =| : 


104. g-—x3nx, Ans. y' =x x (Eyin x COS x) . 105. y = (sin x)”. Ans. y'= 


—(sinx)*(Insinx--xcot x). 106. jy — (sin x)?^*. Ans. y’ — (sin x)! ^? * x 


I—e e 
2 NT z ^ = Á< e PL ———T————z 
X(1--sec*x In sin x). 107. rer Ans. y (ety le 
1 4- e* 


108. y sin Y 1—2*. Ans. y'= — S cos V 1725 oe 12. 109. y — 10* 4? *, Ans, y'= 


SVF 
= 10% fa^ * |n 10 CEST i 


Find the derivatives of the functions after first taking logarithms of these 
functions: 


2 3/ e+ j= -iy 4E 2x 2 
y= VES an (x—1»? rrt. 


i Lae 3 8 
5/ (x — 3)? 3)? x-1'4(x—2) 7^ 


3 — 
HIL je ie Ans. y'= 


y (x—3)? 


2 (x-+ 1)? , (el) Gx? 14x45) 
— Mc (€ 112 ——————— = IM—————————————— 
si) ~ (x2? 4-3) ' ans (x -+- 2)* (x +3% i 
T V/ (x—1) E — 161x24 480x — 271 


y (x— 2) Y (x— 3) | 60 V/ (x —1P Vx — 2)’ y x—3)" 
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x (14- x?) Aig ] +3x?— 2x* 
y1—x —x? : 


114. y = . 115. y = x* (a + 3x} (a — 2x)?. Ans. y! = 


(1—x?) è 
I 


Vaan ; 


= 5x' (a + 3x)? (a — 2x) (a? + 2ax — 12x?). 116. y —arc sin . Ans. y = 


2 arc sin x 
117. y —(arcsinx)?*. Ans. y'= —————. 118 y-arccot(x*4- 1). Ans. y'= 
y —( ) bn a mar y (x? 4-1) 

M M 119. y —arc cot za Ans fee 120 = arc cos (x?) 
~The AIS ]1—x?*' I =p 45 y= l 
pem — y2 
dii ge. age GS, Ang cuna EE T ECOSSE 
Vi—x x we VI —?è 

x1 E 
122. y==are sin ——. Ans. y'= .123. y x V a®?—x? +a? arc sin— . 
y Y y’ VICE — y F 
— O X à 
Áns. y —2 V zr. 124. y V a2? —x* -- a atc sin 7. Ans. y = 
a—x u+a du l 
= ——— . = . . E : 6. = 
Vs 125. u=arccot;——. Aas. To Tro 12 y 
l xV3 / xt Tq 
= a cot iH Ans. y uda. 127. y—xarcsinx. Ans. y = 
X l 
= arcsinx--—————. 128. f(x)=arc cos (ln x). Ans. F (x)=— 
T Vic i (x) (In x) (x) Vines 
129. f(x)=arcsin Y sinx. Ans. f'(x) = ——Á—————— LU sro agi y=. 
2 V sin x — sin? X 
= l — cos x d __ pare cot x TM 
arc cot y m Osr <n). Ans. y’ = 2' 131. y —e Ans. y'= 
earc cot x e*—e-* eui 
LLL ———————— = peer ea , a 
PES 132. y —arc cot p s Ans. y'— m. 133. y =x f 


: i In x 
Ans, y =xate sing ( TTE SITE |. DT 2). 134. gy-arcsin(sinx). Ans. y'= 
COS X =] +1 in Ist and 4th quadrants. ^ 4sinx 


~ |€osx| |—L1 in 2d and 3d quadrants. No dicen score T 


E 4 u a y = 2a? - 
“SS 136. y =arc cot — + In Pay: . Ans. y'— uoa. 187.9 = 


2 — 
= TESH — 5 are tanx. Ans. y = 138, y=", x rs l+? 4 
x* 4-1 A x+! 2x—1 


+ arctanx. Ans. y 139 y= gh —= arctan 


BET ae 73 V3 
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Ans. y=. 140. y= In te ET tar tan Y Ans. LE: ; 
141. y arc cos ELI Ans. ea 
Differentiation of Implicit Functions 

Find z if: 142. y?=4px. Ans. aen 143.  x*-- y? a?, 
Ans. ad 7 . 144. 62x? 4 a?y? = a*b?. Ans. ay LL “i . 145. yj —3y + 2ax=0. 
Ans Te 146 Eee enr. Ans. ot y 4. TA en 
E Ans. — Vz . 148. 9? —2xy+67=0. Ans. y Tar í 
149. x*--jy'—3axy-0. Ans. wy 150. y= cos (x+y). Ans. dy 

x  p*—ax dx 


sin (x +y) 


m dy l + y sin (xy) 
T+ sin (x+y) = 


. 151. cos (xy) —x. Ans. a cay 


Find dy of functions represented parametrically: 


dx 
dy b . 

152. x=acost; y=bsint. Ans. ene COLT 153. x=a(t—sint); y= 
=. dy _ t = 341. 4 h cin? dy 
= a (1 —cos t). Ans. go ot 7° bd x=acos*t; y=bsin*t. Ans. = 

b Jat . | | 3at? dy — 2t . 
——. tan [. 155. pe /—7lppB] Ans. a p 156. u=2Incots; 
v —tans--cot s. Show that Oe cta 2s. 


du 


Find the tangents of angles of the slopes of tangent lines to curves: 


l y 3 


157. x= cos t, y= sint at the point yeu go Make a drawing 
i V3 
Ans. Va 158. x —2 cos t, y=sint at the point x=1) gc Make a 
l T 
drawing. Ans. — 159. x=a(t—sinf), y=a(l—cost) when t=—. Make 
g 2y3 ( ), y=a( ) P. Ma 


a drawing.Ans. 1. 160. x=acos*?, y—asin? t when t==. Make a drawing. 


— 


Ans. —1. 161. A body thrown at an angle a to the horizon (in airless space) 
described a curve, under the force of gravity, whose equations are: x = 


~ 


— 
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2 
= Uy COS at, y — v, sinat — S (g—9.8 m/sec?). Knowing that a=60°, v,= 


— 50 m/sec, determine the direction of motion when: 1) £22 sec; 2) 1 —7 sec. 
Make a drawing. Ans. 1) tang,=0.948, p,=43°30’; 2) tanq,— — 1.012, 
P = + 134?7'. 

* Find the differentials of the following functions: 

162. y = (a*—x*)*. Ans. dy =— 10x (a*à —x?)* dx. 163. y= VIF. Ans. dy= 
NL 164 = tan? x+ tanz Ans. dy —sec*x dx. 165. 5 QUEE 
E enr e g—3 . dy = 3 sper 
In x dx 


+ In (1 — x}. Ans. dy —7ü-xy i 


Calculate the increments and differentials of the functions: 
166. y=2x?—x when x—1, Ax —0.0l. Ans. Ay —0.0302, dy —0.03. 167. Gi- 


ven y x!--2x. Find Ay and dy when x=— 1, Ax —0.02. Ans. Ay — 0.098808, 

dy —0.1. 168. Given y=sinx. Find dy when raz, Aras. Ans. dy= 
à i V 3 | | 

= gg = 0.00873. 169. Knowing that sin 60? — == 0.866025; cos 60? — — , find 


2 2" 

the approximate values of sin 60°3’ and sin 60°18’. Compare the results with 
tabular data. Ans. sin 60°3’ = 0.866461; sin 60°18’ =~ 0.868643. 170. Find the 
approximate value of tan 45?4'30". Ans. 1.00262. 171. Knowing that 
log, 200—2 30103 find the approximate value of log, 200.2. Ans. 2.30146. 
Derivatives of different orders. 172. ~y=3x?—2x?+5x—1. Find y”. 


12 
5/7 LU 
Ans. 18x —4. 173. y= V x, Find jy". Ans. d 5. 174. y —x*. Find y®. 


125 
Ans. 61. 176. s=% . Find y". Ans. CUI. 176. y = V a^à—x*. Find y". 
a* E 15 
Ans. — ————————. 177. y 22V x. Find y?. Ans. ————. 178. y = 
(a? —x?) V a3 — x? i á 8 V x? i 


=ax?thxte Find y”. Ans. 0. 179. F(x)=In(«+1). Find PV (x). 


Ans. 180. y —tan x. Find y". Ans. 6 sect x —4 sec? x. 181. y =Insin x. 


M 
(xD. 
Find. y". Ans. 2cot x csc? x. 182. f (x)= V sec 2x. Find. F (x). Ans. F (x) = 


: 4! 
= $ RM. NE i (4) * . = 
= 3 [f (x) — f (x). 183. y a Find [@ (x). Ans. (x) 184. p 
NUNT q pi. dp 4a? BT Ps 
= (q?+ a?) arc tan s Find ij Ans. TESTE 185. y 5 (e? +e 8). 


2 
Find Ey Ans. 4. 186. y=cosax. Find y%™. Ans. a” cos (arn uj 


dx? a? 2 
087. y-a*. Find y™. Ans. (Ina")a*. 188. y=\n(1 +x). Find y™, 

n- (2—1)3 _l—x (m pn n 
Ans. (— 1) (ex) 189. a Ea Find y™. Ans. 2(—1) (T 


190. y=e*x. Find gy". Ans. e*(x4-n) 191. g-x"-'iInx. Find y™, 
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Ans. 9-2 . 192. j— sin? x. Find y. Ans. —2^ -! cos (204-24). 193. y =x sinx. 


Find y"?. Ans. x sin (roga) COS (+3 n) . 194. If y =e” sin x, prove 


n : ‘ 204 dig 4a? ^ 
that y" —2y' --2y —0. 195. y*-—4ax. Find Txt" acces . 196. 5?x!--a?y?— 
d*y d? b’ 3b*x 
— 72h2 __ cian Sh P oe ee 2 i-r? 
= a*b*, Find dxi and di Ans. gU al 197. x*Fy'zr*. Find 
2 2 8 
T Ans. ae 198. y2—2xy =Q. Find EA. Ans. 0. 199. g=tan(p+oQ). 
4, 4°09 2 (5 + 89’ + 39") » aq de 
Find dg Ans. — o . 200. secpcoso-—C. Find doi ' 
,.. tan*g—tan!g RU EL . , ay (1 —e*+¥) (e* —e”) 
An “iang — . 201. e7 --x—e +y. Find dx Ans. (€ +1) E 
d*y 2a*xy en 
3 + = dO nii Erbe - 2 NN = — Çİ 
202. y? + x’—3axy =0. Find T Ans. T 203. x=a (t—sin!t), 
; = aa : 
y =a (1 —cos t). Find di Ans. ——————;—7.-. 204. x=acos2t, y=6 sin? t. 
x if 4 
4a sin (=) 
2 2 
d'y — - EN PT 3 cost 
Show that 1:79 205. x=acost, y=asint. Find du Ans. ase 


2n 


d B d?! 41 
206. Show that (sinh x) — sinh x; is (sinh x) — cosh x. 


dx?" 


Equations of a Tangent and Normal. 
Lengths of a Subtangent and a Subnormal 


207. Write the equations of the tangent and normal to the curve y=x* — 
— 8x* — x +5 at the point M (3, 2). Ans. The tangent is 8x — y —22 =Q; the 
normal, x+8y—19=0. 208. Find the equations of the tangent and normal 
of the length of the subtangent and subnormal of the circle x? -- y*—r* at the 
point M (x,, yj). Ans. The tangent is xx, + yy, —r*; the normal is x,y — yx —0; 
$T— -h ; Sy —|—»xl 

T-— x, 1 NS 110 


} 

209. Show that the subtangent of the parabola y*=4px at any point is 
divided into two by the vertex, and the subnormal is constant and equal to 
2p. Make a drawing. M 

210. Find the equation of a tangent at the point M (x,, gj): 


TE LI 


2 2 
a) To the ellipse p i. Ans. -a 
x? y? XX, Yy 
b) To the hyperbola d pal. Ans. 7 ie Tie 
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211. Find the equations of the tangent and normal to the Witch of Agnesi 
iln at the point where x —2a. Ans. The tangent is x+2y=4a; the 


normal is y —2x —3a. 
212. Show that the normal to the curve 3y 6x —5x? drawn to the point 


M (1, 3) passes through the coordinate origin. 


n n 
213. Show that the tangent to the curve (=) +($) = 2 at the point 


Ta NE Ae 
M (a, b) is — 4 —2. 


214. Find the equation of that tangent to the parabola, y?=20x, which 
forms an angle of 45? with the x-axis. Ans. y=x-+5 [at the point (5, 10)). 

215. Find the equations of those tangents to the circle x? + y? — 52, which 
are parallel to the straight line 2x 4-3y — 6. Ans. 2x 4- 3y £26 — O. 

216. Find the equations of those tangents to the hyperbola 4x*— 9y? = 36, 
which are perpendicular to the straight line 2y 4-5x —10. Ans. There are no 
such tangents. 

217. Show that the segment (lying between the coordinate axes) of the 
tangent to the hyperbola xy=m is divided into two by the point of tangency. 

218. Prove that the segment (between the coordinate axes) of a tangent 
2 2 2 


to the asteroid x? --g? —a is of constant length. | 


219. At what angle a do the curves y=a* and y=b* intersect? Ans. 
In a—in b 


ELESUUDLPM 
220. Find the lengths of the subtangent, subnormal, tangent and normal ` 
of the cycloid x =a (0—sin ð), y =a (i —cos 8) at the point at which js 


gu 
Ans. sp=a; Sy=a; T=a V 23; N=aV 2. 
221. Find the quantities sr, sy, T and N for the hypocycloid x=4a‘cos’t, 
- i 4 
y =4a sin? t. Ans. sp=— 4a sin? t cos t; sy=— 4a 2i T =4a si? t; N= 


tan a = 


= 4a sin? t tant. 


Miscellaneous Problems 


, RT SR sinx ] 
Find the derivatives of the following functions: 222. l—5 3: 9 
m x j l B "E E l 
x Iran (3-7) . Ans. y ETE 223. y — arc sin "x Ans. y VEI . 
EEN ,__ COSX = 2 
224. y = arc sin (sin x). Ans. y irs 225. y= yap 
X arc tan ( yz tan i) (a2 0, b 0) Ans E M 226. y=|x| 
a+b 9 f i y “a+b cos x (gt 
———À l 
Ans. et 227. y —arc sin Y i1—x. Ans. sn NN NM 
digi e "= Tx] Vat 
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228. From the formulas for the volume and surface of a sphere, 
)—4 € and s=4mr? 


it follows that T s. Explain the geometric significance of this result. Find 


a similar relationship between the area of a-circle and the length of the cir- 


cumference. 7 
229. In a triangle ABC, the side a is expressed in terms of the other two 
sides 6, c and the angle A between them by the formula 


a= y b?-+c?—2bccosA. 


For b and c constant, side a is a function of the angle A. Show that 
da 
dA 
Interpret this result geometrically. 

230. Using the differential concept, determine the origin of the approxi- 
mate formulas 


=h,, where h, is the altitude of the triangle corresponding to the base a. 


— b 3/—— b 
Va +b =at’ ya tbat 


where |b| is a number small compared with a. 
231. The period of oscillation of a pendulum is computed by the formula 


T=x ya, 
E 


In calculating the period 7, how will the error be affected by an error of 196 
in the measurement of: 1) the length of the pendulum /; 2) the acceleration 
of gravity g? Ans. 1) z- 1/296; 2) z- 1/296. 

. 232. The tractrix has the property that for any point of it, the segment 
of the tangent T remains constant in length. Prove this on the basis of: 
1) the equation of the tractrix in the form ' 


a— V a*— y? 


a+ Y ai— y* 


x= Va-e+— In 
2) the parametric equations of the curve 
x=a (In tan g tes) ; 
jy — a sin f. 


233. Prove that the function y—C,e*--C,e7** satisfies the equation 
y^ +3y’ +2y —0 (here C, and C, are constants). 
234. Putting y —e* sin x, z—e* cos x prove the equalities y” 222, 2" —— 2y. 
235. Prove that the function y=sin(marcsinx) satisfies the equation 
(1 —x?) y" —xy' + m*y —0. 
u d2y 


: X. 21 A dy : 
236. Prove that if (a4- bx)e * =x, then x is [ae E 


CHAPTER IV 


SOME THEOREMS ON DIFFERENTIABLE FUNCTIONS 


SEC. I. A THEOREM ON THE ROOTS OF A DERIVATIVE (ROLLE'S 
THEOREM) 


Rolle's Theorem. /f a function f(x) is continuous on an interval 
(a, b] and. is differentiable at all interior points of this interval, 
and vanishes [f (a) — f (b) -2O] at the end points x=a and x-b, 
then inside [a, b] there exists at least one point x=c, a«c« b, 
at which the derivative f'(x) vanishes, that is, f' (c) 20. *) . 

Proof. Since the function f(x) is continuous on the interval fa, b], 
it has a maximum M and a minimum m on this interval. 

If M —m the function f(x) is constant, which means that for 
all values of x it has a constant value f(x) — m. But then at any 
point of the interval f (x)-0, and the theorem is proved. 

Suppose M + m. Then at least one of these numbers is not equal 
to zero. | 

For the sake of definiteness, let us assume that M 0 and 
that the function takes on its maximum value at x=c, so that 
F(c) - M. Let it be noted that, here, c is not equal either to a 
or to b, since it is given that f (a) —0, f (5) 20. Since f (c) is the 
maximum value of the function, f(c-- Ax) —f (c) <0, both when 
Ax 0 and when Ax «0. Whence it follows that 


f (c+ Ax) —f (o) : 
—Ar S0 when Ax; (1) 
f (c+ Ax) — f (c) . 
we eee = 0 when Ax <0, (1 ) 


Since it is given in the theorem that the derivative at x—c 
exists, we get, upon passing to the limit as Ax — 0, 


lim EEN OL (cy 22 0 when Ax>0; 


Ax — 0 Ax 


lim fets- rO p (o)z0 when Ax<0. 
Ax —0 Ax 
But the relations f'(c) «:0 and f' (c)=0 are compatible only if 
f (c)=0. Consequently, there is a point c inside the interval [a, b] 
at which the derivative f' (x) is equal to zero. | 


rj 


*) The number c is called the root of the function q (x) if q (c) 0. 
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The theorem about the roots of a derivative has a simple geo- 
metric interpretation: if a continuous curve, which at each point 
has a tangent, intersects the x-axis at points with abscissas a and 
b, then on this curve there will be at least one point with abs- 
cissa c, a«c« b, at which the tangent is parallel to the x-axis. 


0| a Cy u C2 
Fig. 91. Fig. 92. 


Note 1. The theorem that has just been proved also hoids for 
a diflerentiable function such that does not vanish at the end points 
of the interval [a, b], but takes on equal values f (a) — f (b) (Fig. 91). 
The proof in this case in exactly the same as before. 

Note 2. If the function f(x) is such that the derivative does not 
exist at all points within the interval [a, b], the assertion of the 
theorem may prove erroneous (in this case there might not be a 
point c in the interval [a, b], at which the derivative F(x) 
vanishes). 

For example, the function 


y-fQo)-1—y» 
(Fig. 92) is continuous on the interval [—1, 1] and vanishes at 
the end points of the interval, yet the derivative 


í 2 

I= 

within the interval does not- vanish. This is because there is a 
point x —0 inside the interval at which the derivative does not 
exist (becomes infinite). 

The graph shown in Fig. 93 is another 
instance of a function whose derivative 
does not vanish in the interval [O, 2]. 

The conditions of the Rolle theorem are 
not fulfilled for this function either, 
because at the point x — 1 the function has 
no derivative. 
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SEC. 2. A THEOREM ON FINITE INCREMENTS (LAGRANGE’S THEOREM) 


Lagrange’s Theorem. /f a function f(x) is continuous on the in- 
terval |a, b] and differentiable at all interior points of this interval, 
there will be, within [a, b] at least one point c, a«c« b, 


such that 
f (5) — f (a) =F (c) (b— a). (1) 


Proof. Let us denote by Q the number HATO), 


_ f(b)— f(a) 
aa ee (2) 
and let us consider the auxiliary function F(x) defined by the 
equation 
F (x)= f (x) — f (a) — (x— a) Q. (3) 


What is the geometric significance of the function F (x)? First 
write the equation of the chord AB (Fig. 94), taking into account 


that its slope is M1) _ Q and that it passes through the 
point (a, f (a)): 
y—f (a) = Q (x—a); 


whence 
y= f (a) +Q(x—a). 
But F(x) = f(x) —[f (a) + Q(x—a)]. 


Thus, for each value of x, F(x) is 
equal to the difference of the ordinates 
of the curve y=f(x) and the chord 
y=f(a)+Q(x—a) for points with 
the same abscissa. 

It will be readily seen that F(x) 
. is continuous on the interval [a, 5], 
is differentiable within this interval, and vanishes at the 
end points of the interval; in other words, F(a)=0, F(b)-—0. 
Hence, the Rolle theorem is applicable to the function F(x) By 
s theorem, there exists within the interval a point x=c such 

a 


F' (c) 2 0. 
But 
F’ (x) =f (x)—Q. 
And so l 
F' (c) f ()—Q-9, 
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a —— ——— MM II EE o —————————————————— 


whence , 
Q=f (c). 
Substituting the value of Q in (2), we get 
f(6)—F(a)__ , 
vencer l0; (I) 


whence follows formula (1) directly. The theorem is thus proved. 
See Fig. 94 for an explanation of the geometric significance of 
the Lagrange theorem. From the figure it is immediately clear that 


the quantity ier) is the tangent of the angle of inclinationa 


of the chord passing through the points A and B of the graph 
with abscissas a and b. 

On the other hand, F (c) is the tangent of the angle of inclination 
of the tangent line to the curve at the point with abscissa c. Thus, 
the geometric significance of (1’) or its equivalent (1) consists in 
the following: if at all points of the arc AB there is a tangent 
line, then there will be, on this arc, a point C between A and B 
at which the tangent is parallel to the chord connecting points A 
and B 

Now note the following. Since the value of c satisfies the 
condition a< c < b, it follows that c—a < b —a, or 


c—a=8(b—a), 
where 0 is a certain number between 0 and 1, that is, 
0 «8 — 1. 
But then 
c—a +98(b—a), 
and formula (1) may be written as follows: 
f (6) —f (a) = (b —a) f [a +8 (b —a), 0-8-—lI. (1^) 


SEC. 3. A THEOREM ON THE RATIO OF THE INCREMENTS OF TWO 
FUNCTIONS (CAUCHY’S THEOREM) 


Cauchy's Theorem. /f f(x) and ọ (x) are two functions continuous 
on the interval [a, b] and differentiable within it, and 9’ (x) does 
not vanish anywhere inside the interval, there will be found, in 
(a, b], some point x=c, axic<b, such that 


q(b)—o(a) p (c)' 
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Proof. Let us define the number Q by the equation 


_ (5) —l (a) 
t= $(5)—9 (a) 2 
It will be noted that q (b) —q (a) #0, since otherwise p (b) would 
be equal to ọ (a), and then, by the Rolle theorem, the derivative 
q' (x) would vanish in the interval; but this contradicts the state- 
ment of the theorem. 
Let us construct an auxiliary function 


=f (x) —f (a)— Q [e (x) —9 (a)]. 


It is obvious that F(a)- 0 and F(b)=0 (this follows from the 
definition of the function F(x) and the definition of the number Q). 
Noting that the function F (x) satisfies all the hypotheses of the 
Rolle theorem on the interval [a, b], we conclude that there exists 
between a and b a value x=c (a-«c« b) such that F’ (c)=0. 
But F' (x): (x) — Qq’ (x), hence 


F' (c) - P ()— Qg (c) - 0, 


whence 


Substituting the value of Q into (2) we get (1). 

Note. The Cauchy theorem cannot be proved (as it might appear 
at first glance) by applying the Lagrange theorem to the numerator 
and denominator of the fraction 


f (5) — f (a) 
q(5)—9(a) ` 
Indeed, in this case we would (after cancelling out b—a) get the 
formula 
f(b)—1(a) _ F (ey) 
Q(b)—qo(a) wq (c) 


in which a« c, « b, a« c, « b. But since, generally, c, # c, the 
result obtained ‘obviously does not yet yield the Cauchy theorem. 


SEC. 4. THE LIMIT OF A RATIO OF TWO INFINITESIMALS 
(EVALUATION OF INDETERMINATE FORMS OF THE TYPE 3) 


Let the functions f(x) and ọ (x), on a certain interval fa, 5], 
satisfy the ud theorem and vanish at the point x=a of this 
interval; /(a) 20 and q (2) 2 0. 
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The ratio Um is not defined for x —a, but has a very definite 


meaning for the values xz£a. Hence, we can raise the question 
of searching lor the limit of this ratio as x — a. Evaluating limits 
of this type is usually known as evaluating indeterminate forms 


of the type > 


We have already encountered such problems, for instance when 


considering the limit lim sin * and when finding derivatives of ele- 


x0 
mentary functions. For x—0, the expression sna is meaningless; 
the function F (x) = nr is not defined for x —0, but we have seen 


that the limit of the expression m as x — 0 exists and is equal 
to unity. | 

L'Hospital's Theorem (Rule). Let the functions f(x) and (x), 
in some interval, satisfy the Cauchy theorem and vanish at some 


point x=a: f(a)-«(a) -0; then, if the ratio Lw has a limit 


asx— a, there also exists Hm AC Le , and 
rio I (x) 
og c eG)” 
Proof, On the interval {a, f] take some point xa. applying 
the Cauchy formula we have 
F (x}— Í (a) sL FG 
pi) pla) (D 


where € lies between a and x. But it is given that f (a) 2 q (a) —0, 
and so 


LL. (1) 


If x— a, then E— a also, since E lies between x and a. And 
if lim ^ IS — A, then nm L ® exists and is equal to A. Whence 


it is Ts that 


lim | (x) 


FO xu ro. 
pu n mg 


and, linally, 


TTC F (x) 
umo 2 cry 


146 Some T heorems on Differentiable Functions 


Note 1. The theorem holds also for the case when the functions 
f(x) or ọ(x) are not defined for x =a, but 


lim f(x) 20, lim (x) —0. 


In order to reduce this case to the earlier considered case, we 
redefine the functions f(x) and ọ (x) at the point x-a so that 
they become continuous at the point a. To do this, it is sufficient 


to put 
f(a) = lim F (x) —0; Pom lim P(x) = 
f (x) 


since it is obvious that the limit of s ratio as x —+-a does 


not depend on. wae the functions f(x) and q (x) are defined 
al x —a. 

Note 2. If F ger (a) 20 and the derivatives f (x) and q'(x) 
satisfy the conditions that were imposed by the theorem on the 
functions f(x) and g(x), then applying the L’ npa rule to the 


ratio L *’ we arrive at the formula lim a NN lim P (x) , and 
p (x) r>a? wW xa (X) 
so forth. 
Example I. 
lim 93x jim (SiN Bx) pi Sos Sx 5 
x0 3x x9 (3x) X0 3 3 
Example 2. 
l 
lim mt) = lim DX... 
x0 gro t 1 
Example 3. 
me e i e m ee a ee 
x0 x—siny x» o l—cosx xo sink x70 COSY ] 


Here, we had to apply the L'Hospita! rule three times because the ratios 
of the first, second and third derivatives at x=0 yield the indeterminate 


form 0 


Note 3. The L'Hospital rule is also applicable if 
l lim f(x) 20 and lim ọ(x)=0. 


X — 0 


Indeed, putting =a, we see that z—0 as x-—+oo and 


theretore 
a ADM 


v(t 

'(z) rm 
pore (=) xc ow uw) 
M 2 

which is what we wanted to prove. 


Example 4. 
k ] 
sin — k cos — =a 
lim = lim = lim kcos _=k 
X — 0 DE. X > @ Ses X — 00 
X x? 


SEC.5. THE LIMIT OF A RATIO OF TWO INFINITELY LARGE QUANTITIES 
(EVALUATION OF INDETERMINATE FORMS OF THE TYPE =) 


Let us now consider the question of the limit of a ratio of two 
functions f (x) and e (x) approaching infinity as x — a (or as x — oo). 

Theorem. Let the functions f(x) and q«(x) be continuous and 
differentiable for all x #a in the neighbourhood of the point a: 
the derivative «' (x) does not vanish; further, let 


lim /(x)2 oo, lim ọ (x)= oo 


and let there be a limit 


ux) 
Be ge A 0) 

Then there is a limit lim Lx and 
lim 9. = lim (= A. (2) 


x2a90) eaat (x) 


Proof. In the given neighbourhood of the point a, take two 
points a and x such that a«x« a (or az x7»a) By Cauchy's 
theorem we have 

f(x)—l1(o — fe) (3) 
q(x)—qv(a) q(o)' 


148 Some Theorems on Differentiable Functions 


where a «c« x. We transform the left side of (3) as follows: 
f (a) 


Ls 


Fata Fw OTO 


TEO (4) 
qQ (x) 
From relations (3) and (4) we have 
| BT) 
MONEO F (x) 
(c) (x) [207 
9 (x) 
Whence we find 
1.9.49 
Fc) — Fe) q (x) (5) 
M(x) o) f(m"' 
f (x) 


From the condition (1) it follows that for an arbitrarily small 
£0, « may. be chosen so close to a that for all x c where 
a<c<a, the following inequality will be fulfilled: 


Fo _ 
ve 4 | = 
or 
A-e< bL c Ax s. (6) 
Let us further consider the íraction 
8 (a) 
e (x) 
| —1@) 
f (x) 


Fixing « in such manner that the inequality (6) will be fulfilled, 
we allow x to approach a. Since f(x)—oo and qg(x)—oo as 
x—a, we have 


| 9 (o) 
: p(x) 
ETO 
f (x) 


and, consequently, for the earlier chosen e 7» 0 (for x sufficiently 
close to a) we will have 
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Or 


[see Sy ig, (7) 
l 


Multiplying together the appropriate terms of inequalities (6) and 
(7), we get 
p (a) 
9 (x) 
F(a) «(A + 8)(1 4- €) 
ERU) 


(A 


or, from (5), 


(A—9(1—9 «LO cA 9) - 9). 


Since & is an v arbitrarily small number for x sufficiently close to a. 
it follows from the latter inequalities that 


or, by (1), 


F (x) F (x) 
lim oi) m gra ^ 


which is what had to be proved. 
Note 1. If in premise (1) A=oo, that is, 

P(x) 

m go 


then equality (2) holds in this case as well. Indeed, from the 
preceding expression it follows that 


Q9 (x) 
lim rg 


Then by the theorem just proved 


q (x) Q’ (x) 
Bm a) uus ra c0 


whence 
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Note 2. The theorem just proved is readily extended to the 


case where x—oo. If limf(x)=00, lim@(x)=oo and im F E 
exists, then di 
lim LO = jim LE (8) 


X > o0 p(x) peor DP (x) ' 


The proof is performed by replacing cat, as was done under 


similar conditions in the case of the indeterminate form > (see 
Sec. 4, Note 3). - 


Example 1. a; . 
lim 5- — lim e) anm = 
paw X 2-50 (%) zw 

Note 3. Once again note that formulas (2) and (8) hold only if 

the limit on the right (finite or infinite) exists. It may happen 
that the limit on the left exists while there is. no limit on the 
right. To illustrate, let it be required to find 
_ x-+sinx 
lim oe 


x> © 


This limit exists and is equal to 1. Indeed, 
lim sts Jim (1+58*) <1 


X -> @ X — 00 


But the ratio of derivatives 


(x--sinx)  1-+cosx 


ino oa =] + cosx 


as x— oo does not approach any limit, it oscillates between 0 
and 2. 


Example 2. 
.JGIax--b 2ax a. 
i cd o tut 
Example 3. 
I 
eng? y 2 ! 
lim tan x — lim 99 lim 2 COE E cadit 12 3 cos àx sin 3x — 
x tan 3x xn 3 n 3 COS? x n 3 2cosxsinx 
X => — x 4 cosa, s xX—— 
uw. cos3x , — sin3x  ,. 3 sin 3x —1) (— (—1) 
=l = [p (=) A=) e 
La (ur ane ane "specs sepe 
z cds dt indir 
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Example 4. 


f x hw. d 
oP ae 

Generally, for any integral n>0, 

nye . n(n—1l)...1 


x" 
lim — = lim xX —, ee = lim eae ae = (), 
x> o Ê” x-.w-o € x> o € 


The other indeterminate forms reduce to the foregoing cases. 
These forms may be written symbolically as follows: 

a) 0-œ0, b) 0°, c) oo?^, d) I», e) oo—oo. They have the 
following meaning. 

a) Let lim/(x) 20; limq (x) =00; it is required to find 


dim [F (9) (9. 


This indeterminate form is of the type O0. oo. 
If the required expression is rewritten as follows: 


lim [f (x) e 62] — lim. 1 
Mee Am 
or in the form 
lim[f() 9 (9] 2lim 2, 
f (x) 


then as x —a we obtain the indeterminate form > or 2, 
Qo 


Example 5. 
l 


gaea 


. , Inx .. x "mE x" 
lim x” In x=lim — = lim — = — lim — — 0. 
x —9 x -—0 X0 n xo 
um "Y 
b) Let 


limf(x) 0, limg (x) 20; 
it is required to find 
| lim [f (x)]9 ? 


or, as we say, to evaluate the indeterminate form 0°, 
Putting 


y == U (x)]* uL 
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take logarithms of both sides of the equality: 


In y = q (x) [Inf (x)]. 


As x—+a we obtain (on the right) the indeterminate form 0-oo. 
Finding Jim Ing, it is easy to get lim y. Indeed, by virtue of the 


continuity ‘ol the logarithmic function, lim Ing= Inlimy and if 


Inlimy= b, it is obvious that lim y =e’. I, in particular, be + oo 


x—u 


or — oo, then we will have lim y = -F oo or 0, respectively. 


Example 6. It is required to find lim x*. Putting y —x* we find ln lim y = 


X —0 


= lim In y = lim In (x*) = lim (x In x); 
l 


N | E ee . 
lim (x In x)=lim ——— = lim ——— = — lim x= 0, 
x—0 x09 I x9 * x—>0 
x 2 


consequently, In lim y 20, whence limy=e°=1, or 


lim x* = 1. 
X -0 


The technique is similar for findiug limits in other cases. 


SEC. 6. TAYLOR'S FORMULA 


Let us assume that the function y= f(x) has all the derivatives 
up to the (n+ l)th order, inclusive, in some interval containing 
the point x —a. Let us find a polynomial y — P, (x) of degree not 
above n, the value of which at x—a is equal to the value of the 
function f(x) at this point, and the values of its derivatives up 
to the nth order at. x—a are equal to the values of the 
corresponding derivatives of the function iu at this point: 

P, (a) — f (a), P, (a) -f (a), P” (a) —l' (a), ..., Po (a) =f (a). (1) 
Jt is natural to expect that, in a certain sense, such a polynomial 
is “close” to the function / (x). 

Let us look for this polynomial in the form of a polynomial in 

degrees of (x— a) with undetermined coefficients: 


P, (x) =C,+C, (x—a)+C, (x ^a). +C, (x—a)’+ 
+...+C,(x—a)". (2) 


We difine the undetermined coefficients C,, C,, ..., C, so that 
they will satisfy conditions (1). 


n 
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Let us first find the derivatives of- P, (x): 
P’ (x) 4C, + 2C, (x —a) --3C, (x —ay! +... 4-2C, (x —ay"^!, 
P" (x) 2C, --3:2C, (x —a) +...-+n(n—1)C, (x—a)"7*, 


Pm (x)= n(n—1) ... 2:1.C,. 


Substituting, into the left and right sides of (2) and (3), the 
value of. a in place of x and replacing, by equalities (1), P, (a) 


by f(a), P.(a) —f' (a), etc., we get 


f(a)=C,, 
F (a)=C 
f (a) =2-1C,, 


P (a) =3-2-1C,, 


PF? (a) 2n(n—1)(n—2) ... 2-1C,, 
whence we find 


C,—f(a, C,=f (a), C,=75f (a), 
D oe l 
C,— vcl (a), e) C, =T 


ab (@). (4) 


Substituting into (2) the values of C,, C,, C, that have been 
found, we. get the required polynomial: 


P,(x)=f(a) +=" 


(x—a)’ 


F (EF Oa) aes 
c ES D P" (a). (5) 


x— a 


Designate by R,(x) the difference of the values of the given 
function f (x) and of the constructed polynomial P,(x) (Fig. 95): 


R, (x) =f (x) — P, (x), 
whence 


P(x) = Pa (x) +R, (x) 
or, in expanded form, 


~~ 


X —a 


Fe) — Ha) - x7 (a) - £59 f (a) 4 .. 
roc (6) 
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R,(x) is called the remainder. For 
those values of x, for which the 
remainder A,(x) is small, the 
polynomial P,(x) yields an approxi- 
mate representation of the function 
f(x). 

Thus, formula (6) enables one 
to replace the function y=f(x) by 
the polynomial g-P,(x) to an 
appropriate degree of accuracy 
equal to the value of the remainder 
R, (x). 


Our next problem is to evaluate 


pigro the quantity  A,(x) for various 
values of x 
Let us write the remainder in the form 
R, (2) =A (x), (7) 


where Q(x) is a certain function to be defined, and accerdingly 
rewrite (6): 


i (x) 9 Ha) +227 @4+ 257% fF (a) - 


(x— a)" on (x—a)"t , 
sp Oar Q(x). (6 ) 
For fixed x and a, the function Q(x) has a definite value; denote 
it by Q. 
Let us further examine the auxiliary function of ¢(¢ lying 
between a and x): 


F= Wir O 


e 


F(t)—.. 
et)" as (x— "+ 
c UE (()—^xxn & 
where Q has the value defined by the relationship (6); here we 
consider a and x to be definite numbers. 
We find the derivative F’ (t): 


F a= —P Or 0—5 roO LA 


P(t)— 


(x —t)' 7 al 


(x — Uf om (n) n) 


(x — ina: (n+ 1) (x — 1)" 
^ . nl F ü (04 (n+ 1) Q, 
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or, on cancelling, 
— 1)" nasa = 
Fiat unge g, (8) 


Thus, the function F(/) has a derivative at all points ¢ lying 
near the point with abscissa a. 
It will further be noted that, on the basis of (6’), 


F(x)=0, F(a)=0. 


Therefore, the Rolle theorem is applicable to the function F (7) 
and, consequently, there exists a value / — & lying between a and 
x such that F'(E)—0. Whence, on the basis of relation (8), we 
get 

(x — E)" n+l (x — E)" m 
Ep cod 


Q-["t"(B). 
Substituting this expression into (7), we get 
(x —a)'*! 


R,(x) T (n+ D! [^7 345). 


This is the so-called Lagrange form of the remainder. 
Since € lies between x and a, it may be represented in the 
form *) 


and from this 


| E =a +-§(x—a) 
where 0 is a number lying between O and 1, that is, Oct; 
then the formula of the remainder takes the form 
(x—a)"*! 


(n + 1)! 


R,() = fr [a 4-6 (x—a)]. 
The following formula 
FG) =f) -- EXP (a) - 9^ P (ay e... 
D )" n = ER 
EE -5 f (a) + m 
is called Taylor's formula of the function f (x). 
If in the Taylor formula we put a=0 we will have 
fo) - FO) - TP 0) 5;P O 
n n4 
er O + app t" (Ox) (10) 


where 0 lies between O and 1. This special case of the Taylor 
formula is sometimes called Maclaurin’s formula. 


f+ [a 4-8 (x—a) O 


*) See end of Sec. 2 of this chapter. 


-— 
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SEC. 7. EXPANSION OF THE FUNCTIONS ex, SIN x, AND COS x 
IN A TAYLOR SERIES 


1. Expansion of the function f(x)-e*. 
Finding the successive derivatives of f(x), we have 


f(x)=e*,  [(021, 
fi (x)=e*, F (O)=1, 


i (x) pa e*, p (0) eas l. 
Substituting the expressions obtained into formula (10), Sec. 6, 
we get " 
x x x x x" x" t! ax 
e =l 43ta tat eS al art ; O<6<l. 
If |x| <1, then, taking n=8, we obtain an evaluation of the 
remainder: 
R,« g;3: 
For x= 1 we get a formula that permits approximating the number e: 
em Ibo Rp e.g) 


evaluating to the fifth decimal place, we have 
e = 2.71827. 


Here there are four significant digits, since the error does not exceed - 
3 
or 0.00001. 


91° 
Observe that no matter what x is, the remainder 
EN Xt V gx 
R,— nni — 0 as N= œ. 


Indeed, since 0< 1, the guantity e** for fixed x is bounded (it 
is less than e* for x —0, and less than 1 for x <0). 

We shall prove that, no matter what the fixed number a, 
= 0 as n—eoo. 


(nb 
Indeed, 
CEN quee x x X 
(n-Dl| |1 2 3"''a« atl]? 


If x is a fixed number, there will be a positive integer N such 
that 


Ix | « N. 
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We introduce the notation Eg; then, noting that 0 «q <1, 


we can write (for n=N+1, N+2, N+3, etc): 


xtd m X x XC ea E 
eod M AME = 
Ux x x |. ^ e 
mibslbulk! =i sisse 
X x x n— N+? 
yp tte ea a =y 
for the reason that 
x x x 
l= imi e es diee 


But D m 


ent of n, while q"^^** approaches zero as n — oo. And so 
x^ *! 


— = l. (1) 


is a constant quantity; that is to say, it is independ- 


Consequently, R, (x)= e°” 


infinity. 
From the foregoing it follows that for any x (il a sufficient num- 
ber of terms is taken) we can evaluate e* to any degree of accuracy. 
2. Expansion of the function f (x)= sin x. 
We find the successive derivatives of f(x)= sin x: 


TES GIU — — also approaches zero as n approaches 


f(x) =sinx, / (0) = 

l' (x) — cos x — sin (x 5). Pues. 
f(x) = — sin x = sin (x25), f" (0) = 

f” (x)= — cos sin(x4-35.), [^er eed 
f(x) — sin x — sin(x-- 45 ). PY (0) — 0, 
F^ (x) = sin GEESI [= O= sin n 7, 


powe sin(x- m0) 5).. e= sn [Eco D]. 


158 


Some Theorems on Differentiable Functions 


Substituting the values obtained into (10), Sec. 6, we get an 
expansion of the function f(x)=sinx by the Taylor formula 


: x 5 
sinx ex—- zr -— 


Since 


TO Po 2 ~ sina Š E [E--0- 05 2|- 
sin [E003 | |<1, we have lim R,(x)=0 for all 
values of x l 


Let us apply the formula obtained for an approximate evaluation 
ol sin 20°. Put n=3, thus restricting ourselves to the first two 
terms of the expansion: 


P è M 
sin 20? = sin = z 


m 


n m \3 
T T (+) = 0.343. 
Evaluate the error, which is equal to the remainder: 


TX \4 l 
[Rsl=|() ir 


sin 4-22) & (4-4 -+ 0.0006 < 0.001. 


y=x-Lx? \ 


\ 
\ 
\ 
| 
\ 
\ 
| 
i 
\ 


Fig. 96. 


Hence, the error is less than 0.001, and so sin 20°=0.343 to three 
places of decimals. 


Fig. 96 shows the graphs of the function [(x)— sinx and the 
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first three approximations: 5$, (x) 2x; S, (9)-x—£; S, (x) =x — 
x*. ox" 
E uu 


3. Expansion of the function f(x) — cos x. 

Finding the values of the successive derivatives for x —O0 of the 
function f(x)=cosx and substituting them into the Maclaurin 
lormula, we get the expansion: 

x 


cos xe 1 — TE... E cos (n 5 )+ 
nel 
teges [E+ (n+) 4], 
IE |x|. 


Here again, limR, (x)=0 for all values of x. 


Exercises on Chapter IV 


Verify the truth of Rolle's theorem for the functions: 1. y = x?—3x +2 on 
the interval [l, 2]. 2. y=x*+5x*—6x on the interval (0, 1]. 3. y2 (x —1) 
(x —2) (x —3) on the interval [1, 3]. 4. y—sin?x on the interval [0, x]. 

5. The function f(x)24x*!--x?—4x—] has roots 1 and —1. Find the root 
of the derivative fF (x) mentioned in Rolle's theorem. 


6. Verify that between the roots of the function y= y 33—5x 6 lies the 
root of its derivative. 
7. Verify the truth of Rolle’s theorem for the function y=cos?x on the 


+) E JT 
interval |-i. T . 


8. The function y-1— y x4 becomes zero at the end points of the inter- 
val [—1, 1]. Make it clear that the derivative of this function does not 
vanish anywhere in the interval (—1, 1). Explain why Rolle's theorem is not 
applicable here. 

9. Form Lagrange’s formula for the function y=sinx on the interval 
[xi xa]. Ans. sin x,—sin x, = (x,—x,) cose, x, « c « x,. 

10. Verify the truth of the Lagrange formula for the function y= 2x —xt 
on the interval [0, 1]. 

11. At what point is the tangent to the curve y—x^ parallel to the chord 
from point M,(0, 0) to M,(a, a")? Ans. At the point with abscissa 

a 


C= 


a-1/— 
n 
12. At what point is the tangent to the curve y= Ìn x parallel to the chord 
linking the points M,(1, 0) and M,(e,.1)? Ans. At the point with abscissa 
= l — : 
-Applying the Lagrange theorem, prove the inequalities: 13. e* — 1-- x. 
14. In(l+x)<x* (x20) 15. b"—a" < nb"-!(b—2) for 52a. 16. arc 
tan x « x. 
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17. Write the Cauchy formula for the functions f(x) —x*, o (x) — x* on the 
interval [1, 2] and find c. Ans. C= 


-X 


x 
Evaluate the following limits: 18. lim *—l Ans. 1. 19. lim CE 
xix" —] n xo sinx 


: xi 
Ans. 2. 20. lim 2?*—*. — Aag. 9. 21. lim 2  —... Ans.  —2. 
xo X — Sin x x cosx—1 


sin x = = 
22. Um ———————. Ans. There is no limit (V 2 as x —--0, — V? as 
x2» V 1—cos x 


x P 
x— —0) 23. lim lnSix Ans, —L. 24. mZ". Ans. In 7 
x (x—2x)i 8 ico X b ` 
ArT 
25. lim *—àrc sin Ans. al, 26. lim 9f x—sina Ans. cosa. 
x0 sin? x 6 xa x—a 

.  &--rsinyg—1l e” sin x —x | 4 s. 3x— i 

27. lim 4—2 —-. Ans. 2. 28. lim ~~" 7. Ans. —. 29. lim 
y» in(l+y) xo 3x?-+ x5 3 x co 2x +5. 


3 l In (1+4) 
Ans. J“ 30. lim = (where 52» 0). Ans. 0. 31. lim — 7*7. Ans. I. 


PERI x-ogo arctanx 


82. lim X. Ans. —1. 83. lim S LN Ans. O for a > 0; o for a <0. 
to) X—1 yoo € ^? 


x -X 
$4. lm 55 .. - Ans. 1. 38. lim ID Sln3x ans 1, gg, Um In tan 7 


X— 4- o e*-—e-7* xo |n sin x ` x0 In tan 2x ° 
Ans. 1. 37. lim 11€ —D —* ,— Ans, 0. 38. lim (1—x) tan ™. Ans, 2. 
x1 t I Xt 2 n’ 
an =z— 
2x 
39. im [2L |. Aas. —L. 40. im | 1—4]. — Ans. —1. 
cos |x*—1 x—1 2 xi |lnx n x 


41. lim (secp—tang). Ans. 0. 42. lim Eu Ans. 1l 
Tl " 


dedi 


43. lim xcot2x. Ans. E. 44. lim x*e^ . Ans. œ. 45. lim x!^*. Ans. 
x—>0 2 X 0 x1 


= P i 
46. lim y/i*. Ans. 1. 47. lim (F) Ans. l. 48. lim (1+2) 


X — 09 


hut 
— -x 
Ans.  e?. 49. lim (cot x)!" *, Ans. L. 50. lim (cosx)? . Ans. 1. 


n 
X — 
2 
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TX 
tan — 


1 
51. lim (2). Ans. l ^. 52. lim (tan 2) 2. Ans. LN 
y x>1\: 4 € 


po \ 9 y 
53. Expand, in powers of x—2, the polynomial x*—5x?-F5x*-Fx +2. 
Ans. 2 —7 (x —2) — (x —2)?+3 (x —2y + (x —2)*. 
54. Expand, in powers of x+1, the polynomial x5--2x*—x?-Fx 1. 
Ans. (x 4-1)? -2 (x 4-19 —3 (x 4-1D* FE (x 4-0. 
55. Write Taylor's formula for the function y= Vx when a—1, n—3. 
x—1 1 (x—1? 1,(x—1P 3 (x—1* 5 


Aq ag p reme eq ego ug PEOR 


7 
x(x—1)] ^,0«8-lI. 
56. Write the Maclaurin foimula for the function y= Vi+x when n—2. 


xx 


Ans. V DEx-IRLr—. 234 ————rL. 0 «98 «I. 
16(1--0x)?- 
57. Using the results of the preceding exercise, evaluate the error of the 
approximate equality ViYx-dRLi— x? when x=0.2. Ans. Less than 


8 
ae 
2.103" 
Determine the origin of the approximate equalities for small values of y 
i 2 4 
and evaluate the errors: of these equalities: 58. In COS xe 
xi 2x x* x 
59. unos pp ceo arc sin x zz x + |. 61. AEN AD esc 
e*+e-* x? x^ > x? 
62. 9 Ib v-cx 63. Inc Y I= z x—. 


Using Taylor's formula, compute the limits of the following expressions; 


Rut 2 oe 2 

64. lim —2— SIX Ans. |, 65. pm U tesine, Ans o. 

dad Jo ae xo |—e-* 

2 
Nn _ yl 

66. lim 2(tanx—sinkt)—* Ans, p 67. lim [+4 In (1+3) Ans. 4 

x9 X x—>o |. x 2° 
68. lim (a-€ . Ans. L 69. lim L cot? x . Ans. 2 

xo x? x 3 xo \x? 3 
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CHAPTER V 


INVESTIGATING THE BEHAVIOUR OF FUNCTIONS 


SEC. 1. STATEMENT OF THE PROBLEM 


A study of the quantitative aspect of natural phenomena leads 
to the establishment and study oi functional relations between the 
variables involved. If such a functional relationship can be expres- 
sed analytically, that is, in the form of one or more formulas, we 
are then in a position to investigate it with the tools of mathema- 
tical analysis. For instance, a study of the flight of a shell in empty 
space yields a formula that gives the dependence of the range R 
upon the angle of elevation « and the initial velocity v, 

vt sin 2a 
R= 
(g is the acceleration of gravity). 

With this formula we can determine at what angle œ the range 
R will be greatest, or least, and what the conditions must be for 
the range to increase as the angle « is increased, etc. 

Let us consider another instance. Studies of oscillations of a load 
on a spring (of a tank or automobile) yielded a formula showing 


how the deviation y of the load from a position of equilibrium 
depends on the time ft: 


y —- e^ (A cos of + B sin ot). 


The quantities k, A, B, œ that enter into this formula have a very 
definite significance for a given oscillatory system (they depend 
upon the elasticity of the spring, the load, etc., but do not change 
with time 7) and for this reason are considered constant. 

On the basis of this formula we can find out at what values of 
t the deviation y will increase with increasing t, how the maximum 
deviation varies as a function of time, for what values of £ we 
observe these maximum deviations, for what values of £ we obtain 
maximum velocities of motion of the load, and a number of other 
things. 

Al these questions are embraced by the concept "investigating 
the behaviour of a function". It is obviously very difficult to de- 
termine all these questions by calculating the values of a function 
at specific points (like we did in Chapter II). The purpose of this 
chapter is to establish more general techniques for investigating 
ihe behaviour of functions. 
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SEC. 2. INCREASE AND DECREASE OF A FUNCTION 


In Sec. 6 of Ch. I we gave a difinition of an increasing and a 
decreasing function. We will now apply the concept of the 
derivative to investigate the increase and decrease of a function. 

Theorem. /f a function f(x), which has a derivative on the in- 
terval |a, b], increases on this interval, then its derivative on 
la, b] is not negative, that is, f (x) =Q. 

2) If the function f(x) is continuous on the interval la, b] and 
is . differentiable on (a, b), where f'(x) 20 for aax<b, then 
this function increases on the interval [a, b]. 

Proof. Let us first prove the first part of the theorem. Let f(x) 
increase on the interval [a, 6]. Increase the argument x by Ax 
and consider the relation 


F (x+ Ax) —f (x) 
Hehe a) 


Since f(x) is an increasing function, 
F(x-FAx)mf(x) for Ax>0 


Fx Ax) «f(x) for Ax «0. 


and 


In both cases 
and consequently 
lim f (x+ Ax)— f (x) —0 
Ax-90. AX. id 


which means f'(x)z20, which is what we set out to prove. [If we 
had F (x) <0, then for sufficiently small values of Ax, relation (1) 
would be negative, but this would contradict relationship (2).] 

Let us now prove the second part of the theorem. Let F (x)>C 
for all values of x on the interval (a, b). 

Let us consider any two values x, and x, x, <x, on the 
interval [a, b]. 

By the Lagrange theorem on finite increments we have 


Fo) FD =F GG —x)» x SE <x, 


[t is given that f’ (E) > 0, hence / (x,) —[ (x,) 2 0, and this means 
that f(x) is an increasing function. 

There is a similar theorem for a decreasing (differentiable) 
function as well, namely: | 

If T(x) decreases on an interval la, b], then F (x) «x0 on this 
interval. If f(x) <0 on (a, b), then f (x) .decreases on |a, b]. [Of 


6* 
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course, we again assume that the function is continuous at all 
points of [a, b] and is differentiable everywhere on (a, 5).] 

Note. The foregoing theorem expresses the following geometric 
fact. If on an interval [a, b] a function f(x) increases, then the 
tangent to the curve y=f(x) at each point on this interval forms 


Fig. 97. 


an acute angle @ with the x-axis or (at certain points) is horizon- 
tal; the tangent of this angle is not negative: f' (x) - tan qo 20 
(Fig. 97, a). If the function f(x) decreases on the interval [a, 5], 
then the angle of inclination of the tangent forms an obtuse angle 
(or, at some points, the tangent is horizontal) the tangent of 
this angle is not positive (Fig. 97, b). Wecan illustrate the second 
part of the theorem in similar fashion. This theorem permits 


judging the increase or decrease of a function by the sign of its 
derivative. 


Example. Determine the domains of increase and decrease of the function 
| yet. 
Solution. The derivative is equal to 
y —4x*, 


for x — 0 we have y' — 0 and the function increases; 
for. x <0 we have y’ «O0 and the function decreases (Fig. 98). 


SEC. 3. MAXIMA AND MINIMA OF FUNCTIONS 


Definition of a maximum. A function f(x) has a maximum at 
the point x, if the value of the function f(x) at the point x, is 
greater than its values at all points of a certain interval contain- 
ing the point x,. In other words, the function f(x) has a maxi- 
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mum when x=x, if f(x 4- Ax) «fF (x,) for any Ax (positive and 
negative) that are sufficiently small in absolute value.*) 

For example, the function gy--/(x), whose graph is given in: 
Fig. 99, has a maximum at x— x,. 

Definition of a minimum. A function F(x) has a minimum at 
Xx — x, il 


FG, + Ax) > f (x,) 


for any Ax (positive and negative) that are sufficiently small in 
absolute value (Fig. 99). 

For instance, the function y=.x* considered at the end of the 
preceding section (see Fig. 98) has a minimum for x=0, since 
y=0 when x=0 and y>O for all other values of x. 


Fig. 98. Fig. 99. 


In connection with the definitions of maximum and minimum, 
id the following. 

A function defined on an interval can reach maximum and 
Sire values only for values of x that lie within the given 
interval. 

2. One should not think that the maximum and minimum of a 
function are its respective largest and smallest values over a given 
interval: at a point of maximum, a function has the largest value 
only in comparison with those values that it has at all points 
sufficiently close to the point of maximum, and the smallest value 


- *) This definition is sometimes formulated as- follows: the function f (x) 
has a maximum at x, if it is possible to find a neighbourhood (a, p) of 
x; (a <x, < B) such that for all points of this neighbourhood different irom 
x, the inequality f(x) < f (xi) is fulfilled. 
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only in comparison with those that it has at all points sufficiently 
close to the minimum point. 

To illustrate, take Fig. 100, which shows a function defined on 
the interval [a, bj, which 


at x—x, and x=x, has a maximum, 
at x x, and x=x, has a minimum, 


but the minimum of the function at x-x, is greater than the 

maximum of the function at x=x,. At x=b, the value of the 

function is greater than any maxi- 

y mum of the function on the 
interval under consideration. 

The generic terms for maxima 
and minima of. a function are 
extremum (pl. extrema) or extreme 
values of the function. 

To some extent, the extrema of 
a function and their positions on 
the interval [a, b] characterise the 


Ol a «4 X» X»»* x variation of the function versus 
l changes in the argument. 
Fig. 100. Below we give a method for 


finding extrema. 

Theorem 1. (A necessary condition for the existence of an 
extremum). /f at the point x=x, a differentiable function y =f (x) 
has a maximum or minimum, its derivative vanishes at this point: 
f (x,)=0. 

Proof For definiteness, let us assume that at the point x — x, 
the lunction has a maximum. Then, for sufficiently small (in 
absolute value) increments Ax (Axz-0) we have | 


[(x, + Ax) EG), 
that is, 
f (x, + Ax) — f (x,) <0. 
But in this case the sign of tlie ratio 
P(x + Ax) — f (x) 
AX 


is determined by the sign of Ax, namely: 
Hoe > 0 when Ax <0 


} (x, + MU « 0 when Ax > 0, 
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By the definition of a derivative we have 


r S. E f (x, Ax) —F Ga) 
Des m Ax 
If f(x,) has a derivative at x—x,, the limit on the right is 
independent of how Ax approaches zero (remaining positive or 
negative). 
But if Ax—+0O and remains negative, then 


P (x,) «0. 
But if Ax — 0 and remains positive, then 
Fx)zO. 


Since f’ (x,) is a definite number that is independent of the way 
in which Ax approaches zero, the latter two inequalities are 
compatible only if 

F (x,) 20. 


The proof is similar for the case of a minimum of a function. 

Corresponding to this theorem is the following obvious geometric 
fact: if at points of maximum and minimum, a function 7 (x) has 
a derivative, the tangent. line to the curve 
y=f(x) at these points is parallel to the x-axis. 
Indeed, from the fact that f (x)= tanq — 0, 
where @ is the angle between the tangent line 
and the x-axis, it follows that p=0 (Fig. 99). 

From Theorem | it follows straightway that 
if for all considered values of the argument x 
the function f(x) has a derivative, then it can 
have an extremum (maximum or minimum) only 
at those values for which the derivative vanishes. 
The converse does not hold: if cannot be said 
that there definitely exists a maximum or mini- 
mum for every value at which the derivative 
vanishes. For instance, in Fig. 99 we have a 
function for which the derivative at x=x, 
vanishes (the tangent line is horizontal), yet the 
function at this point is. neither a maximum 
nor a minimum. 

In exactly the same way, the function y — x! (Fig. 101) at x=0 
has a derivative equal to zero: | 


(y")i=0 = (3x) r 20 =0, 


but at this point the function has neither a maximum nor a 
minimum. Indeed, no matter how close the point x is to O, we 


Fig. 101. 
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will always have 

x* <0 when x «0 
and 

x! —0 when x0. 


We have investigated the case when a function has a derivative 
at all points on some closed interval. Now what about those points 
at which there is no derivative? The following examples will 
show that at these points there can only 
be a maximum or a minimum, but there 
may not be either one or the other. 


Example 1. The function y=|x| has no 
derivative at the point x=0 (at this point 
ihe curve does not have a definite tangent 
line), but the function has a minimum at this 
point. y =0 when x=0, whereas for any other 


Fig. 102. point x different from zero, we have y 0 
(Fig. 102). 
i 2 sj 
Example 2. The function y—(1—x? ) has no derivative at x —0, since 
1 1 


VERE aa : x 
y = —(1—x la) 2 * becomes infinite at x=0, but the function has a 


maximum at this point: f (0) 21, F (x) < l at x different from zero (Fig. 103). 
Example 3. The function y= ?/ x has no derivative at x—0 (y! — œ 

as x— 0). At this point the function does not have either a maximum or a 

minimum: f (0) =0; f(x) «0 for x «0; f(x) 20 for x>0 (Fig. 104). 


Fig. 103. Fig. 104. 


Thus, a function can have an extremum only in two cases: 
either at points where the derivative exists and is zero; or at 
points where the derivative does not exist. . 

It must be noted that if the derivative does not exist at some 
point (but exists at close-lying points) then at this point the 
derivative is discontinuous. 

The values of the argument for which the derivative vanishes 
or is discontinuous are called critical points or critical values. 
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From what has been said it follows that not for every- critical 
value does a function have a maximum or a minimum. However, 
if at some point the function attains a maximum or a minimum, 
this point is definitely critical. And so to find the extrema of a 
function do as follows: find all the critical points, and then, 
investigating separately each critical point, find out whether the 
function will have a maximum or a minimum at this point, or 
whether there will be neither maximum nor minimum. 

Investigations of functions at critical points is based on the 
following theorem. 

Theorem 2. (Sufficient conditions for the existence of an extre- 
mum). Let there be a function f(x) continuous on some. interval 
containing a critical point x, and differentiable at all points of 
this interval (with the exception, possibly, of the point x, itself). 
If in moving from left to right through this point the derivative 
changes sign from plus to minus, then at x —x, the function has 
a maximum. But if in moving through the point. x, from left to 
right the derivative changes sign from minus to plus, the function 
has a minimum at this poini. 

And so 


i F (x) 20 when x « x, 
ne) F (x) «0 when x>x, 


then at x, the function has a maximum; 


Ei F (x)<0 when x< x, 
Dol F (x) >0 when L> X,» 


then at x, the function has a minimum. Note here that the con- 
ditions a) or b).must be fulfilled for all values of x that are 
sufficiently close to x,, that is, at all points of some sufficiently 
small neighbourhood of the critical point x,. 

Prooi. Let us first assume that the derivative changes sign from 
plus to minus, in other words, that for all x sufficiently close to 
x, we have 

PF (x)20 when x« x, 


Po)«0 when xx, 
Applying: the Lagrange theorem to the difference Fo) —f (x) 
we have: i 
F —Fo)-rFGG-—x) 


where & is a point lying between x aud x,. 
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1) Let x «x,; then 
E« x, FESO, P (BD(x-—x,) «0 
and, consequently, 
Fo)— FG) <0, 
or 
f (x) «FG. 
2) Let x>x,; then 
£x, FEO, F (E)x—x) <0 
and, consequently, 
{ (x) —f (x,) «0 
or 
f (x) x f (x,). 


(1) 


(2; 


The relations (1) and (2) show that for all values of x suffici- 
ently close to x, the values of the function are less than those 
at x. "Hence, the function f(x) has a maximum at the point x,. 

The second part of the theorem on the sufficient condition for 


a minimum is proved in similar fashion. 


of Theorem 2 


close to x: 


FoG)20 when x « x, 
xa/ AB X9; X F(x)«0 when x2 x,. 


Fig. 105 illustrates the meaning 


At x=x,, let there be P (x,) 0 
and let the following inequalities 
be fulfilled for all x sufficiently 


Fig. 105. Then when x-«x, the tangent 


to the curve forms 


the 


x-axis an acute angle, and the function increases, but when x — x, 
the tangent forms with the x-axis an obtuse angle, and the func- 
tion decreases; at x —x, the function passes from increasing to 


decreasing, which means it has a maximum. 


If at x, we have /' (x,) 20 and for all values of.x sufficiently 


close to x, the following inequalities are fulfilled: 
f'()«0 when x« x, 
l(x)20 when x2x, 


Testing a Differentiable Function for Maximum and Minimum U1 


then at x « x, the tangent to the curve forms with the x-axis an 
obtuse angle, the function decreases, and at x x, the tangent 
to the curve forms an acute angle, and the function increases. 
At x=x, the function passes from decreasing to increasing, which 
means it has a minimum. 

If at x —x, we have f' (x,)=0 and for all values of x sufficiently 
close to x, the following inequalities are fulfilled: 


F(x)y0 when x« x, 
F (x) >-0 when x, 


then the function increases both for x< x, and for x œx, There- 
fore, at x=x, the function has neither a maximum nor a mini- 
mum. Such is the case with the function y x? at x=0. 

Indeed, the derivative y' —3x', hence, 


(y )x=0 =Q, 
(y)««» > 0, 
(uU )x>o > 0, 


and this means that at x=0Q the function has neither a maximum 
nor a minimum (see above, Fig. 191). 


SEC. 4. TESTING A DIFFERENTIABLE FUNCTION 
FOR MAXIMUM AND MINIMUM WITH A FIRST DERIVATIVE 


The preceding section permits us to formulate a rule for testing 
a differentiable function, y=f(x), for maximum and minimum: 

1. Find the first derivative of the function, i. e., F (x). 

2. Find the critical values of the argument x; to do this: 

a) equate the first derivative to zero and find the real roots of 
the equation f' (x) =0 obtained; 

b) find the values of x at which the derivative f (x) becomes 
discontinuous. 

3. Investigate the sign of the derivative on the left and right 
of the critical point. Since the sign of the derivative remains 
constant on the interval between two critical points, it is sufficient, 
for investigating the sign of the derivative on the left and right 
of, say, the critical point x, (Fig. 105), to determine the sign of 
the derivative at the points a and B(x,-u«x, x,«p«x, 
where x, and x, are the closest critical points). 

4. Evaluate the function /(x)íor every critical value of the 
argument. 
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This gives us the following diagram of possible cases: 


Signs ol derivative f’ hen ssin 
| i ihrough a a a ap : Character of critical point 
| 
| x «x | Xe X2» X, 
+ F (x,)=0 — Maximum point 
or is discontinuous 
— F (x,) =0 -+ Minimum point 
or is discontinuous . 
+ F (x,) =0 4- Neither maximum nor 
or is discontinuous minimum (function in- 
A F (x,)=0 creases) 
or is discontinuous — Neither maximum nor 
minimum (function de- 
creases) 


Example 1. Test the following function for maximum and minimum: 
3 
ym — Dat Bx $1. 


Solution. 1) Find the first derivative: 

y! = x? —4x4+3. 
2) Find the real roots of the derivative: 

x?—4x+3=0. 
Consequently, 

x,=1, x, =. 


The derivative is everywhere continuous and so there are. no other critical 
points. 
3) Investigate the critical values and record the results in Fig. 1U6. 
Investigate the first critical point x,=1. Since y’ = (x —1) (x —3), 


lor x «1. we have y’=(—)(—)>9, 
for x>1 we have y =(+)-(—) <0. 


Thus, when passing (from left to right) through the value x,=1 the deri- 
vative changes sign from plus to minus. Hence, at x-1 the function has a 
maximum, namely m c. od 


7 : 
(imu 
Investigate the second critical point x,-—31 
when x «3 we have y’=(-+)-(—) <0, 
when x2 3 we have y'z(-4-):(4-)2 O0. 
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Thus, when passing through the value x=3 the derivative changes sign 
from minus to plus. Therefore, at x —3 the function has a minimum, namely: 


(y)xzs — 1. 


This investigation yields the graph of the function (Fig. 106). 
Example 2. Test for maximum and minimum the function 


y (x—1) j/ xt. 
Solution. 1) Find the first derivative; 


2 (x—1 5x —2 
y' = 3y x? penc. 


TTE yE 


y 


y=(x-) Vk? 


y 


Fig. 106. Fig. 107. 


2) Find the critical values of the argument: a) find the points at which 
thə derivative vanishes: 


b) find the points at which the derivative becomes discontinuous (in this 
instance, it becomes infinite). Obviously, that point is 


x30. 
(It will be noted that for x; —0 the function is defined and continuous.) 


There are no other critical points. 


3) Investigate the character of the critical points obtained. Investigate 
; 2 , i 
the point n=. Noting that 
(w) <0, Ww) ,»0, 
Pe men 
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we conclude that at z=% the function has a minimum. The value of the 


function at the minimum point is 
2 y 2 V 


Investigate the second critical point x —0. Noting that 
(eo 0 Qs. x0 


we conclude that at x—0 the function has a maximum, and (y)xzo — 0. The 
graph of the investigated function is shown in Fig. 107. 


SEC. 5. TESTING A FUNCTION FOR MAXIMUM AND MINIMUM 
WITH A SECOND DERIVATIVE 


Let the derivative of the function y=f(x) vanish at x —x,; we 
have f'(x,) — 0. Also, let the second derivative f" (x) exist and be 
continuous in some neighbourhood of the point x,. Then the fol- 
lowing theorem holds. 

Theorem. Let f'(x,)=0; then at x=x, the function has a 
maximum if f'(x) <0, and a minimum if P" (x,)— 0. 

Proof. Let us first prove the first part of the theorem. Let- 


F(x,) 0 and f" (x,) «0. 


Since it is given that f’(x) is continuous in some small interval 
about the point x--x,, there will obviously be some small closed 
interval about the point x — x,, at all points of which the second 
derivative f"(x) will be negative. 

Since f"(x) is the first derivative of the first derivative, f" (x)= 
—(f'(x)', it follows from the condition (f (x) «0 that F(x) 
decreases on the closed interval containing x--x, (Sec. 2, Ch. V). 
But F (x,)=0, and so on this interval we have [’(x)>>0 when 
x«x, and when x x, we have }’(x)<(0; in other words, the 
derivative f' (x) changes sign from plus to minus when passing 
through the point x—x,, and this means that at the point x, the 
function f(x) has a maximum. The first part of the theorem is 
proved. 

The second part of the theorem is proved in similar fashion: 
if P, (x,)20 then P (x) 220 at all points of some closed interval 
about the point x,, but then on this interval f"(x)-—(f' (x)! 0 
and, hence, f (x) increases. Since f (x,)=0 the derivative f (x) 
changes sign from minus to plus when passing through the point 
x,, i.e., the function f(x) has a minimum at x— x,. 

If at the critical point f’(x,)=0; then at this point there may 
be either a maximum or a minimum or neither maximum nor . 


1! 


s 
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minimum. In this case, investigate by the first method (see Sec. 4, 
Ch. V). 

The scheme for investigating extrema with a second derivative 
is shown in the following table. 


Fo | I" (x, | Character of critica! point 


— | Maximum point 
+ Minimum point 
0 Unknown 


c oc 


Example 1. Examine tne following function for maximum and minimum 
y — 2 sin x 4- cos 2x. 
Solution. Since the function is periodic with a period of 2m, it is suffi- 


cient to investigate the function in the interval [0, 2x]. 
1) Find the derivative: 


y’ =? cos x —2 sin 2x = 2 (cos x —2 sin x cos x) =2 cos x (1 — 2 sin x). 


2) Find the critical values of the argument: 
2 cos x (1 —2 sin x) =0, 


n "2 On 3n 
ad ——E T1739 S T4 e 14 — 9 
3) Find the second derivative: 
y” = —2 sin x —4 cos 2x. 


4) Investigate the character of each critical point: 


(y^) E cqui e <0. 
x 


2 2 


1 
8 


: a 
Hence, at the point x, we have a maximum: 


Further, 


rom 2141 2D 0. 


; 7 s 
And so at the point x,— — we have a minimum: 


2. 
(y) j2d4-1zL 
AT 


è 
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At — we have 


Thus, at EL the function has a maximum: 


6 
Y) a 95,1 ,1. 39 
a mas 
Finally, 
(9) ,4.—7—2(0—D—4(—1)-62 0. 


3i iSt 
Consequently, at y= We have a minimum: 


(u) ,4—72(—1)—12—3. 


x=— 


The graph of the function under investigation is shown in Fig. 108. 


2 J y72sinXx-*cos 2x 


Fig. 108. 


The following examples will show that if at a certain point Xx, 
we have f’(x,)=0 and /(x,) 20, then at this point the function 
f(x) can have either a maximum or a minimum or neither. 


Example 2. Test the following function for maximum and minimum: 
g—1-—x*. | 
Solution. 1) Find the critical points: 
l ' = — 4x5, —4x*—0, x=0. 
2) Determine the sign. of the second derivative at x =Q]; 
y =— 12e, (f)... 
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It is thus impossible here to determine the character of the critical point 
by means of the sign of the second derivative. 

3) Investigate the character of the critical point by the first method (see 
Sec. 4., Ch. Vy 


(2,759 Wey, «0. 
Consequently, at x==0 the function has a maximum, namely 
(Y)x=0= l. 
The graph of this function is given in Fig. 109. 


Fig. 109. Fig. 110. 


Example 3. Test for maximum and minimum the function 
y= x. 
Solution. By the second method we find 
1) y =6x5, y =6x5=0, x=0; 
2) yz30x*, (y”), 9 =0. 
Thus, the second method does not yield anything. Resorting to the first 
method we get l 
(Y oMeo <0, VEFES a> 9. 
Therefore, at x=0 the function has a minimum 
(Fig. 110). 
Example 4. Test for maximum and minimum 
the function 
y=(x— y. 
Solution. Second method: 
y =3(x—1),’ 3 (x— I) =0, X=]; 
y=6(x—-1), WY )xai1 =9. 
Thus, the second method does not yield an answer. 
By the first method we get 


(y), « 1 — 0» YW), > 1 > 0. 


Consequently, at x—1 the function does not . 
have either a maximum or a minimum (Fig. III). Fig. IIl. 
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SEC. 6. MAXIMA AND MINIMA OF A FUNCTION ON AN INTERVAL 


Let the function y=f(x) be continuous on the interval [a, b]. 
Then the function on this interval will have a maximum (see Sec. 10, 
Ch. H). We will assume that on the given interval the function 
f(x) has a finite number of critical points. If the maximum is 
reached within the interval [a, 5], it is obvious that this value will 
be one of the maxima of the function (if there are several maxima), 
namely, the greatest maximum. But it may happen that the max- 
imum value is reached at one of the end points of the interval. 

To summarise, then, on the interval [a, b} the function reaches 
its greatest. value either at one oi the end points of the interval, 
or at such an interior point as is the maximum point. 

The same may be said about the minimum value of the function: 
it is attained either at one of the end points of the interval or at 

yax3-3x+3 an interior point such that the latter is the 
- minimum point. 

From the foregoing we get the following 
rule: if it is required to find the maximum of 
a continuous function on an interval [a, 6], do 
the following: 

1) Find all maxima of the function on the 
interval. 

2) Determine the values of the function at 
the end points of the interval; that is, eval- 
uate f(a) and f (b). 

3) Of all the values ol the function obtained 
choose the greatest; it will be the maxi- 
mum value of the function on the interval. 

The minimum value of a function on an 
interval is found in similar fashion. 


Example. Determine the maximum and minimum 
of the function y=x*—3x+3 on the interval 
ed: 7| 
Solution. 1) Find the maxima and minima of the 
function on the interval |- 3, ? 
y —3x!—3, 3x3—320, x21, x-——1, 
y =6x, (62 0. 
Thus, at xz] there is a minimum: 
sim 


()i-im— 6 «0, 


Further, . 
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And so at x— — |l we have a maximum: 
(y). 2 -17795. 
2) Determine the value of the function at the end points of the interval: 


15 
(y) aser (y)gz-,-— — 15. 
ipt 


Thus, the greatest value of this function on the interval |- 3, 2| is 


. (y)k2 2-175, 
and the smallest value is 
(Y).-~3=— 15. 


The graph of the function is shown in Fig. 112. 


SEC. 7. APPLYING THE THEORY OF MAXIMA AND MINIMA 
OF FUNCTIONS TO THE SOLUTION OF PROBLEMS 


The theory of maxima and minima is applied in the solution of 
many problems of geometry, mechanics, and so forth. Let us 
examine a few. 

Problem 1. The range R=OA (Fig. 113) of a shell (in empty 
space) fired with an initial velocity v, from a gun inclined to the 
horizon at an angle q, is determined 
by the formula 


v5 sin 2p 

g 
(g is the acceleration of gravity). 
Determine the angle q at which the 
-range R will be a maximum for a 
given initial velocity o,. 

Solution. The quantity R is a function of the variable angle. q. 


Test this function for a maximum on the interval 0coci: 


dR | 2v,cos2Q 2u; cos 2p 0 tical n 

ao ee ey critical value Qs 
d2R 4u? sin 29 d*R 4v? 
gu: Pe 


a 


Hence, for the value == the function R has a maximum 
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The values of the function R at the end points of the interval 
|o. z| are 


(R),.o — 0, (R) x =0. 


g= 


Thus, the maximum obtained is the sought-for greatest value of R. 

Problem 2. What should the dimensions be of a cylinder so that 
for a given volume v its total surface S is a minimum? 

Solution. Denoting by r the radius of the base of the cylinder 
and by A the altitude, we have ` 


| S = 27? + 2nrh. 


Since the volume of the cylinder is given, for a given r the 
quantity A is determined by the formula 


v= nr h, 
whence 
U 
h = 24 


Substituting this expression of A into the formula for S, we have 
S = 2nr? + 2nr <r 
or 
U 
922 (ar? ++) . 


Here, v is given, so we have represented S as a function of a 
single independent variable r. 
Find the minimum value of this function on the interval 0 < r < oo: 


Lua (280 —-5,-] 


dr r2 


Qnr —— =0, pV ey 
d*S 2 
(as), 7 2 (23), 9. 


Thus, at the point r =r, the function S has a minimum. Notic- 
ing that limS —oo and lim S — oo; that is, that as r approaches 


r9 p-— o 
zero or infinity the surface S increases without bound, we arrive 
at the conclusion that at r—r, the function S has a minimum. 
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——————M— 


; 2/ v 
But if r= Ve then 
Jt 
v V U 


Therefore, for the total surface S of a cylinder to be a minimum 


lor a given volume v, the altitude of the cylinder must be equal 
to its diameter. 


SEC. 8. TESTING A FUNCTION FOR MAXIMUM AND MINIMUM 
BY MEANS OF TAYLOR'S FORMULA 


In Sec. 5, Ch. V, it was noted that if at a certain point x —a 
we have f (a) = 0 and F (a)=0, then at this point. there may be 
either a maximum or a minimum or neither. And it was noted that 
in this instance the problem is solved by investigating by the first 
method; in other words, by testing the sign the first derivative on 
the left and on the right of the point x=a. 

Now we will show that it is possible in this case to investigate 
by means of Taylor’s formula, which was derived in Sec. 6, Ch. IV. 

For greater generality, we assume that not only f” (x), but also 
all derivatives up to the nth order inclusive of the functions f(x) 
vanish at. x — a: 


(a= F (a)=... =f" (a)=0 (1) 
[^*^ (a) £0. 


Further, assume that /(x) has continuous derivatives up to the 
(n+ 1) st order inclusive in the neighbourhood of the point x — a. 
Write the Taylor formula for f(x), taking account of equality (1): 


Ho) Ha) + FA pon 9, (2) 
where Ẹ is a number that lies between a and x. 

Since /"*' (x) is continuous in the neighbourhood of the point 
a and f["*^?(a)2£0, there will be a small positive number A such 
that for any x that satisfies the inequality |x--a]<ch, there will 
be /" *? (x) + 0. And if /"^*" (a) — 0, then at all points of the interval 
(a—h, a+h) we will have /"*?' (x) — 0; if f/"*''(a) «0, then at ali 
points of this interval we will have f" *^ (x) — 0. 

. Rewrite formula (2) in the form 


[(x)—f(a)= Ga poe (gy Q^ 


and consider various special cases. 


and 
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Case 1. n is odd. 

a) Let /"*" (a) «0. Then there will be an interval (a—A, a+h) 
at all points of which the (n+ 1)st derivative is negative. If x is 
a point of this interval then £ likewise lies between a—h and a -- 
and, consequently, f+ (£)<0. Since n+1 is an even number, 
(x—ay'*' 0 for xa, and therefore the right side of formula 
(2°) is negative. 

Thus, for x za at all points of the interval (a—h, a-4- h) we have 


F (x) — f (a) «0, 


and this means that at x—a the function has a maximum. 

b) Let /"^*? (a) —0. Then we have f" *^? (E) >0 for a sufficiently 
small value of A at all points x of the interval (a—h, a+ h). Hence, 
the right side of formula (2') will be positive; in other words, for 
xa we will have the following at all points in the given interval: 


f (x) —f (a) 2 0, 


and this means that at x —a the function has a minimum. 

Case 2. n is even. 

Then n4-1 is odd and the quantity (x—a)"*’ has different signs 
lor x «a and xa. | 

If h is sufficiently small in absolute value, then the (n+1)st 
derivative retains the same sign as at the point a at all points of 
the interval (a—h, a+h). Thus, F(x) —f (a) has different signs for 
x<ca and xa. But this means that there is neither maximum 
nor minimum at x=a. 

It will be noted that if /"*"(a)— 0 when n is even, then 
F(x) «f (a) for x «a and f(x) f (a) for x a. 

But if f"*" (a) «0 when n is even, then f(x) —f(a) for x a 
and f(x)«f(a) for x —a. 

The results obtained may be formulated as follows. 

If at x=a we have 


F (a) =F (a) =... =f (a) =0 : 
and the first nonvanishing derivative f" *^ (a) is a derivative of even 
order, then at the point a 
f(x) has a maximum if f"*" (a) <0, 
f(x) has a minimum if /^*^ (a) >0. 

But if the first nonvanishing derivative /"*^ (a) is a derivative 
of odd order, then the function has neither maximum nor minimum 
at the point a. Here, 

f (x) increases if f+? (a) — 0, 
f (x) decreases if f+” (a) <0, 
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Example. Test the following function for maximum and minimum: 
f (x) =x*—4x° 46x? —4x + 1. 
Solution. Let us find the critical values of the function 
F (x) = 4x5 ~ 12x? 4- 12x —4 = 4 (X —3x? + 3x —1). 
From equation 
4 (x? —3x?-+ 3x —1) 20 
we obtain the only critical point 
=l 
(since this equation has only one real root). 
Investigate the character of the critical point x=1I: 


K’ (x) 12x: —24x 4-12—0. forx— 1, 


fil’ (x) = 24x —24 —0 for x — 1, 
f'V (x) = 24> 0 for any x. 
Consequently, for x—1 the function f(x) has a minimum. 


SEC. 9. CONVEXITY AND CONCAVITY OF A CURVE. 
POINTS OF INFLECTION 


. Let us consider, in a plane, the curve y=f(x), which is the 
graph of a single-valued differentiable function f (x). 
Definition 1. We say that.a curve is convex upwards on the 


interval (a, b) if all points of the curve lie below any tangent 
to it on this interval. 


We say that the curve is convex 
downwards on the interval (b, c) 
if all points of the curve lie above 
any tangent to it on this interval. 

We shall call a curve convex up, 
a convex curve, and a curve convex 
down, a concave curve. 

Fig. 114 shows a curve convex 
on the interval (a, b) and concave 
on the interval (0, c). 

An important characteristic of 
the shape of a curve is its con- 
vexity or concavity. This section will be devoted to establishing 
the characteristics by which, when investigating a function y= f (x), 
one can judge of the convexity or concavity (direction of bulge) 
on various intervals. | 

We 'shall prove the following theorem. 

Theorem 1, /f at all points of an interval (a, b) the second deriv- 
ative of the function f(x) is negative, i; e., F (x) «0, the curve 
y=f(x) on this interval is convex upwards (the curve is convex). 


Fig. 114. 
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Proof. In the interval (a, b) take an arbitrary point «=~, 
(Fig. 114) and draw a tangent to the curve at the point with 
abscissa x — x,. The theorem will be proved provided we establish 
that all the points of the curve on the interval (a, 6) lie below 
this tangent; that is, that the ordinate of any point of the curve 
y=f(x) is less than the ordinate y of the tangent line for one and 
the same value of x. 

The equation of the curve is of the form 

y= | (x). (1) 
But the equation of the tangent to the curve at this point 
x=x, is of the form 
y — FG) mf o) (Q —x) 
Or | | 
y=f(x) +F 0) QG — x. (2) 


From equations (1) and (2) it follows that the difference of the 
ordinates of the curve and the tangent for the same value of x is 
y—y- Eo) — Fo) — P e) (x — x. 

Applying the Lagrange theorem to the’ difference f(x) — f (x,), 
we get PE 
y —y =F (c) (x—2%,)—F (x)(x — x) 
(where c lies between x, and x) or 
y—y — [P €)—F 6)] 6— x). 
We again apply the Lagrange theorem to the expression in the 
square brackets; then ' 
| y—y =F (c,) (c— x,) (x — x) (3) 
(where c, lies between x, and c). | 
Let us first examine the case when xx, In this case, x, «— 
<c< x; since 
x—x,>0, c—x,>0 
and since, in addition, it is given that 
F (c,) «0, : 
it follows from equality (3) that y— y <0. 


Now let us consider the case when x« x, In this case x «cc «— 
«c,«x, and x—x, <0, c—x,«0; and since it is given that 
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P (c,)<0, then it follows from (3) that 
y—y<0. 


We have thus proved that every point of the curve lies below 
the tangent to the curve, no matter what values x and x, have on 
the interval (a, 6). And this signifies that the curve is convex. 
The theorem is proved. i 

The following theorem is proved in similar fashion. 

Theorem 1'. /f at all points of the interval (b, c), the second 
derivative of the function f(x) is positive, that is, l'(x) 0, then 
the curve y=f(x) on this interval is convex downwards (the curve 
is concave). 

Note. The content of Theorems | and 1’ may be illustrated 
geometrically. Consider the curve y —/(x), convex upwards on the 
interval (a, b) (Fig. 115). The derivative F (x) is equal to the 


Fig. 116. 


tangent of the angle of inclination œ of the tangent line at the 
point with-abscissa x, or f (x)=tana. For this reason, fF (x) = 
— [tan a],. If ^ (x) «O for all x on the interval (a, 6), this means that 
tana decreases with increasing x. It is geometrically obvious that if 
tan « decreases with increasing x, then the corresponding curve 
is convex. Theorem | is an analytic proof of this fact. |. 


Theorem 1’ is illustrated geometrically in similar fashion (Fig. 
116). 


Example 1. Establish the intervals of convexity and concavity of a curve 
represented by the equation 


y= 2—x?, 
Solution. The second derivative 
y =—2 <0 


for ali values of x. Hence, the curve is everywhere convex upwards (Fig. 117). 
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Example 2. The curve is given by the equation 
yme. 
Since 
y' —e* > 0 


for all values of x, the curve is therefore everywhere concave (bulges, or is 
convex, downwards) (Fig. 118). 
Example 3. A curve is defined by the equation 


=<. 
Since 
y" — 6x, 


y” <0 for x «0 and y”>0 for x>0. Hence, for x <0 the curve is convex 
upwards, and for x — 0, convex down (Fig. 119). ’ 


y 


Fig. 117. Fig. 116. Fig. 119. 


Definition 2. The point that separates the convex part of a 
continuous curve from the concave part is called the point of 
inflection of the curve. 

In Figs. 119 and 120 the points O and B are points of inflection. 

[t is obvious that at the point of inflection the tangent cuts the 
curve, because on one side the curve lies under the tangent and 
on the other side, above it. 

Let us now establish the sufficient conditions for a given point 
of a curve to be a point of inflection. l 

Theorem 2. Let a curve be defined by the equation y=f(x). If 
f (a)=0 or f(a) does not exist and if the derivative f" (x) changes 
sign when passing through x=a, then the point of the curve with 
abscissa x=a is the point of inflection. 

Proof. 1) Let F (x)<0 for x<a and ‘/’(x)>>0 for x>a. 

Then for x<a the curve is convex up and for x >a, it is convex 
down. Hence, the point A of the curve with abscissa x —a is the 
point of inflection (Fig. 120). 
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2) H P (x) 20 for x« b and f" (x)-—0 for xb, then for x« b the 
curve is convex down, and for x—b, it is convex up. Hence, the 
point B of the curve with abscissa x=b is the point of inflection 
(see Fig. 121). 


y 


Fig. 120. Fig. 121. 


Example 4. Find the points of isflection and determine the intervals of 
convexity and concavity of the curve 


y-e-*' (Gaussian curve). 
Solution. 1) Find the first and second derivatives: 
y' ——9xe-*, 
y —9e-* (2x —1). 


2) The second derivative exists everywhere. Find the values of x for which 
y' =Q: 


2e-** (2x*—1)—0, 


3) Investigate the values obtained: 


l 
for x <— —— we have y — 0, 
y? d 
| 
for x >——— we have y' <0; 
V2 , 
the second derivative changes sign when passing through the point x,. Hence, 


for x= 
ve Ve ' 


1 
are: o am m 
y 2 


there is a point of inflection on the curve; its coordinates 
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Thus, there is also a point of inflection on the curve for n= its co- 


1 
ordinates are y e Incidentally, the existence of the second point 


of inflection follows directly from the symmetry of the curve about the 
y-axis. 
4) From the foregoing it follows that 


l 
for =o «x < Vs the curve is concave; 


—— the curve is convex; 


for —— <x «c co the curve is concave. 
y2 
5) From the expression of the first derivative 
y! ——2xe-* 
it follows that 
for x O0 y’>O, the function increases; 
for x 20 pm the function decreases; 


for x=0 y = 


At this point the function has a maximum, namely, y=1. 


The foregoing 
analysis makes it easy to construct a graph of the curve (Fig. 122). 


Fig. 122. 


Example 5. Test the curve y —x* for points of inflection. 
Solution. 1) Find the second derivative: 
y: = 12x". 
2) Determine the points at which jy'—0: 12x? =0; «20. 
3) Investigate the value «=0 obtained: 
for x<0 y'»0, the curve is'concave;- 
for x20 y">0O, the curve is. concave. 


Thus, the curve has no points of inflection ( a 123). 
Example 6. Investigate the following curve ior tie. of inflection: 


mom . 
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Solution. 1) Find the first and second derivatives: 


M. 2 x: 
OE E a. Pona HN 
y —3 1) ' Jy 9 (x 1) 


2) The second derivative does not vanish auywhere, but at x=1 it does 
not exist (y" — 4: oo). 


Fig. 123. Fig. 124. 


3) Investigate the value x=1: 


for x «1 y’>0, the curve is concave; 
for x>1 y’<0, the curve is convex. 


Consequently, at x —1 there is a point of inflection (1, 0). 
It will be noted that for x=1 g'—0oo; the curve at this point has a ver. 
tical tangent (Fig. 124). 


SEC. 10. ASYMPTOTES 


Very frequently one has to investigate the shape of a curve 
y=f(x) and, consequently, the type of variation of the correspond- 
ing function in the case of an unlimited increase (in absolute 
value) of the abscissa or ordinate of a variable point of the curve, 
or of the abscissa and ordinate simultaneously. Here, an important 
special case is when the curve under study approaches a given 
line without bound as the variable point of the curve recedes to 
infinity. * 

Definition. The straight line A is called an asymptote to a curve, 
if the distance 6 from the variable point M of the curve to this 
straight line approaches zero as the point M recedes to infinity 
(Figs. 125 and 126). 


*) We say the variable point M moves along a curve to infinity if the 
distance of the point from the origin increases without bound. 
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In future we shall differentiate between vertical asymptotes (paral- 
lel to the axis of ordinates) and inclined asymptotes (not parallel 
to the axis of ordinates). 


Fig. 125. Fig. 126. 


I. Vertical asymptotes. 
From the definition of an asymptote it follows that 


if lim f (x) = oo or limf (x) — oo or lim f (x) = co, 
xüu-0 xa-—0 xoa 

then the straight line x —a is an asymptote to the curve y=f(x); 
and, conversely, if the. straight 
line x=a is an asymptote, then 
one of the foregoing equalities is 
fulfilled. 

Consequently, to find vertical 
asymptotes one has to find values 
of x=a such that when they are 
approached by the function 
y=f(x) the latter approaches 
infinity. Then the straight line 
x=a wil be a vertical asymptote. 


— has a 
Fig. 127. vertical asymptote x=5, since y—,0 
as x—+9 (Fig. 127). 
Example 2. The curve y=tan x has an infinite number of vertical asymp- 
fotes: 


Example 1. The curve y= 


3 5 
iim rats s= i 


This follows from the fact that tan x——»œ as x approaches the values 


xn à On x 3x 530 : 
D’? 9? DEI E EE, ~~ FZ: "Ug abes (Fig. 128). 
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1 1 
Example 3. The curve y —e* has a vertical asymptote x —0, since lime * = 
: x>+0 
=: 0 (Fig. 129). 
y 
y=tanx | 
EE Z Z 2 Z 
IT 0 IT AJ X 
Fig. 128. 


II. Inclined asymptotes. 
Let the curve. y=f(x) have an inclined asymptote whose 
equation is 


'y=kx+b. (1) 


Fig. 129. Fig. 130. 


Determine the numbers & and b (Fig. 130). Let M (x, y) be a point 


lying on the curve and N (x, y), a point lying on the asymptote. 
The length of MP is equal to the distance from the point M to 
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the asymptote. It is given that 
lim MP =Q. (2) 


X dto 


Designating the angle of inclination of the asymptote to the x-axis 
by g, we find from A NMP that 


MP 
coso’ 


——— 
— 


Since m is a constant angle (not equal to z). by virtue of the 
foregoing equation | 
lim NM =0 (2^) 
and, conversely, from (2') we get (2). But 
NM —|QM — QN | |y—9|— |f) — (ex + b), 
and (2') takes the form | 
lim [/ (x) —&x —b] =0. (3) 
k— to : 


To summarise: if the straight line (1) is an asymptote, then (3) 
is fulfilled; and conversely, if, given constants k and 6, equation 
(3) is fulfilled, then the straight line y=kx+b is an asymptote. 
Let us now define & and 6. Taking x outside the brackets in 
(3), we get 

lim [r] =0. 


x> +o x x 


Since x— + oo, the following equation must be fulfilled: 


x> + œ 


For b constant, lim =0. Hence, 


lim E -| =0, 
x> to x 
Or 
k= lim #2. (4) 


x to * 
Knowing &, we find 6 from (3): 
b = lim [f (x) — kx]. (5) 
a> to 
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Thus, if the straight line y=kx-+06 is an asymptote, then k and 
b may be found from (4) and (5). Conversely, if the limits (4) and (5) 
exist, then (3) is fulfilled and the straight line y= kx+b is an 
asymptote. If even one of the limits (4) or (5) does not exist, then 
the curve does not have an y 
asymptote. | 

It should be noted that we 
carried out our investigation as 
applied to Fig. 130, as x— + eo, 
but all the arguments hold also E 


for the case x —— oo. 
x y= x^*2x-1 Y 
Example 4. Find the asymptotes — ^ 
of the curve Me 
x? - 2x —1 ° 

a as 


Solution. 1) Look for vertical 
asymptotes: . 
when x ——. —0 y— ++ o; A 


when x— +0 y—,—o. 0 X x 


Therefore, the straight line x =0 
is a vertical asymptote. 
2) Look for inclined asymptotes: 


Fig (31. 
that is, 
k=1, 


| 
bzsldim[y—x]- lim asx] = lim 


x— to X x o x 


—— 
— 


x5 -2x —1—x* 
X 


or, finally, 


Therefore, the straight line 
| y—x-4-2 
is an inclined asymptote to the given curve. 

To investigate the mutual positions. of a curve and an asymptote, let us 
consider the difference of the ordinates of the curve and the asymptote for 
one and the same value of x: 

x* --2x —1 l 
tx - Made 


This difference is negative for x — 0, and positive for x «0; and so for x0 
the EN lies below the asymptote, and for x<0, it lies above the asymptote 
(Fig. 131). 


7— 3388 
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Example 5. Find the asymptotes of the curve 

jy —e-7* sin x -- x. 
Solution. 1) It is obvious that there are no vertical asymptotes. 
2) Look for inclined asymptotes: 


=X an’ —XxX 
k= lim #= lim ES *+* L iim ee 


x>+o X xo x xX +0 
b= lim [e~*sinx+x—x]= lim e-* sin x =0. 
X> to X— +0 


Hence, the straight line 
y=x 


is an inclined asymptote as x= +o. 
The given curve has no:asymptote as x — œ. Indeed, the limit lim x 
X-»— 0 
=% 
does not exist, since ftx sin x -+ 1. (Here, the first term increases without 


bound as x — oo and, therefore it has no limit.) 


SEC. 11. GENERAL PLAN FOR INVESTIGATING FUNCTIONS 
AND CONSTRUCTING GRAPHS 


The term “investigation of a function" usually implies the 
finding of: 

1) the natural domain of the function; 

2) the discontinuities of the function; 

3) the intervals of increase and decrease of the function; 

4) the maximum point and the minimum point, and also the 
maximal and minimal values of the functions; 

9) the regions of convexity and concavity of the graph, and 
points of inflection; 

6) the asymptotes of the graph of the function. 

The graph of the function is constructed on the basis of such 
an investigation (it is sometimes wise to plot elements of the 
graph in the very process of investigation). 

Note 1. If the function under investigation y=f(x) is even, 
that is, such that upon change of sign of the argument the value 
of the function does not change, i. e., if 


F(C—x) v f (x), 


then it is sufficient to investigate the function and construct its 
graph for positive values of the argument that lie within. the 
domain of definition of the function. For negative values of the 
argument, the graph of the function is constructed on the. grounds 


that the graph of an even function is symmetric about the 
ordinate axis. 
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Example f. The function y= x? is even, since (—x)?= x? (see Fig. 5). 

Example 2. The function y=cosx is even, since cos(—x)-cosx (see 
Fig. 17). | 

Note 2. If the function y=f(x) is odd, that is, such that for 
any change in the argument the function changes sign, i. e., if 


f (—x) = —İ (x), 


then it is sufficient to investigate this function in the case of 
positive values of the argument. The graph of an odd function is 
symmetric about the origin. 


Example 3. The function y —x* is odd, since (—x)? 2 —x? (see Fig. 7). 
: Example 4. The function y=sinx is odd, since sin (—x)-— sinx (see 
ig. 16). 


Note 3. Since a knowledge of certain properties of a function 
allows us to judge of the other properties, it is sometimes advi- 
sable to choose the order of investigation on the basis of the 
specific peculiarities of the given [unction. For example, if we 
have found out that the given function is continuous and differen- 
tiable and if we have found the maximum point and the mini- 
mum point of this function, we have thus already determined 
also the range of increase and decrease of the function. 


Example 5. Investigate the function 


HE l 
Tx 
and construct its graph. 
Solution. 1) The domain of the function is the interval —o<x<oo. It will 
straightway be noted that for x<0 we have y «0, and for x>0 we have y>0. 
2) The function is everywhere continuous. 
3) Test the function for maximum and minimum, from the equation 


,_ Ier —0 
ETA 

Find the critical points: 
| x,z — l, =l. 


Investigate the character of the critical points: 
for x, <—1 we have y’ <0; 
for x, 2 —1 we have y’ >0. 

Hence, at x—— 1 the function has a minimum: 


Umin = (Y) xa -1 = — l. 
And 
for x <1 we have y’ > 06; 


lor x > 1 we have y’ <0. 


7* 
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Hence, at x=1 the function has a maximum: 
Ymax = ()xn1 = l. 
4) Determine the domain of increase and decrease of the function: 


for — œ <x «—1 we have y’ <0, the function decreases; 
for —l1<«< 1 we have y’ >0, the function increases; 
for 1 « x « œ we have y’ <0, the function decreases. 


5) Determine the domains of convexity and concavity of the curve and 
the points of inflection: from the equality 
kou). n 
UT xn 
we get : 
X,—— V 3, =U, X V 3. 
Investigating y" as a function of x we find that 


lor ~o<x<—YV 3 y” <0, the curve is convex; 
for —V 3<x<0 u” > 0, the curve is concave; 


for 0<x< V3 y «0, the curve is convex; 
for V 3«x«o y’ > 0, the curve is .concave. 


Thus, the point with coordinates x=— V 3, e d is a point of 


inflection; in exactly the same way, the points (0, 0) and (v3, un) are 
points of inflection. 
6) Determine the asymptotes of the curve: 
for x> +o y —0, 
for x ——o gy — O. 
Consequently, the straight line y=0 is the only inclined asymptote. The 


curve has no vertical asymptotes because the function does not approach 
infinity for a single finite value of x. 


-Y3 


Fig. 132. 


The graph of the curve under study is given in Fig. 132. 
Example 6. Investigate the function ' 


y= y Rar? =x 
and construct its graph. 
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Solution. |) The function is defined for all values of x. 
2) The function is-everywhere continuous. 
3) Test the function for maximum and minimum: 

» 4ax —3x? 4a — 3x 


y= = 


V (2axt*— x9)? 3 V x (2a — x)? 
There is a derivative everywhere except for the points 
x,=0 and x,-—2a. 


Investigate the limiting values of the derivative as x--—0O and 
as x — +0: 
4a — 3x 4a — 3x 


i ——RÉ—ÓÓ——— Im , li ——TLL——————.u— 
2s wx y (2a + x)? ü i2 3 37x y (2a + x)? 


for x « 0 y’ <0, and for x>0 y’ > 0. 

Hence, at x=0 the function has a minimum. The value of the function 
at this point is zero. 

Now investigate the function at the other critical point x, — 2a. As x + 2a 
the derivative also approaches infinity. However, in this case, for all values 
of x close to 2a (both on the Den and left of 2a), the derivative is nega- 
tive. Therefore, at this point the function has neither a maximum nor a 
minimum. At and about the point x,—2a the function decreases; the tangent 
io the curve at this point is vertical. 


T e 


At =z the derivative vanishes. Let us investigate the character of 


this critical point. Examining the expression of the first derivative, we note 
that 
4a 


3 


4a 


y' > 0, and for x > 3 


for x < y' <0. 


Thus, at pin the function has a maximum: 


3 
ie — 
Umax 7 73 4 W 4. 


4) On the basis of this study we get the domains of increase and 
decrease of the function: 


for —o « x <0 the function decreases; 


4a 


3 the function increases; 


lor 0 cx < 


for * « x « œ the function decreases. 


5) Determine the domains of convexity and concavity of the curve and 
the points of inflection: the second derivative 


z 8a? 
Iar 


9x ? (2a —x) 


$ 
3 
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does not vanish at a single point. Yet there are two points at which the 


second derivative is discontinuous: x,=0 and x, = 2a. 
Let us investigate the sign of the second derivative near each of these 


points: 
for x <0 we have y” <0 and the curve is convex up; 
for x 22 0 we have y” <0 and the curve is convex up. 
Hence, the point with abscissa x=0 is not a point of inflection. 


For x < 2a we have y" <0 and the-curve is convex upwards; 
for x > 2a we have y” — 0 and the curve is convex down. 


y 


| ysV2axt-x 


Fig. 133. 


Hence, the point (2a, 0) on the curve is a point of inflection. 
6) Determine the asymptotes of the curve: 


Án 773 ——— 

2ax? — x? 3 

k= lim Jo. lim VY tate lim 28 i=l, 
xto X x lo x X-— io x 


b= lim [3/2a2— 9 4-x]- 


x to 
— lim Qax?— x? + x? m 
x to V/ (2ax*— x3)t—x V/ 2axt — x3 + x? 


oly 


Thus, the straight line \ 
2a 
y=—x+7 


is an inclined asymptote to the curve y= y ax. The graph of this 
function is shown in Fig. 133. 
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SEC. 12. INVESTIGATING CURVES REPRESENTED PARAMETRICALLY 
Let a curve be given by the parametric equations 
x=@(%), | 
y= Y(t). | 


In this case the investigation and construction of the curve is 
carried out just as for the curve given by the equation 


(1) 


y =] (x). 
Evaluate the derivatives 
dx ; 
di = (t), 
d i (2) 
a= (t). 


For those points of the curve near which it is the graph of a 
certain function y= f(x), evaluate the derivative 


dy — p (£) 
a -r0. (3) 
We find the values of the parameter = f£., £,,..., £, for which at 


least one of the derivatives q'(/) or «j'(/) vanishes or becomes 
discontinuous. (We shall call these values of ¢ critical values.) 
By formula (3), in each of the intervals (¢,, ¢,); (a, 1.) .. 5 (£4, lp) 
and hence, in each of the intervals (x,, x,); (x, x95... (Xp, Xp) 


(where x; = q (/;)), we determine the sign of Z, in this way determin- 


ing the domain of increase and decrease. This likewise enables us 
to determine the character of points that correspond to the values 
of the parameter ¢,, la» ..., f,. Next, evaluate 
d'y. Ww. (D (—9 (v (A (4) 
dx? [p (H)? : 


From this formula, determine the direction of convexity of the 
curve at each point. 

To find the asymptotes determine those values of /, upon 
approach to which either x or y approaches infinity, and those 
values of / upon approach to which both x and y approach in- 
finity. Then carry out the investigation in the usual way. 

The following examples will serve to illustrate some oí the 
peculiarities that appear when investigating curves represented 
parametrically. 
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Example 1. Investigate the curve given by the equations 


X —— a cos? t, , 
. y —a sin? t. \ 0 


Solution. The quantities x and y are defined for all values of £. But since 
ihe functions of cos*¢ and sin? ¢ are periodic, with a period 27, it is suffi- 
cient ilo consider the variation of the parameter ¢ in the range from O to 2x; 
here the interval [—a, a] is the range of x and the interval [—a, a] is the 
range of y. Consequently, this curve has no asymptotes. Next, we find 


— 3a cos? t sin f, 
zi = 3a sin? f cos t. e 
These derivatives vanish at t=0, > st. =, 2n. Evaluate - 
dy — 3a sin? £ cos t "c (3^) 


dx  —3acos*/siné - 
On the basis of (2’) and (3') we compile the following table: 


Corresponding Sign Type of variation 


Corresponding range of y oí dv [of y as a function 


Range ol 
t range of x 


a»x»0 
0—x-—a 
—a<x<Q 


C<x<a 


dx 


O<y<a 


a>y>0 


O>y>—a 


—a<y<0 


of x (y=f (x) 


Decreases 


Increases 


Decreases 


Increases 


From the table it follows that equations (1’) define two continuous functions 
of the type y=f(x), for O—tacn y>0 (see first two lines of the table), — 
for z«í« 2x y <0 (see two last lines of the table). From (3') it follows 

that 


lim —2— c 
nx ax 
t — 
2 
and 
A dy 
lim — = E 
37 dx E 


At these points the tangent to the curve is vertical. We now find 


dy A0 dy = dy —0 
dero ' dt }t=0 ° dt |t=2n 
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At these points the tangent to the curve is 


horizontal. We then find 


d'y — 1 
dx? 3acuos*t sint ` 


Whence it follows that 


d? 
forO0 «c t«n Ts 20 the curve is concave, 
d*g : 
lor x <t « 2x ax? < 0 the curve is convex. - 


On the basis of this investigation we can 
construct a curve (Fig. 134), which is called Fig. 134. 
an astroid. 


Example 2. Construct a curve given by the following equations (folium of 
Descartes): 


dat 3at? 
SIRP Se Tage a”) 
Solution. Both functions are defined for all values of £ except t=—1, and 
A | 3at 3at? 
lim x- lin —_= i Z t 
fs—-1—0 ta ol +t? Te "Tow m UN WT e 
lin x--— o, lim y — -t oo. 
£-»—1-0 t>—1+0 
Further note that - 
when ¢=0 x —0, y —0, 
when fœ +œ x0, y — 0, 
when t=—o x0, p—90.. 
cce Ex dy | 
Find dt and dt 
— — #3 
a S (z-") dy  3at (2 sar] 9" 
di (IPF ^" dt (FPF ` (2) 
For t we get the following critical values: 
NM M "ER. EN 
L= i, —0, t= 3° da) 2 


Then we find 
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On the basis of formulas (1"), (2), and (3") we compile the following table: 


uh x of Corresponding Corresponding M Type of variation 


range of x range of y P [/ = i ay 


—o <l <—l] | 0O<x<+oo 0> y >— o — Decreases 
—o <x <0 +o>y>0 — Decreases 


dota di 0cy cay 3 4+ Increases 


Decreases 


Increases 


From (3") we find : 
dy = dy _ 
Cale = (3) TEM 
xz x=0 
yes Go) 


Thus, the curve cuts the origin twice: with the tangent parallel to the x-axis 
and with the tangent parallel to the y-axis. Further, 


à), = 
"v 2 


z 2 


At this point the tangent to the curve is vertical. 


(£), y^ 
mo 


At this point the tangent to the curve is horizontal. Let us investigate the 
question of the existence of an asymptote: 


: gat? (1 T). 
xo X  t+—1—0 Jat (1 F0) 
: : gat? sat 
b= lim (y—kx) lim | SF = 
x +00 (y *) X —140 l 120 m i l m 


— dim |34€-D|.. lim E. —d. 
i -1-9 1+8 t2-1-0l1— £077 


Exercises on Chapter V 203 


Hence, the straight line y= — x —a is an 
asymptote to a branch of the curve as 
xX > -H oo. 

Similarly we find 


k= lim 4 —1, 


X —oo X 
b= lim (y—kx)=—a. 
x>- 


Thus, the straight line is also an asymp- 
tote to a branch of the curve as x —— co. 
On the basis of this investigation we 
construct the curve (Fig. 135). 
Some problems involving investigation of 
curves will again be discussed in Chapter 
VIH "Singular Points of a Curve". Fig. 135. 
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Find the extremes of the functions: 1. y=x?—2x+3. Ans. Ymin=2 at 


3 
x —l. 2, y — 5 — 26 43x l. Ans. deo at x= 1.3. yo x! —9x* 4- 15x + 3. 
Ans. Ymax=10 at x=1, Ymin= —22 at x —5. 4. y= —x*4-2x*. Ans. Ymax= ! 
at x=+1, Ymin=O at x—0. 5. y—x'—8x?-F2. Ans. Ymax=2 at x—0, 
Ymin = —14 at x= + 2. 6. YADE 2 IGO ANS: max at x= —4 and 


x —3, min at x= —3 and x—4. 7. y-2—(x—1)*. Ans. Ymaxy==2 at x— I. 


ll. 2— 
8. y =3—2 (x+ 1)? . Ans. Neither max nor min. 9. j=- xr Ans. min 


j x?-F3x-F2" 
at x= V 2, max at x= —YV 2. 10. y E—9 8-2. Ans. max at x. 
11. y —2e* +e-*, Ans. min at xe TF, 12. y=. Ans. Ymin=@ at 
x=e. 13. y=cosx-sinx ( ere S). Ans. Ymax= Y 2 at r=, 
“14, y= sin 2x —x -5 << . Ans. max at =$., min at x- i 


15. y=x-+tanx. Ans. There is neither max nor min. 16. y=eœ" sinx. 


Ans. min at x— kn ——., max at x — bn T n. 17. y —x* —2x* --2. Ans. 
max when x =0; two min when x= — 1 and when x —1. 18. y-(x—2) (2x--l). 


Ans. Ymin ^-— 8.24 when re. 19. y=xto. Ans. min when x—1; max 
4 

when x= —1. 20. y—x*(a—x)*. Ans. Ymax =J when x= i Ymin=0 when 

b? a? 

. Ans. max when x—-———; min 

a—x a—b 


2 
x=0 and when x-a. 21. y=—+ 
2 


when x= 


"P 22. y=xtV l—x. Ans. ygax--1 when x—1; ymin= —1 
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LI— 24/1. 2 
when x= —1. 23. y—x V1—x (x«l). Ans. Ymax = y/ i when t= 


24. y= . Ans. min when x= —1; max when x=1. 25. y=xinx. Ans. 


l 


| 
min when xl 26. y-xIn?x. Ans. max when x—e^;min when x=1. 


x 
1+ x? 


27. y=Inx—arc tan x. Ans. The function increases.. 28. y==sin3x—3 sin x. 


Ans. min when i max when LUN 29, y 2-2x J- arc tan x. Ans. No 


2 
extrema. 30. y=sinxcos?x. Ans. min when s=; two max: when 
X = arc cos p and when x= arc cos( — y 2). 31. y=arc sin (sin x). 
Ans. max when x= ens min when x= a mT e 


2 
Find the maximum ae minimum values of the function on the indicated 
intervals: 32. y= —3x4+6x?—1 (—2«x«;2) Ans. Maximum y=2 at 


3 
=+ |, minimum y= —25 at x= +2. 33. y= Z— 2s? + 3x1 (—1«x5). 


"Ans Maximum value =F at x=5, minimum value y-— at. x= — l. 

34. gt = Osx 4). Ans. Maximum value j=% at x—4, minimum 

value y= —1 at x=0. 35. y—sin2x— a ( 5 ee). Ans. Maximum 
T ; ra n zt 

value y= at re, minimum value JEST at x=-5 


36. Using square tin sheet with a side a, make a topless box of maximum 
volume by cutting equal squares at the corners and removing them and then 
bending the tin so as to form the sides of the box. What will the length of 


a side of the squares be? Ans. =. 


97. Prove that of all rectangles that may be inscribed in a given circle, 
the square has the greatest area. Also show that the square will have the 
maximum perimeter as well. 


38. Show that of al] isosceles triangles inscribed in a given circle, an equi- 
lateral triangle has the largest perimeter. 


39. Find a right triangle of maximum area with a hypotenuse h. Ans. 
Length of each side, x 


40. Find the height of a right cylinder with greatest volume that can be 
inscribed in a sphere of radius R. Ans. Height, ——. 


4i. Find the height of a right cylinder with greatest lateral surface that 
may be inscribed in a given sphere of radius R. Ans. Height, R V 2. 
42. Find the height of a right cone with least volume circumscribed about 


a given sphere of radius R. Ans. 4R (the volume of the cone is equal to two 
volumes of the sphere). 


43. A reservoir with a square bottom and open top is to be lined inside 
with lead. What are the dimensions of the reservoir (to hold 32 litres) that 
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will require the smallest amount of lead? Ans. Height, 0.2 metre, side of 
` base, 0.4 metre (the side of the base must be twice the height). . 

44. A roofer wants to make an open channel of maximum capacity with 
bottom and sides 10 cm in width, and with the sides inclined at the same 
angle to the bottom. What is the width of the channel at the top? Ans. 
20 cm. 

45. Prove that a conic tent of given storage capacity requires the least 
malerial when its height is V 2 times the radius of the base. 

46. It is required to make a cylinder, open at the top, the walls and 
bottom of which have a given thickness. What should the dimensions of the 
cylinder be so that for a given storage capacity it will require the least 
material? Ans. If R is the inner radius of the base, v the inner volume of 

3 /— 
the cylinder, then R= Y —. ' 

47. It. is required to build a boiler out of a cylinder topped by two 
hemispheres and with walls of constant thickness so that for a given volume 
v it should have a minimum outer surface. Ans. It should have the shape of 
j/ 3 

ån 

48. Construct an isosceles trapezoid, which for a given area S has a mini- 
mum perimeter; the angle at the base of the trapezoid is equal to a. Ans. 

$ 
sina ' 


49. Inscribe in a given sphere of radius R a regular triangular prism of 


a sphere with inner radius R — 


The length of one of the nonparallel sides is 


maximum volume. Ans. The altitude of the prism is Va 

50. It is required to circumscribe about a hemisphere of radius R a cone 
of minimum volume; the plane of the base of the come coincides with that 
of the hemisphere; find the altitude of the cone. Ans. The altitude of the 
cone is R V 3. 

51. About a given cylinder of radius r circumscribe a right cone of mini- 
mum volume; we assume the planes and centres of the circular bases of the 
cylinder and the cone coincide. Ans. The radius of the base of the cone is 
equal to 5 | 

52. Out of sheet metal, having the shape of a circle of radius R, cut 
a sector such that it may be bent into a funnel of maximum storage. capacity. 


Ans. The central angle of the sector is 2m =. 

53. Of all circular cylinders inscribed in a given cube with side a so that 
their axes coincide with the diagonal of the cube and the circumferences of 
the bases touch its planes, find the cylinder with maximum volume. Ans. The 


altitude of the cylinder is equal to : 


3, the radius of the base is Tz 


54. Given, in a rectangular coordinate system, a point (x,, yo) lying in the 
first quadrant. Draw a straight line through this point so that it forms 
a triangle of least area with the positive directions of the axes. Ans. The 
straight line intercepts on the axes the segments 2x, and 2y,; thus, it has the 


on qoe 
equation ox, T 25:70 
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55. Given a point on the axis of the parabola y?-2px at a distance a 

from the vertex, find the abscissa of the point of the curve closest to it. 
“Ans. x=a—p. 

56. Assuming that the strength of a beam of rectangular cross-section is 
directly proportional to the width and to the cube of the altitude, find the 
width of a beam of maximum strength that may be cut out of a log of diameter 
16 cm. Ans. The width is 8 cm. 

57. A torpedo boat is standing at anchor 9 km from the closest point of 
the shore; a messenger has to be sent to a camp 15 km {along the shore) 
from the point of the shore closest to the boat. Where should the messenger 
land so as to get to the camp in the shortest possible time, if he does 5 km/hr 
walking and 4 km/hr rowing. Ans. At a point 3 km from the camp. 

58. A point moves over a plane in a medium situated outside the line MN 
with velocity v, and along the line MN with velocity v, What path 
between A and B, situated on MN, will it cover in the shortest time? The 
distance of A from MN is A, the distance of the projection a of A on the 


aC v, 


line MN from B is a. Ans. If ACB is the path of the point, then 462 v 
2 


aB U: aB U1 
for AB 7s and aC —aB for AB S "n 

59. A load w is hoisted by a lever; a force F is applied to one end, the 
oint of support is at the other end of the lever. If the load is suspended 
rom a point a centimetres from the fulcrum, and the lever rod weighs v 
grams per centimetre of length, what should the length of the rod be for the 
force (required to raise the load) to be a minimum? Ans. x= y us em 

60. For n measurements of an unknown quantity x the following readings 
have been obtained: x,, Xa, ..., x4. Show that the sum of the squares:of the 
errors (x —x,)*-F(x —x, --...-F(x—xQ4)* will be least if for x we take the 
X1 - x+... +X, 

n | 

61. To reduce the friction of a liquid against the walls of a channel, the 
area in contact with the liquid must be a minimum. Show that the best shape 
of an open rectangular channel with given cross-sectional area is that for 
which the width of the channel is twice its altitude. 

Determine the points of inflection and the intervals of convexity and con- 
cavity of the curves. 

62. y —x5. Ans. For x <0 the curve is convex; for x — 0 the curve is con- 
cave; at x=0 there is a point of inflection. 63. y—1-—x?. Ans. The curve 
is everywhere convex. 64. y=x'—3x?—9x+9. Ans. Point of inflection at 
xzzl. 65. y (x — by. Ans. Point of inflection at xz» b. 66. y —x*. Ans. The 


uumber 


; l ; : ; 
curve is everywhere concave. 67. pel Áns. Point of inflection at 


by 68. y=tanx. Ans. Point of inflection at x=nn. 69. y —xe-*. 
d /——— i i 

Ans. Point of inflection at x —2. 70. y=amn p x—b. Ans. Point of inflec- 

tion at x b. 71. y=a— V/ (x — by. Ans. The curve has no point of inflection. 


Find the asymptotes of the following curves: 72. y=. Ans. x«l, 
a? 
Ans. x= —2, y=0. 74, yes SD Ans. x=b, 


| 
y=0. 73. I= 287 


Exercises on Chapter V 207 


1 


—sÀ 


y=c. 75. y-e* —l. Ans. x=0, y=0. 76. y-Inx. Ans. x:aQ0. 
4 

71. y =6x? +. Ans. y=xt2. 78. yr=a®—x*. Ans. ytx:sl. 
` 3 2 

79. =z: Ans. x =2a. 80. y* (x —2a) =x —a?. Ans. x «2a, y = X (x 4-a). 
Investigate the following functions and construct their graphs: 


í 


8a? - 6x 


— s " 2. = * e = x e * = 
81. y=xt—2x+10. 8 y 4 4a? 83. y=e 84. y mg px ' 
_4+x _ x | .x 3-2 x "A 
85. y = x? * 86. pg] è 87. y = x? e 88. 4TH 89, y =X — X. 
À eee 3 Eg 
90. y 4 —,. 9L. go V/x't 2. 92. g—x— y PTL 93. y= V. -— 


x41 ° 
94, g—xe-*. 95. y-x'e-*. 96. y-—x-—ln(x4-l) 97. g-ln(x*4-1) 
98. y=sin3x. 299. y=x-+sinx. 100. y=xsinx. 101. y-e-*sinx. 


| idi. xt? 
102. y —insin x. 103. yes. 104. l t05. \ = 2 
x y —5í y=tl á 
x —a (t — sin f), x — ae! cost, 
108. ta 
y —a(1—cost). y —ae' sin f. 


Additional Exercises 


2 
Find the asymptotes of the following lines: 108. i-us . Ans. x= —1; 
y =x—l. 109. y —x-re-*. Ans. y=x. 110. 2y(x4-1? =x. Ans. x —1; 


yore, 111. y? —a*—x*. Ans. x+y=0. 112. y —e-?*sinx. Ans. y=0. 


113. g-e-*sin2x-4-x. Ans. y=x. 114. y=xtn (eb) ami: 
S 115 = xe x? Ans. x=0; =x. 116 pan Fe Skee 
Coe gee noc ee oe As pea qup 


3 


l l. 
Ans. j—iu*—»- 
Investigate and graph the following functions: 117. y —l.x|. 118. y=In| x]. 
119. j*— x!—x. 120. y— (x 3-1)! (x —2). 121. y—x-F|xJ|. 122. y y xt —x. 


— 2 2 
123. yx? V x - 1. 124. y lnx. 125. y lnx. 126. y=— r 
1 
127. yq 123. yore. 129. y—x1nx. 130. y=e¥ —x. 131. y= 
sin x 
a 
135. y —e-** sin 3x, 136. y=|sinx|+x. 137. y —sin x*. 138. y —cos? x -- sin? x. 


e=|sindx|. 132. y= 133. y=xarctanx. 134. y--x—2arctan x. 


CHAPTER VI 
THE CURVATURE OF A CURVE 


SEC. 1. THE LENGTH OF AN ARC AND ITS DERIVATIVE 


Let the arc of a curve M,M (Fig. 136) be the graph of the 
function y =f (x) defined on the interval (a, b). Let us determine 
the arc length of the curve. On the curve M,M take the points 

dad Mas soy WL poy M pocta Macys M: Connecting the points 
we get a broken line M M, M,. .-M,_,M;...M,_,M inscribed in 
the arc M M. Denote "the length oi this 
broken line by P,. 

The length of the arc M; ,M is the limit 
(we denote it by s) approached by the 
length of the broken line as the largest 
ol the lengths of the segments of the bro- 
ken line M,_,M, approaches zero, if this 
| limit exists and is independent of any 

Fig 136. choice of points of the broken line 
M,M,M,... MiL,M;... M,.,M. 

It will be noted that this definition of the arc ‘length of an 
arbitrary curve is similar to the definition of the. length of a 
circumference. 

[n Ch. XII it will be proved that if a function f(x) and its 
derivative f (x) are continuous on an interval [a, b], then the arc 
of the curve y=f(x) lying between the points [a,/(a)] and 
|^, f(6)] has a definite length; a method will be shown for com- 
puting this length. There also, it will be established (as a corollary) 
that under the given conditions the ratio of the length of any arc 
of this curve to the length of its chord approaches unity when the 
length of the chord approaches zero, that is, 


—, 
length M,M __ 
MM > o length M, MM 
This theorem may be readily proved for the circumference *) of 


' *) Consider the arc AB, the central angle of which is 2a. (Fig. 137). The 
length of this arc is 2Ra (R is the radius E the circle), and the length of its 
chord is 2R sina. Therefore, lim length AB _ lim 2Ro 
a+o length AB ao 2R sina 
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a circle; however, in the general case we shall accept it without 
proof (Fig. 137). 

Let us consider the following question. 

On a plane we have a curve given by the equation 


y=f(x). 


Let M,(x,, Ya) be some fixed point of the curve and M (x, y), 
some variable point of the curve. Denote by s the arc length 
M,M (Fig. 138). 


Ü X X#AX 
Fig. 137. Fig. 138. 


The arc length s will vary with changes in the abscissa x of 
the point M; in other words, s is a function of x. Find the deri- 
vative of s with respect to x. 

Increase w by Ax. Then the arc s will change by As= the 


length of ÁMM,. Let MM, be the chord subtending this arc. In 
order to find lim do as follows: from AMM,Q find 
Ax —> 0 
MM? = (Ax)? + (Ay)’. 
Multiply and divide the left-hand side by As’: 
(MMs) st — (Ax)? + (Ay). 
Divide all terms of the equation by Ax’: 
MMiY ( As Ay 
Cr) (a5) = 1+ (28). 


Find the limit of the left and right sides as Ax— 0. Taking into 
a 


— =] and that Hm M ood we get 


dx 
ii) 7 «(£) 


account that lim 
MM, -— 0 
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Or 
sy LE (REY. (1) 


For the differential of the arc we get the following expression: 
d 2 
ds= y 1+ (E) dx (2) 


ds — V dx? + dy*. (2^) 


We have obtained an expression for the differential of arc 
length for the case when the curve is given by the equation 
y =f (x). However, (2" holds also for the case when the curve is 
represented by parametric equations. 

[f the curve is represented parametrically, 


x=@(Z), g-—w() 


or *) 


then 
dx—q (t)dt, dy-w' (0) dt, 


and expression (2’) takes the form 
ds =V ip (H+ Ip I dt. 


SEC. 2. CURVATURE 


One of the elements that characterise the shape of a curve is 
the degree of its bentness, or curvature. 

Let there be a curve that does not intersect itself and has 
a definite tangent at each point. Draw tangents to the curve at 
any two points A and B and denote the angle formed by these 
tangents by œ [or, more precisely, the angle through which the 
tangent turns from A to B (Fig. 139)]. This angle is called the 
angle of contingence of the arc AB. Of two arcs of the same 
length, that arc is more curved which has a greater angle of 
contingence (Figs. 139 and 140). 

On the other hand, when considering arcs of -different length we 
cannot evaluate the degree of their curvature solely by the appro- 


*) Strictly speaking, (2’) holds only for the case when dx>0. But if 
dx <0, then ds=— V dx?+dy?. For this reason, in the general case this 
formula is more correctly written as |ds|= V dx! - dy*. 
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priate angles of contingence. Whence it follows that a complete 
description of the curvature of a curve is given by the ratio of 
the angle of contingence to the length of the corresponding arc. 


Fig. 189. Fig. 140. 


Definition 1. The average curvature K,, of an arc AB is the 
ratio of the corresponding angle of contingence a to the length of 
the arc: 


For one and the.same curve, the average curvature of its diffe- 
rent parts (arcs) may be different; for example, for the curve shown 
in Fig. 141, the average curvature of 


the arc AB is not equal to the average 


curvature of the arc A.B, although ^ 

the lengths of their arcs are the same. B; 
What is more, at different points the A 
curvature of the curve differs. To cha- 
racterise the degree of curvature of a 

given line in the immediate neighbour- 

hood of a given point A, we introduce 

the concept of curvature of a curve at 

a given point. 

Definition 2. The curvature K, of a line at a given point A is 
the limit of the average curvature of the arc AB when the length 
of this arc approaches zero (that is, when the point B approa- 
ches the point A): 

K,= lim K,,— lim —*). 
B>A AB o AB 


Fig. 141. 


*) We assume that the magnitude of the limit does not depend on which 
side of the point A we take the variable point B on the curve. 
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Example. For a circle of radius r: 1) determine the average curvature of 


the arc AB subtending the central angle a (Fig. 142); 2) determine the 
curvature at the point A. 


Solution. 1) Obviously the angle of contingence of the arc AB is a, the 
length of the are is ar. Hence, 


or 


2) The curvature at the point A is 


a >o ar r 


Fig. 142. Thus, the average curvature of the arc of a circle 

of radius r is independent of the length and po- 

1 sition of the arc, and for all arcs it is equal 
to s Likewise, the curvature of a circle at any point is independent of the 


choice of this point and is equal to Es 


Note. It should be noted that, generally speaking, for any curve 
the curvature at its various points differs (this will be seen later). 


SEC. 3. CALCULATION OF CURVATURE 


Let us develop a formula for finding the curvature of any line 
at any point M (x, y). We shall assume that the curve is represen- 
ted in the Cartesian coordinate y 
system by an equation of the form 


y=f(x) (1) 


and that the function f(x) has a 
continuous second derivative. 

Draw tangents to the curve at the 
points M and M, with abscissas x 
and- x-- Ax and denote by @ and 
q--Aq« the angles of inclination of 
these tangents (Fig. 143). 

We reckon the length of the 


_ arc MM from some fixed point M, 


and denote it by s; then As— M,M,— M,M, and | As| MM, 
As will be seen from Fig. 143, the angle of contingence corres- 


Fig. 143. 
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ponding to the arc MM, is equal to the absolute value *) of the 
difference of the angles » and ọ + Aq, which means it is equal 

to |Ael. E 
According to the definition of average curvature of a curve, on 
the segment MM, we have 
i K [A | 


av — YAssi 


AQ ; 
As |. 

To obtain the curvature at the point M, it is necessary to find 
the limit of the expression obtained on the condition that the 
arc length MM, approaches zero: 


åS — 0 


AS 


Since the quantities ọ and s both depend on x (are functions 
of x), e may thus be considered as a function of s. We may con- 
sider that this function is represented parametrically by means 
of the parameter x. Then 

lini. 89 2:99 


AS — 0 AS ds 
and, consequently, 


(2) 
To calculate P we make use of the formula for dif- 
ferentiating a function represented parametrically: 


dp 
dp — dx 
S ds’ 
dx 
To express the derivative oe in terms of the function y= f(x), we 
note that tan p=% and, therefore, 
pọ = arc tan SE. 
Differentiating the latter equality with respect to x, we get 
d*y 
dq dx? 


dx — dy\? 
(RR) 


*) It is obvious that for the curve given in Fig. 143, | Ap] — Aq since 
Aq > 0. 
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As regards the derivative 2 we found in Sec. 1, Ch. VI, that 


dx 
ds dy \? 
di y 1+ (25 
Therefore, 
d*y 
dx? 
dọ dy diy 
wo a +t) - 
ds ds "TRE dy jig 
dx V1+(%) v) 
or, since K — ae we finally get 
d*y 
dx? 
=e 3) 
dy d^ ( 
(GR) | 
‘It is thus possible to find the curvature at any point of a 
2 
curve where there exists a second derivative AA and where it is 


continuous. Calculations are done with formula (3). It should be 
noted that when calculating the curvature of a curve only the 
arithmetical (positive) value of the root in the denominator should 
be taken, since the curvature of a line cannot (by definition) be 
negative. 

Example 1. Determine the curvature of the parabola g*-—2px: 


a) at an arbitrary point M (x, y); 
b) at the point M, (0, 0); 


c) at the point M, p). 
Solution. Find the first and second derivatives of the function y= V 2px: 
dy p . d'y p? 


dx  y9px' dx (2px): ' 


Substituting the expressions obtained into (3), we get 


p! 
a) xr Pa 
(2px -+ p?) ? 
] 
b) Kao 
c) K_p = ! 
x=7 2y2p 
y=p 
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Example 2. Determine the curvature of the straight line y= ax +b at an 
arbitrary point (x, y). 


Solution. 
y’ =a, y =0. 
K=0. 


Thus, a straight line is a "line of zero curvature". This very same result {9 
readily obtainable directly from the definition of curvature. 


Referring to (3) we get 


SEC. 4. CALCULATION OF THE CURVATURE OF A LINE REPRESENTED 
PARAMETRICALLY 


Let a curve be represented parametrically: 
x—qe(t) gy=p(é). 
Then (see Sec. 24, Ch. IIT). 
dy W(t) d'y Ve -—wvg 


— O € — — m 


Substituting the expressions obtained into formula (3) of the 
preceding section, we get 
Ko umo d) 
Example. Determine the curvature of the cycloid 
l x=a (t—sin £t), y =a (1— cos £) 
at an arbitrary point (x, y). 
Solution. 


dx d?x dy d*y 
di — a (1 —cos t), di =a Sin f, di a sin f, di 


Substituting the expressions obtained into (3), we get 


=acosf. 


K= |a(1—cost)acost—asint-asint| ^  |cost—1l| | 


| a? (1 — cos t}? + a? sin? t Ph 2'ha (1 — cos tya 


— 9'ha(1— cos D 4a 


spl 


SEC. 5. CALCULATION OF THE CURVATURE OF A LINE GIVEN BY AN 
EQUATION IN POLAR COORDINATES 


Given a curve represented by an equation of the form 


Q =f (0). (1) 
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Write the transformation formulas from polar coordinates to 
Cartesian coordinates: 
X — Q cos f), | 


2 
y =Q sinl. e) 


If in these formulas we replace @ by its expression in terms 


of 0, i.e., f (0), we get . 
x = f (9) cos 0, | 


y — f (0) sin 0. (3) 


The latter equations may be regarded as parametric equations 
of curve (1), the parameter being 6. 


Then 
“x 46 cos Ü —o sin 0, ^4 — © sin 0+ p cos), 
TX = TR cos — 279 sing— Q cos 0, 
v4 — d sind +258 cos0— o sin. 


Substituting the latter expressions into (1) of the preceding 
section, we get a formula for calculating the curvature of a curve 
in polar coordinates: 

| 07+ 20^ — o0" | 
K = ie 0 ee e 4 
(0? + o) ^ a) 


Example. Determine the curvature of the spiral of Archimedes ọ = að (a> 0) 
at an arbitrary point (Fig. 144). 


Solution. 


Hence 
Lae _1 @42 
(a*0?-La*): a (41y 


Jt will be noted that for 
- large values of @ we have the 


approximate equalities : a 


zz, gz = l; therefore, rep- 


Jacing 0?--2 by 0? and 67+ 1 
Fig. 144, by 0* in the foregoing formula, 
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we get an approximate formula (for large values of 9) 
— ee 
^ a (0th a8 
Thus, for large values of O the spiral of Archimedes has, approximately, 
the same curvature as a circle of radius að. 


. SEC. 6. THE RADIUS AND CIRCLE OF CURVATURE. 
CENTRE OF CURVATURE. EVOLUTE AND INVOLUTE 


Definition. The quantity R, which is the reciprocal of the cur- 
vature K of a line at a given point M, is called the radius of 
curvature of the line at the point in question: . 


=e (1) 
Or 
dy 2]?5 
Re | = E) | (2) 
dx? 


Draw a normal, at the point M, to a curve in the direction of 
the concavity of: the curve, and lay off a segment MC equal to 
the radius R of the curvature of the curve at the point M. The 


C(a,B) 


Fig. 145. Fig. 146. 


point C is called the centre of curvature of the given curve at M; 
the circle, of radius R, with centre at C (passing through M) is 
called the circle of curvature of the given curve at the point M 
(Fig. 145). 

From the definition of circle of curvature it follows that at a 
given point the curvature of a curve and the curvature of a circle 
of curvature are the sarne. 
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Let us derive formulas defining the coordinates of the centre of 
curvature. 
Let a curve be given by the equation 


y=f(x). (3) 

Take a point M (x, y) on this curve and determine the coordi- 

nates a and B of the centre of curvature corresponding to this 

point (Fig. 146). To do this, write the equation of the normal to 
the curve at M: 


Y—y= —- (X—2). (4) 


(Here, X and Y are the moving coordinates of the point of the 
normal.) NE 

Since the point C (œ, B) lies on the normal, its coordinates 
must satisfy equation (4): 


B—y- —5 (a—x). (5) 


Further, the point C(a, B) is separated from M(x, y) by a 
distance equal to the radius of curvature R: 


(a— x)’ + (B— y) =R. (6) 
Solving equations (5) and (6) simultaneously, we find a and p: 


(a— 9) - 5s (à— 3)! =R’, 


2 y” 2 
(a— x) =k ; 


Whence 
y’ 
a=x+—7==—R, P= R, 
syi PU Ty; 
rays 
and since R= Ors ; , 


In order to decide which signs (top or bottom) to take in the 
latter formulas, we must examine the case jy'— 0 and the case 
y' <0. If y" 0, then at this point the curve is concave, and, 
hence, B — y (Fig. 146), and for this reason we take the bottom 
signs. Taking into account that in this case |" | — ^, the formulas 
of the coordinates of the centre of curvature will be 


gu» Ly | 


"NT j Ü 
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Similarly, it may be shown that formulas (7) will hold for the 
case y” <Q as well. 
If the curve is represented by the parametric equations 


x — (t), y= (1), 


then the coordinates of the centre of curvature are readily obtain- 
able from (7) by substituting, in place of y’ and y”, their 
expressions in terms of the parameter 


^ H, "HELL d R4 
= —7 3 Uy — — T a 
X X, 
Then 
OV 4 (x y^) 
Oh xy ; 
' x’ (x y") (7 ) 


Portae 


Example 1. To determine the coordinates of the centre of curvature of the 
parabola 
y? = 2px: 
a) at an arbitrary point M (x, y); b) at the point M, (0, 0); c) at the 
point M, (5 $ p) . 


2 
2 
Solution. Substituting the values ov and T into (7) we get (Fig. 147): 
(2x) 2 y 
a) a=3x +p, p= —— ! 21 y 
Vp | y 


b) at x —0 we find a—p, B=0; 
m iS eic 

c) at x=-5 we havea= , p = —p. 

X 


Gap) 


If at M,(x, y) of a given line the cur- 
vature differs from zero, then a very de- 
finite centre of curvature C,(a, B) corres- 
ponds. to this point. The totality of all 
centres of curvature of the given line forms 
a certain new line, called the evolute, with Fig. 147. 
respect to the first. 

Thus, the locus of centres of curvature of a given line is called 
the evolute. As related to its evolute, the given line is called the 
evolvent or involute. 

If a given curve is defined by the equation y =f (x), then equa- 
tions (7) may be regarded as the parametric equations of the evo- 
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lute with parameter x. Eliminating from these equations the para- 
meter x (if this is possible), we get an immediate relationship 
between the coordinates of the evolute a and p. But if the curve 
is given by parametric equations x-—«(f), y—sp(t), then equa- 
tions (7’) yield the parametric equations of the evolute (since the 
quantities x, y, x’, y', x", y” are functions of £). 


Example 2. Find the equation of the evolute of the parabola 
y^-— 2px. 


Solution. On the basis of Example 1 we. have, for any point (x, y) 
of ihe parabola, 


Bay a= 3x +p, 


Eliminating the parameter x from these. 
equations, we get 
8 
2 — — ny 
p EPI (a p) M 
This is the equation of a  semicubical 
parabola (Fig. 148). 


Example 3. Find the equation of the 
evolute of an ellipse represented by the 
parametric equations 


x=acost, gy-bsint. 


Solution. Evaluate the derivatives of x 
and g with respect to ?: 


x'-—asiníi, y'=b cost; 
Pigs dies x'— —acost, y'—-—b sin £. 


Substituting the expressions of the derivatives into (7^), we get 


b cos t (a?-sin* t -- b? cos?t) _ 


Quote ab sin? t+ ab cos? t 


| p? b? 
= 4 cost —a cos t sin? dme cos? ( = (a—— ) cos? f£, 


Thus, 


Similarly we get 
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Eliminating the parameter f£, we get the equation of the evolute of the ellipse 


in the form "TV m 
a \7/s 1s ü^— ME 
ON EV x E 


Here, a and p are the coordinates of the evolute (Fig. 149). 
Example 4. Find the parametric equations of the evolute of the cycloid 
x — a (t —sin f), 
y =a (1 —cosft). 
Solution. 
x'—a(l—cosít); y’ =a sin t; 

x” —asin t; y = —a cost. 
Substituting the expressions obtained 
into (7^), we get 

a — a (f + sin t), 
B = —a (1— cos t). 


Rearrange the variables, putting 


a —t— na, 
B -:1— 2a, 
Į =T— 1; 


then the equations of the evolute will 
take the form 


$—a (tT — sin 1), Fig. 149. 
n=a (1 —cos 1); 


they define, in coordinates E, 1, a cycloid with the same generating circle of 
radius a. Thus, the evolute of a cycloid is that same cycloid displaced along 
the x-axis by —xna and along the y-axis by —2a (Fig. 150). 


TRY 
AZ 


Fig. 150. 


SEC. 7. THE PROPERTIES OF AN EVOLUTE 


Theorem 1. The normal toa given curve is a tangent to its evolute, 
Proof. The slope of the line tangent to an evolute defined 
by the parametric equations (7') of the preceding section is 
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equal to 
dp 
dB dx 
da da’ 
dx 
Noting that [by virtue of the same equations (7’)] 
d 3 548 2 13, rrr : 3 Fut gh OF yat ul 
c= HA E —U gU -—y y y ek y y , (1) 
y 
dB 3y y' — y" — yhy” 
d i | (2) 
we get the relationship 
dp — 1 
da w^ 


But y’ is the slope of the line tangent to the curve at the corre- 
sponding point; it therefore follows from the relationship obtained 
that the tangent to the curve and the tangent to its evolute at 
the corresponding point are mutually perpendicular; that is, the 
normal to a curve is the tangent to the evolute. 

Theorem 2. /f, over a certain segment M, M, of a curve, the 
radius of curvature varies monotonically (i.e., either only increases 
or only decreases), then the increment in the arc length of the evo- 
lute on this segment of the curve is equal (in absolute value) to 
the corresponding increment in the radius of curvature of the given 
curve. | 
Proof. From icrmdla (2’), Sec. 1, Ch. VI, we have 


ds! = da? + dp* 
where ds is the differential of the arc length of the evolute; 


whence 
` ds da dp 
Ca u k 

Substituting, here, the expressions (1) and (2), we get 

ds\? n f 3y y y t — yy" \? 

(a ) -a xS (rem y (3) 
Then find (E) . Since , 
R= CEST, pew LEY 


y" 
Differentiating both sides of this equation with respect to x, we 
get the following (after appropriate manipulations): 
dR  2(1-- yy (3y' y" —y'"' —y" y") 
2R = ENERO T Ma MM EE 
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Dividing both sides of the equation by 2R= 


2 (1-4 - y^y? 
EIL, wehave 


dR _ (1 2 ee (3y' 5" — U''' — uyy’) 


dx y” 
Squaring, we get 
dR 2 j EUM P QU auf, SN 
(as) 7-9 (AE). (4) 


Comparing (3) and (4), we find 
oa k 


dR ds 
de C 


whence 


It is given that cn does not change sign (R only increases or 
only decreases); hence, c does not change sign either. For the 
sake of definiteness, let ZR <0, EN, (which corresponds to 
Fig. 151). Hence, &—— 4. 

Let the point M, have abscissa x, and M, have abscissa x,. Apply 
the Cauchy theorem to the functions s(x) and R(x) on the 
interval [x,, x,]: 


where E is a number lying between x, and x, (x, « E « x,). 
We introduce the designations (Fig. 151) 


$(x,)— 5, s(x)=s,, R(x)e—R, R(x,)=R,. 


Then R K=], or s,—s,=—(R,—R,). But this means that 
|5,—5s,| 2 | R,— RI. 


This equality is proved in exactly the same manner if the radius 
of curvature increases. 

We have proved Theorems 1 and 2 for the case when the curva 
is given by an explicit equation, y=f (x). | 
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If the curve 
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is represented by parametric equations, these 


theorems also hold, and their proof is exactly the same. 
Note. The following is a simple mechanical method for constructing 
a curve (involute) from its evolute. 


y 


X 


Fig. 151. 


Fig. 152. 


Let a flexible ruler be bent into the shape of an evolute C,C, 
(Fig. 152). Suppose one end of an unstretchable string is attached 
to the point C, and bends round the ruler. If we hold the string 
taut and unwind it, the end of thestring will describe a curve M,M,, 


which is the involute (or evol. 
vent, the name coming from 
this process of *evolving"). Proof 
that this curve is indeed an 
involute may be carried out by 
means of the above-established — 
properties of the evolute. 

It should be noted that to a 
single evolute there correspond 
an infinitude of various 
involutes (Fig. 152). 


Example. Let there be a circle of. 
radius a (Fig. 153). Take the involute 
of this circle that passes through the 
point M, (a, 0). . 
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Taking into account that CM — CM, =at, itis easy to obtain the equations 
of the involute of the circle: 
OP =x =a (cos t +t sin t), 
PM = y =a (sin t —f cos f). 


It will be noted that the profile of a tooth of a gear whee! is most often 
in the shape of the involute of a circle. 


SEC. 8. APPROXIMATING THE REAL ROOTS OF AN EQUATION 


Methods of investigating the behaviour of functions enable us to 
approximate the roots of an equation: 


f(x) = 


If the equation is an algebraic equation *) of the first, second, 
third, or fourth degree, there are formulas which permit expressing 
the roots of the equation in terms of its coefficients by means of 
a finite number of operations of addition, subtraction, multiplica- 
tion, division and evolution. Generally speaking, there are no such 
formulas for equations above the fourth degree. If the coefficients 
of any equation algebraic or nonalgebraic (transcendental) are not 
literal but numerical, then the roots of the equation may be cal- 
culated approximately to any degree of accuracy. It should be noted 
that even when the roots of an algebraic equation are expressed 
in terms of radicals, it is sometimes better, practically speaking, 
to apply an approximation method of solving the equation. Below 
we give some methods of approximating the roots of an equation. 

l. Method of chords. Let there be an equation 


F(x) =0 (1) 


where f(x) is a continuous, doubly differentiable function on the 
interval [a, b]. Suppose that by investigating the function y=f(x) 
within the interval [a, b] we isolate a subinterval [x,, x,] such that 
within this subinterval the function is monotonic (either increas- 
ing or decreasing), and at the end points the values of the func- 
tion f(x,) and f (x,) are of different signs. For definiteness, we say 
that f(x,) «0, Fx) > 0 (Fig. 154). Since the function y=/(x) 
is continuous on the interval [x> x,], its graph will cut the x-axis 
in some one point between x, and x,. 

Draw a chord AB connecting the end points of the curve 
y=f(x), which correspond to abscissas x, and x, Then the 


*) The equation /(x)-0 is called algebraic if f(x) is a polynomial (see 
Sec. 6, Ch. VII). 


8 — 3388 
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abscissa a, of the point of intersection of this chord with the x-axis 
will be the approximate value of the root (Fig. 155). In order to 
find this approximate value let us write the equation of the straight 
line AB that passes through two given points A[x,, f(x,)] 
and B [xn f(x): : 


y— f(x) _ X—JÀX 


AL di (xi) X;—3X. 


g 


Fig. 154. Fig. 155. 


Since y=0 at x--a,, it follows that 


—f (x) Q1— X1 


Fo—f(x)  x»x—»x' 


whence 


(x4 — 21) f (x1) 
Fo)—f o) * (2) 


To obtain a more exact value of the root, we determine f(a,). 
If f(a,)<c 0, then repeat the same procedure applying formula (2) 
to the interval [a,, x,]. If f(a,)>>0, then apply this formula to 
the interval [x,, a,]. By repeating this procedure several times we 


will obviously obtain more and more precise values of the root 


aâ, etc. 


a 5x 


Example 1. Approximate the roots of the equation 
f (x) x!— 6x +2 = 0. 


Solution. First find the segments where the function f(x) is monotonic. 
Evaluating the derivative /'(x)—3x*—6, we find that it is positive for" 
x«—Y 2, negative for — y? « x « -- Y 2 and again positive for x > V 2 
(Fig. 156). Thus, the function has three segments of monotonicity, on each of 
which there is one root. 

To make the calculations more convenient, let us narrow these segments 
of monotonicity (but in such manner that there should be a corresponding 
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root on each segment). To do this, substitute into expression /(x), at random, 
some values of x, then isolate (within each segment of monotonicity) such 
shorter intervals that the functions at the end 
points will have different signs: 


x,=0, f (0) =2, 
x,=1, f(1)=— 3, | 
X42 — 3, f(—3)=—7, 
X= — 2, f (— 2) =6, \ 
x,—2, [(2)5—2, 
x,=3, f (3) ll. ! 
Thus, the roots lie within the intervals 
(0, 1), (—3, —2), (2, 3). 


Find the approximate value of the root in the 
interval (0, 1); from formula (2) we have 


Since 
F (0.4) =0.4°5—6-0.442—=— 0.336, / (0) —2, 


it follows that the root lies between 0 and 0.4. Again 
applying (2) to this interval, we get the following 
approximation: s 
zie de oe es 
far oer 72:336 C9 2C 86 T 
Similarly we approximate the roots in the other 


intervals. Fig. 156. 


MT 


2. Method of tangents (Newton’s method). Again, let f (x,) <0, 
F(x,) 20; and on the interval [x,, x,] the first derivative does not 
change sign. Then there is one root of the equation / (x) —0 in the 
interval (x,, x,). Let us assume that the second derivative does not 
change sign in the interval [x,, x,] either; this can be achieved by 
reducing the length of the interval within which the root lies. 

Retention of the sign of the second derivative on the interval 
[x,, x,] means that the curve is either only convex or only 
concave on [x,, x,]. 

Draw a tangent to the curve at the point B (Fig. 157). The 
abscissa a, of the point of intersection of the tangent with the 
x-axis will be an approximate value of the root. To find this 
abscissa write the equation of the line tangent at the point B: 


y—f(x, =f (X,) (x — x). 
Noting that x=a, at y —0, we have 


ENAC 


Fey 6) 


a =x 


8* 
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Then, drawing the line tangent at the point B,, we analogously 
find a more exact value of the root a,. By repeating this procedure 


Fig: 157. Fig. 158. 


we can calculate the approximate value of the root to any desired 
degree of accuracy. 
Note the following. If we drew the line tangent to the curve 
not at the point B but at A, it might appear that the point of 
intersection of the tangent with the x-axis 
y lies outside the interval (x,, x,). 

From Figs. 157 and .158 it follows that 
the tangent should be- drawn at the end 
of the arc at which the signs of the func- 

0 tion and its second derivative coincide. 
X, X Since it is given that on the interval [x,, 
x,| the second derivative retains its sign, 
B the signs of the function and the second 
derivative must coincide at one of the end 
points. This rule also holds for the case 
when f'(x)<0. If the line tangent is 
drawn at the left end point of the interval, then in formula (3) 
we must put x, in place of x,: | 


Fig. 159. 


5AP G) 


When there is a point of inflection C in the interval (x,, x,), 
the method of tangents can yield an approximate value of the 
root lying without the interval (x,, x,) (Fig. 159). 


Example 2. Apply formula (3) to finding the root of the equation 
f (x) 2 x —6x--2—0 
within the interval (0, 1). We have 
[()—2, F (0)=(3x7—6)|,_,=— 6, 
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and so from (3) we get 


3. Combined method (Fig. 160). Applying at the same time on 
the interval [x,, x,] the method of chords and the method of tan- 
gents, we get two points a, and 
a, lying on either side of the 
desired root a, since f(a,) and 
f (ā,) have different signs. Then, 
on the interval [a, a,| again 
apply the method of chords and 
the method of tangents. This 
yields two numbers: a, and &,, 
which are still closer to the 
value of the root. We continue 
in this manner until the difference 
between the approximate values 
found is less than the required 
degree of accuracy. 

[t will be noted that in the 
combined method we approach Fig. 160. 
the sought-for root from two 
sides simultaneously (i.e., at the same time we approximate 
the root with an excess and with a deficit). 


To illustrate, in the case we have examined it will be clear that by 
substitution we have 
f (0.333) > 0, f (0.342) <0. 
Hence, the root is between the approximate values obtained: 
0.333 < x < 0.342. 


Exercises on Chapter VI 
Find the curvature of the curves at the indicated points: ; 
l. b?x*-L a?y? = a?b? at the points (0, b) and (a, 0). Ans. a at (0, 6); 


à at (a, 0). 
24 
2. xy —12 at the point (3, 4). Ans. 794° 
6x, 
(14-9x5 y 


4. 16y?= 4x* —x* at the point (2, 0). Ans. =: 


3. y=x* at the point (x,, yj). Ans. 
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2 2 2 


5. x! y! —a? at an arbitrary point. Ans. 


. 
1 
— 


Find the radius of curvature of the following curves at the indicated 
points; draw each curve and construct the appropriate circle of curvature. 


6. y2=x° at the point (4, 8). Ans. Rac PD 
7. x* »4ay at the point (0, 0). Ans. R —2a. 

4 4,, 33/2 
8. b?x?*— a*y* — a*b? at the point (xi, yj). Ans. Re. 
9. y —In x at the point (1, 0). Ans. R22 y 2. 
10. y — sin x at the point c JI Ans. R=1. 


y — 3 
11. pms for t=¢,. Ans. R —3asiní cost. 


Find ‘the radius of curvature of the indicated curves: 


x= 3t* 

12. um) for ¢=1. Ans. R=6. 
13. Circle o-asin0. Ans. R= 5. 
14. Spiral of Archimedes g=aO. Ans. 


15. Cardioid o—a(1-—cos 6). Ans. R=% V 2ao. 


16. Lemniscate 0*— a? cos 20. Ans. Roa 

17. Parabola o—a sect Ans. R=2a sec! È, 

18. osasin $. Ans. R= asin È, 

Find the points of curves at which the radius of curvature is a minimum: 
19. y=Inx. Ans. (23, -1 n2). 

20. y—e*. Ans. (—fin2, 5). 


21. V x-V y-V a. Ans. i 1) 
x? à a 
22. y=aln ( 13) : Ans. At the point (0, 0) Rs. 


Find the coordinates of the centre of curvature (a, B) and the equation of 
the evolute for each of the following curves: 


xe at 4- 6) x8 at -+ b?) y? 

23. n l. Ans. gerry, Toy, pi ) y " 
2 2 2 1 2 2 i 
EPI 5,9 men 


24. xy’ =a’, Ans. a=x+3x° yè; B=y+3x' y 
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at + 15y* a*y —9y5.- 
3... 2 — Sa = — , 
25. y` -a*x. Ans. MERE 7 us ; p Dat 
x= 31, ee ee ee ee 
xb nicole coe? kí, UR 
97 7 2 ' A— Ans. Y= > G -Fe p (tractrix). 
y=RkRsint. 


9g X —a (cos t + t sin t), 

y =a (sin t —í cos t). 
x — a cos! t, 
y —a sin? t. 
p =a sin? £ + 3a cos? t sin t. 

30. Find the roots of the equation x’—4+2=0 to three decimal places. 
Ans. x,== 1.675, x,— 0.539, x,— — 2.214. 

31. For the equation f(x)=x5—x—0.2=0, approximate the root in the 
interval (1, 1.1). Ans. 1.045. 

32. Evaluate the roots of the equation x*+ 2x?—6x+2=0 to two decimal 
places. Ans. 0.38 <x,<0.39; 1.24 < x, < 1.25. 

33. Solve the equation x°—5=0 approximately. Ans. *x,==1.71, 


—l+iV3 
—À—.. 


Ans. a=acost; B=asint. 


29. Ans. a=a cos? t -+ 3a cos f sin? f; 


Xs, 377 1.71 
34. Approximate the root of the equation x—tan x—0 lying between 0 
and $$. Ans. 44985. 


35. Evaluate the root of the equation sinx—1-—x to three places of deci- 
mals. Hint. Reduce the equation to the form f{x)=0. Ans. 0.5110 x « 
« 0.5111. 


5 


Miscellaneous Problems 


36. Show that at each point of the lemniscate ọ?= a? cos2ọ the curvature 
is proportional to the radius vector of the point. 

37. Find the greatest value of the radius of curvature of the curve 
Qa sin? i. Ans. RET a. 

38. Find the coordinates of the centre of curvature of the curve y=xlnx 
at the point where y’=0. Ans. (e7', 0). 

39. Prove that for points of the spiral of Archimedes o —aq as ọ — œ the 
magnitude of the difference between the radius vector and the radius of cur- 
vature approaches zero. 

40. Find the parabola y=ax?+6x-+c, which has common tangent and cur- 
vature with the sine curve y —sin x at the point (s ; 1) . Make a drawing. 

2 2 
Ans. y-— 4*1 
4l. The function y=f(x) is defined as follows: 
f(x)-x* in the interval — o < x <1, 
f (x) =ax?+-bx-+-c in the interval 1 «x «4o. 


What must a, b and c be for the line y—f(x) to have continuous curvature 
everywhere? Make a drawing. Ans. a=3, b=—3, c=1. 
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42. Show that the radius of a curvature of a cycloid at any one of its 
points is twice the length of the normal at that point. 
43. Write the equation of the circle of curvature of the parabola y= x? 


at the point (1, 1). Ans. (x 4- 4)* + vz) =2. 


44. Write the equation of the circle of curvature of the curve y=tanx at 
m—10\? 9X? 125 

4] 16° 
45. Find the I of the entire evolute of an ellipse whose semi-axes 

4 (a! — b?) 

Ans. sr ear 

46. Find the approximate value of the roots of the equation xe*=2 to 
within 0.01. Ans. The equation has only one real root, x 0.84 

47. Find the approximate value of the roots of the equation xIn x —0.8 
to within 0.01. Ans. The equation has only one real root, x= 1.64 

48. Find the approximate value of the roots of the equation x? arc tan x «l1 
to within 0.001. Ans. The equation has only one real root, x = 1,096. 


the point Can . Ans. | x— 


are a and b. 


CHAPTER VII 
COMPLEX NUMBERS. POLYNOMIALS 


SEC. 1. COMPLEX NUMBERS. BASIC DEFINITIONS 


A complex number is the expression 
a-+ bi (1) 
where a and b are rea? numbers, i is the so-called imaginary unit, 
which is defined by the equalities | 


i-y—l1 or ?=—1; (2) 
a is called the real part, and bi, the imaginary part of the complex 
number. Two complex numbers a+06i and a—bi that differ 
only in the sign of the imaginary part are called conjugate. 

If a=0, the number 0+ bibi is called a pure imaginary; if 
b—0, we get a real number: a+0-i=a. 

We agree upon the two following basic statements: 

1) two complex numbers a, 4- b,íi and a,+6,i are equal if 

a, =f, b, — b, 
that is, if their real parts are equal and their imaginary parts are 
equal; 

2) a complex number is equal to zero: 

a+bi=0 
if and only if a=0, b=0. 

1. Geometric representation of complex numbers. Any complex 
number a-+- 6i may be represented in an xy-plane asa point A (a, b) 
with coordinates a and 6 (Fig. 161); and conversely, any point 
M (a, b) in an xy-plane may be regarded as the geometric image 
of a complex number a+ bi. 

But if to each point A(a, b) there corresponds a complex 
number a+ bi, then, to take a specific case, to points lying on 
the x-axis there correspond real numbers (b -—0). But if a point 
lies on the y-axis, it represents a pure imaginary number, since 
a=0. For this reason, when complex numbers are represented in 
the plane, the y-axis is called the imaginary axis or axis of 
imaginaries, and the x-axis, the real axis (axis of reals). 

Joining the point A(a, 6) with the origin, we get a vector OA. 
In certaini nstances, it is convenient to consider the vector OA as 
the geometric representation of the complex number a + bi. 
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2. Trigonometric form of a complex number. Denote by ọ and 
r(r = 0) the polar coordinates of the point A (a, b) and consider 
the origin as the pole and the positive direction of the x-axis, the 
polar axis. Then (Fig. 161) we have the 
familiar relationships: 


A(a,b) 
a=rcosg, J=rsing, 
and, hence, the complex number may be 
given in the form 
a+ bi =r (cos « -+i sing). (3) 


The expression on the right-hand side is 
called the trigonometric form of a complex 
number a+ bi. The quantities r and q are expressed in terms of a 
and b, by the formulas 


r—Yy a* 4- b, p= arc tan 2 


Fig. 161. 


and are called: r, the modulus, «, the argument (amplitude or 
phase) of the complex number a--bi.  . | 

The amplitude of a complex number, the angle @, is considered 
positive if it is reckoned from the positive x-axis counterclockwise, 
and negative, in the opposite sense. The amplitude @ is obviously 
not determined uniquely but to within the accuracy of the term 
2nk, where k is any integer. 

The modulus r of the complex number a+0i is sometimes 
denoted by the symbol [a +bi |: 

r=|a-+ bil. 

It will be noted that the real number A can also be written in 

the form (3), namely: 


A=|A|(cosO0+isin0) for A — 0, 
| Az |A[(cos x 4-i sinn) for A «0. 
The modulus of the complex number 0 is zero: |0|2 O0. Any 


angle y may be taken for amplitude zero. Indeed, for any angle 
m we have the equality 


0 — 0- (cos ọ +i sing). 


SEC. 2. BASIC OPERATIONS ON COMPLEX NUMBERS 


l. Addition of complex numbers. The sum of two complex 
numbers a,+6,i and a,4-b,i is a complex number defined by 
the equality 


(a, + i) + (a, + b,i)= (a, +a,) + (b, + 5,) I. (1) 
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From (1) it follows that the addition of complex numbers given 
in vectors is performed by the rule of the addition of vectors. 

2. Subtraction of complex numbers. The difference of two com- 
plex numbers a,-+b,i and a,-- b,i is a complex number such that 
when it is added to a,--b,i it yields 
a, + b,i. 

It is easy to see that 


(a,+ b,i) —(a, = b i)= 8, F5.) 
(2 


It will be noted that the modulus of the 
difference of two complex numbers 


V (a,—a,)*+ (b, — b.) E equal to the (Ag+ (b5) -(Q,* (by) 
distance between the points representing l 
these numbers in the plane of the com- Fig. 162. 


plex variable (Fig. 162). 

3. Multiplication of complex numbers. The product of two com- 
plex numbers a, +b,i and a,+6,i is a complex number obtained 
when these two numbers are multiplied as binomials by the rules 
of algebra, provided that 


P-L-—] PSPe(—l)iÉ-—ii-(—ij)--—zC-1; P=1-i ete, 


and, generally, for integral k, 
it]; eg tet? 1; (ej, 


From this rule we get 
(a, -++ b,i) (a, + 6,i)=a,a,+6,a,i+a,6,i+a,6,/, 
Or 
(a, + b,i) (a, + 6,1) = (a.a, — b,b,) + (b,a, + a,b,) i. (3) 


If the complex numbers are written in trigonometric form, we 
have 


r, (cos e, J- i sin 9j) r, (cos p, +i sin q,) = 
= r r, [cos pcos q, + i sin q,cos q, 4- i cos p sing, +i? sing, sing,] = 
= r r, [ (cos p, cos q, — sing, sin q,) + i (sin q,cos q, + cosq, sing,)] = 
=r r, [cos (9, 4- 9) +i sin (p, - 9,)]. 
Thus, 
r, (cos ọ, -+i sin qj) r, (cos q, +i sin q,) = 
= r,r, [cos (9, + 9.) -- i sin (9, + 9,)]. (3°) 


the product of two complex numbers is a complex number, the 
modulus of which is. equal to the product of the moduli of the 


~ 
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factors, and the amplitude is equal to the sum of the amplitudes 
of the factors. 

Note 1. By virtue of (3), the conjugate numbers a+ bi and 
a— bi satisfy the equality 


(a 4- ib) (a— ib) — a* + b*; 


the product of conjugate complex numbers is equal to the sum of 
the squares of the moduli of each of them. 

4. Division of complex numbers. The division of complex 
numbers is defined as the inverse operation of multiplication: if 


(where V a4-b:4-0), then x and y must be such as to fulfil the 
equality 
a, -- b, — (a, + b,i) (x 4- yi) 
Or 
a, + b,i=(a,x—b,y) + (ay + b,x) i. 

Consequently, 

a,=a,x—biy, 6,=b.x+a,y, 
whence we find 

—_ 414, + bib, joe es 

ay bio a, +6; 


and finally we get 
a,b,—a,b 


a, d- 64i 0008 5,0, i ibi 
atoi Sid 5 apo” v 


Actually, complex numbers are divided as follows: to divide 
a, +ib, by a,+i6,, multiply the dividend and divisor by a num- 
ber conjugate to the divisor (that is, by a,—ib,). Then the divisor 
will be a real number; dividing the real ‘and imaginary parts of 
the dividend by it, we get the quotient 


a, + bii _ (a, + bi) (a,—5,) — _ (4142+ b, b) + (a,b, —a LOLEM 


Q,-+ 5,6 (a+ bi) (a, — b) — a? + b? 
xm a? -- b? d a? + b? s 


For the trigonometric form of a complex number we have 


ri (cos Q, + i sin q,) 


ra (COS pa + isin @,) — = [cos (P, — P.) +i sin (P, — €,)]. 
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To verify this equality, multiply the divisor by the quotient: 
r, (cos p, +i sin q,) + [cos (p, —9,) +i sin (p, —9,)] = 


=r, [cos (p, + 9, —@,) +i sin (9, + 9, — 9,)] — 7, (cos p, +i sin g,). 

Thus, the modulus of the quotient of two complex numbers is 
equal to the quotient of the moduli of the dividend and the divisor; 
the amplitude of the quotient is equal to the difference between 
the amplitudes of the dividend and divisor. 

Note 2. From the rules of operations involving complex num- 
bers it follows that the operations of addition, subtraction, multi- 
plication and division of complex numbers yield a complex number. 

If the rules of operations on complex numbers are applied to 
real numbers, regarding the latter as a special case of complex 
numbers, these rules will coincide with the ordinary rules of 
arithmetic. 

Note 3. Returning to the definitions of a sum, difference, pro- 
duct and quotient of complex numbers, it is easy to show that if 
each complex number in these expressions is replaced by its con- 
jugate, then the results of the aforementioned operations will yield 
conjugate numbers. Whence follows (as a particular instance) the 
following theorem. 

Theorem. /f in a polynomial with real coefficients 


A yx" 4- A,x"-'+ ...-+-A, 


we put the number a+- bi in place of x, and then the conjugate 
number a—bi in place of x, the results of these substitutions will 
be mutually conjugate. 


SEC. 3. POWERS AND ROOTS OF COMPLEX NUMBERS 


1. Powers. From formula (3) of the preceding section it follows 
that if n is a positive integer, then 


[r(cosp+ising)}"=r" (cosng-+i sinn o). (1) 


This formula is called De Moiure's formula. It shows that when 
a complex number is raised to a positive integral power the 
modulus is raised to this power, while the amplitude is multiplied 
by the exponent. 

Now consider another application of De Moivre's formula. 

Setting r=1 in this formula, we get 


(cos e +i sin 9)" — cosn o +i sinn q. 


Expanding the left-hand side in a binomial expansion and 
equating the real and imaginary parts, we can express sin nq and 
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cosno in terms of the powers of sin and cosq. For instance, if 
n-3 we have 
cos! p-- i3cos' p sin q—3 cos q sin’ o — i sin? p = cos39 4- i sin 3g; 
making use of the condition of equality of two complex numbers, 
we get: 

cos 39 = cos! q — 3 cos q sin’@, 


sin 3p = — sin*qg + 3 cos? g sing. 


2. Roots. The nth root of a complex number is another complex 
number whose nth power is equal to the radicand, or 


Vr (cos o +i sin q) — o (cos sp + i sin sp), 


Q" (cos np +i sin n sp) -- r (cos ọ +i sing). 


Since the moduli of equal complex numbers must be equal, 
while their amplitudes may differ by a number that is a multiple 
ol 2m, we have 


"=r, mpg 2km. 
Whence we find 


where k is any integer, y; is the arithmetic (real positive) 
value of the root of the positive number r. Therefore, 


y rosg F ising) = (/7 (cos LEZER 4 j sin 28m) (2) 


Giving k the values 0, 1, 2, ..., n—1, we get n different 
values of the root. For the other values of k, the amplitudes will 
difler from those obtained by a number which isa multiple of 2x, 
and, for this reason, root values will be obtained that coincide 
with those considered. 

Thus, the nth root of a complex number has n different values. 

The nth root of a real nonzero number A also has n values, 
since a real number is a special case of a complex number and 
may be represented in trigonometric form: 


if A70, then A—|A]| (cos0+ isin 0); 
if A«0, then A=|A| (cosx-+ isin x). 


Example 1. Find all the values of the cube root of unity. 
Solution. We represent unity in trigonometric form: 


l = cos 0+ i sin O. 
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By formula (2) we have 


y l= y/ cos0-- i sin Ù= cos 3 +i sin—,—, 


Setting & equal to 0, 1, 2, we find three values 
of the root: 


X, =cos0+rsin0=1; 1, — tos T Li sin =, 
2o, 4X 
X, = COS 5 tiisin 7. 
Noting that 
x l on Y 3 4 l 4x V3 
— SS — — ' — = ) COS ES es in — = — —— 
eve 9" sin 4 2) 3 9 sin 3 a? 
we get 
1 ,,V3 1 V3 
x, =1; X— > a a Mie: Ey 


In Fig. 163, the points A, B, C are geometric representations of the roots 
obtained. 


3. Solution of a binomial equation. An equation of the lorm 
| x"= A 


is called a binomial equation. Let us find its roots. 
If A is a real positive number, then 


n/n 2kun . . 2RN 
x= VA (cos $E + i sin #2) 
(k=0, 1, 2, ..., n— 1). 


The expression in the brackets gives all the values of the nth 
root of 1. | 
[f A is a real negative number, then 


x= IA] (cos LENT Ri sin) 


n 


The expression in the brackets gives all the values of the nth 
root of — I. 

If A is a complex number, then the values of x are found trom 
formula (2). 


Example 2. Solve the equation 
x* zx l. 
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Solution. j 
x= V/ cos 2kn + i sin Zim = cos A 4 i sin = . 
Setting & equal to 0, 1, 2, 3, we get 
x,=cos0+ isinO=1, 


22 Z. 

X,— COS T -F : sin 47b 
4n NE: 

x= COS -7 +4 sin 4 ch 
6n 6x 

x= COS 4 +'sin qe 


SEC. 4. EXPONENTIAL FUNCTION WITH COMPLEX EXPONENT 
AND !TS PROPERTIES 


Let 2—x-4- ig. ll x and y are real variables, then z is called a. 
complex variable. To each value of the complex variable z in the 
xy-plane (the complex plane) there corresponds a definite point 
(see Fig. 161). | 

Delinition. If to every value of the complex variable z, out of 
a certain range ol complex values, there corresponds a definite 
value of another complex quantity tw, then w is a function of the 
complex variable z. The functions of a complex argument are 
denoted by w-f(z) or w=w(z). 

We introduce the concepts of the limit of a function of a com- 
plex variable, of the derivative, of the integral, and so forth. 

Here, we consider one function of a complex variable, the 
exponential function: 


w= e 
Or 
w= e*t, 
The complex values of the function w are defined as follows: *) 
g* * ' = e* (cos y 4- i sin y), (1) 
{hat is l 
w (2) = e* (cos y + i sin y). (2) 
Examples: 
14 X, = al 
l. z=1451, e * =e( cos 4 sat ) =e Fait). 


*) The advisability of this definition of the exponential function of a 
complex variable wiil also be shown later on, Sec. 21, Ch. XIII, and Sec. 18, 
Ch. XVI. 
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o mg 


2. 204 T, e * =ef cos isin) =i, 


3. z=] +i, e'+'=e* (cos 1 +i sin 1) = 0.54 + í-0.83, 
_ 4. 2==x is a real number. 
e~+Y — e* (cos 0 + i sin0)=e* is an ordinary exponential function. 
Properties of an exponential function. 
l. If z, and z, are two complex numbers, then 
et: +2, — e^ e^. (3) 
Proof. Let 


2, a4, Tg, Z,— x, + ty; 
then 


g^ 23 — git ig) t (Xat iy) = p t xti (Yi ty) — 
= ere* [cos (y, -- y,) +i sin (y, +y,)]. (4) 
On the other hand, by the theorem of the product of two complex 
numbers in trigonometric form we will have 
egi = eritinegrativa = es (cosy, + isin y)e'*(cos y, + isin y,) = 
= ere [cos (y, 4- y,) 3- i sin (y, + y,)]. (5) 


In (4) and (5) the right sides are equal, hence the left sides are 
equal too: 
ght?i— gig eic. 
2. The following formula is similarly proved: 


2 


e417 22 = a . (6) 
3. If m is an integer, then 
(e^)? i= e"? (7) 


For m>0, this formula is readily obtained from (3); if m «0, 
then it is obtained from formulas (3) and (6). 
4. The identity 
etni o (8) 
holds. 
Indeed, from (3) and (1) we get 


| ez+ani — geni — e (cos 2n + i sin 2x) = e. 
From identity (8) it follows that the exponential function e^ is a 


periodic function with a period of 2mi. 
5. Let us now consider the complex quantity 


w= u (x) + iv (x), 
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where w(x) and u(x) are real functions of the real variable x. 
This is the complex function of a real variable. 
a) Let there exist the limits 


lim u(x)=u(x,), lim v (x) —v(x,). 


Then u (x,) + iv (x,) = to, is called the limit of the complex variable w. 
b) If the derivatives u'(x) and v'(x) exist, then we shall call 
the expression 


w =u (x) + iv’ (x) (9) 
the derivative of the complex function of a real variable with 


respect to a real argument. 
Let us now consider the following exponential function: 


w = eax + iBx — e(a+ iB) T. 
where a and B are constant real numbers, and x is a real variable. 


This is a complex function of a real variable, which function may 
be rewritten, according to (1), as follows: 


t) —&"* [cos Bx 4- i sin px] 
m w = &** cos fix + ie™ sin Bx. 
Let us find the derivative w. From (9) we have 
w = (e'* cos fx)’ --i(e"* sin gx) = 
= &*(acospx—f sin Bx) +ie** (a sinBx+8 cospx) = 
— a [e'* (cos Bx-F i sin x)] 4- ip [e* (cosBx-- isinpx)] — 
= (a 4- ip) [e** (cosBx 4- i sinBx)] —(a-- ip) e" *'P ~, 
To summarise then, if :!— e'**'? * then w — (a+ ip) e'**'? * or 
[ern sy = (a + ip) e? tip) x (10) 
Thus, if & is a complex number (or, in the special case, a real 
number) and x is a real number, then 
(ey = ke". (9°) 
We have thus obtained the ordinary formula for differentiation of 


an exponential function. 
Further, 


(e=) = e" 9 k (eM) = k'e 
and for arbitrary n 
(e^*)' = ke”, 


We shall need these formulas later on. 
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SEC. 5. EULER'S FORMULA. THE EXPONENTIAL FORM 
OF A COMPLEX NUMBER 
If we put x —O0 in formula (1) of the preceding section, we get 
e" = cos y + i siny. (1) 
This is Euler's formula, which expresses an exponential function 


with an imaginary exponent in terms of trigonometric functions. 
Replacing y by —y in (1) we get 


e^ = cos y—i siny. (2) 


From (1) and (2) we find cosy and siny: 


iy -iy 
COS y = aa : 
: eg — e- (3) 
sin y Te T n 


These formulas are used, among other things, to express the pow- 
ers of cos@ and sing and their products in terms of the sine 
and cosine of multiple arcs. | 


iy e-i " 
Examples: 1. cos? y= (SEE J| -4 e? p24 6-9) = 


[(cos 2y + i sin 2y) +2 + (cos 2y — i sin 2 y)] = 


(2 cos 2y + 2) -3 (1 + cos 25). 


ere ty (y 


, 2 in? @ = 
2. cos? p sin? q ( 5 2j 


=> EZ cost 4 : 
The exponential form of a complex number. Let us represent a 
complex number in trigonometric form: 
z - r (coso -+i sing), 
where r is the modulus of the complex number and @ is the am- 
plitude of the complex number. By Euler's formula, 
cos o 4- i sin q — e^*. 


Thus, any complex number may be represented in the so-called 
exponential form: 
2 re, 
Examples. Represent the numbers 1, i, —2, —i in the exponential form. 
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Solution. 1 =cos 2kn 4- i sin 2kn = e?*"i, 
n 

—i 

[22008 5 -+i sin 5 = e 

—2 —2 (cos xt + i sin m) — 2e", 


iocos i sin = pU 
= 5 y= 


SEC. 6. FACTORING A POLYNOMIAL 
The function 
f (x) = A4- Aux" +... HA 


where n is an integer, is known as a polynomial or a rational 
integral function of x, the number n is called the degree of the 
polynomial. Here, the coefficients A,, A, ..., A, are real or 
complex numbers; the independent variable x can also take on 
both real and complex values. The roof of a polynomial is that 
value of the variable x at which the polynomial becomes zero. 

Theorem 1 (Remainder Theorem). Division of a polynomial f (x) 
by x—a yields a remainder equal to f (a). 

Proof. The quotient obtained by the division of f(x) by x—a 
will be a polynomial f,(x) of degree one less than that of f (x), 
and the remainder will be a constant R. We can thus write 


F (x) — (x —a) f, (x) +R. (1) 


This equality holds for all values of x different from a (division 
by x—a when x=a is meaningless). 

Now let x approach a. Then the limit of the left side of (1) 
will equal f(a), while the limit of the right side will equal R. 
Since the functions f(x) and (x—a)f,(x)--R are equal for all 
x #a, their limits are likewise equal as x —+a, that is, f (a) — R. 

Corollary. /f a is a root of the polynomial, that is, if F(a) 0 
then x—a divides f(x) without remainder and, hence, f(x) is 
represented in the form of a product 


F(x) = (x— a) f, (x) 
where [, (x) is a polynomial. 
Example 1. The polynomial f (x) —x* —6x* 4- 11x —6 becomes zero for x — 1; 
thus, f (1) 20, and so x—1 divides this polynomial without remainder: 
x! — 6x? + 11x —62: (x —1) (x? —5x 4-6). 
Let us now consider equations in one unknown, x. 
Any number (real or complex) which, when substituted into the 


equation in place of x, converts the equation into an identity is 
called a root of the equation. 
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Example 2. The numbers x=: X,==—; X;3=—; ..., are the roots of 


"E 
the equation cos x= sia x. 

If the equation is of the form P (x) 20, where P (x) is a poly- 
nomial of degree n, it is called an algebraic equation of degree n. 
From the definition it follows that the roots of an algebraic equa- 
tion P (x) 30 are the same as are the roots of the polynomial P (x). 

Quite naturally the question arises: Does every equation have 
roots? 

In the case of rionalgebraic equations, the answer is no: there are 
nonalgebraic equations which do not have a single root, either real 
or complex; for example, the equation e* =Q. *) 

But in the case of an algebraic equation the answer is yes. This 
is given by the fundamental theorem of algebra. 

Theorem 2 (Fundamental Theorem of Algebra). Every rational 
integral function F(x) has at least one root, real or complex. 

The proof of this theorem is given in higher algebra. Here we 
give it without proof. 

With the aid of the fundamental theorem of algebra it is easy 
to prove the following theorem. 

Theorem 3. Every polynomial of degree n may be factored into 
n linear factors of the form x—a and a factor equal to the 
coefficient of x". | 

Proof. Let f(x) be a polynomial of degree n: 


F(x) =A xt + Ate AS 


By ‘virtue of the fundamental theorem, this polynomial has at 
least one root; we denote it by a,. Then, by the corollary of the 
remainder theorem, we can write 


F(x) -- (x— a) f, (x) 
where f, (x) is a polynomial of degree n— 1; f, (x) also has a root. 
We designate it by a,. Then 

f (x) P (x—a,) ls (x) 


where f,(x) is a polynomial of degree n—2. Similarly, 
f, (x) = (x — aj) f, (x). 


Indeed, if the number x,=a-+bi were the root of this equation, we 
would have the identity e+’! =Q or (by Euler's formula) e^ (cos b + i sin 5) 0. 
But e^ cannot equal zero for any real value of a; neither is cos b +i siu b equal 
to zero (because the modulus of this number is V cos?6+sin?b=1 for any 
b). Hence, the product e^ (cos b -- i sin b) 40, i. e., e+ z 0; but this means 
that the equation e* =0 has no roots. 


*) 
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Continuing this process of factoring out linear factors, we arrive 
at the relation 
PE (x) = (x— ân) fa 


where f, is a polynomial of degree zero, i. e., some fixed number. 
This number is obviously equal to the coefficient of x"; that is, 


" On the basis of the equalities obtained we can write 
f (x) = A,(x—a,) (x—a,) ... (x—a,). (2) 


From the expansion (2) it follows that the numbers a,, ids 
are roots of the polynomial f (x), since upon the substitution de =a, 
x=a,, ...,x=a, the right side, and hence, the left, becomes zero. 


Example 3. The polynomial f (x) —x* —bx?*--11x —6 becomes zero when 
xal, x22, X 28. 


Therefore, 
x* — 6x? + 10x — 62 (x — 1) (x—2) (x —3). 


No value x=a that is different from a,, a,, ..., a, can be a 
root of the polynomial f(x), since no factor on the right side of 
(2 vanishes when x=a. Whence the following proposition. 

A polynomial of degree n cannot have more than n distinct roots. 

But then the following theorem obtains. 

Theorem 4. If the values of two polynomials of degree n, 9, (x) 
and q,(x), coincide for n-- 1 distinct values a,, Q, a,, ..., a, of 
the argument x, then these polynomials are identical. 

Proof. Denote the difference of the polynomials by f(x): 


i (x)= =f, (x) — E, (x). 


It is given that f(x) is a polynomial of degree not higher than 
n that becomes zero at the points a,, ..., a,. It can therefore be 
represented in the form 


f (x)= A, (x— a4) (x— a) secs (x — a,). 


But it is given that f(x) also vanishes at the point a,. Then f (a,) 20 
and not a single one of the linear factors equals zero. For this 
reason, A,=0 and then from (2) it follows that the polynomial 
F(x) is identically equal to zero. Consequently, p, (x) — p, (x) za 0 


or p, (x) = Q, (x). 
Theorem 5. /f a polynomial 


P (x)= Ax" 4 Ax. tA, XA, 


is identically equal to zero, all its coefficients equal zero. 
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Proof. Let us write its factorisation using formula (2): 
P (x)= A,x" +A, x" Fr +A, Xx+ A, =A, (x—a,) ... (x—a,). (1^) 


If this polynomial is identically equal to zero, it is also equal to 


zero for some value of x different from a,, ..., a,. But then none 
of the bracketed values x—a,, ..., x—a, ds equal to zero, and, 
hence, A, =0. 


Similarly it is proved that A,=0, A,=0, and so forth. 

Theorem 6. /f two polynomials are identically equal, the coeffi- 
cients of one polynomial are equal to the corresponding coefficients 
of the other. 


This follows from the fact that the difference between the 
polynomials is a polynomial identically equal to zero. Therefore, 
from the preceding theorem all its coefficients are zeros. 


Example 4. If the polynomial ax*--bx*--cx--d is identically equal tothe 
polynomial x*—5x, then a=0, b=1, c=— 5, and d=0. 


SEC. 7. THE MULTIPLE ROOTS OF A POLYNOMIAL 


If, in the factorisation of a polynomial of degree n into linear 


factors 
F (x) = A, (x—a,) (x—a,) ... (x—a,) (1) 


certain linear factors turn out the same, they may be combined, 
and then factorisation of the polynomial will yield 


f (x) = A, (x—a,)*1 (x—a,)* ... (n9—a,,)*m. (1°) 
And 
k tk, +... -- E, =n. 


In this case, the root a, is called a root of multiplicity &,, or a 
k -tuple root, a,, a root of multiplicity k, etc. 


Example. The polynomial f (x) —x!—5x*--8x —4 may be factored into the 
following linear factors: 


f(x) = (—2) (x —2) (x — 1). 
This factorisation may be written as follows: 


Fx) (x—2y (x —1). 


The root a,—2 is a double root, a,—1 is a simple root. 


If a polynomial has a root a of multiplicity &, then we will 
consider that the polynomial has & coincident roots. Then from 
the theorem of factorisation of a polynomial into linear factors 
we get the following theorem. 

Every polynomial of degree n has exactly n roots (real cr 
complex ). 
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Note. All that has been said of the roots of the polynomial 
f (x)= Ax" +A x"-'4+ ...+A,, 
may obviously be formulated in terms of the roots of the 
algebraic equation 
A x" + Aux +... -...A,=0. 

Let us further prove the following theorem. 

Theorem. /f, for the polynomial f(x), a, is a root of multiplicity 
k >>l, then for the derivative F (x) this number is a root of 
multiplicity R, — 1. 

Proof. If a, is a root of multiplicity &,—1, then it follows from 
formula (1') that 

F (x) = (x— a.) (x) 
where ọ (x) = (x—-a,)^ .. . (x— a,)"m does not become zero at x=a,; 
that is, p(a,) #0. Differentiating, we get 


FG) =k, (x— a) p(x) + (x—a)*' (x) = 
== (x —a,)^7! [k p (x) + (x—a,) p (x)]. 


Put 
V (x) = kp (x) + (x— a) 9' (x). 
Then 
l (x) = (x—a,)* T" p(x) 
and here 


v (a,) - Ry (a,) T (a, — a) p (a,) = Rg (a,) #0. 


In other words, x=a, is a root of multiplicity &,—1 of the 
polynomial f’ (x). From the foregoing proof it follows that if &, — 1, 
then a, is not a root of the derivative f'(x). 

From the proved theorem it follows that a, is a root of multi- 
plicity &, —2 for the derivative f” (x), a root of multiplicity &, —3 
for the derivative P^ (x) ..., and aroot of multiplicity one (simple 
root) for the derivative f^^" (x) and is not a root for the deri- 
vative f*" (x), or 


f (a) —0, f (a) 0. (4) 0, ..., Pe (a,)=0, 
F^ (a) 4 0. 


SEC. 8. FACTORISATION OF A POLYNOMIAL IN THE CASE 
OF COMPLEX ROOTS 


In formula (1), Sec. 7, Chapter VII, the roots a,, a,, ..., a, may 
be either real or complex. We have the following theorem. 

Theorem. /f a polynomial f(x) with real coefficients has a complex 
root a+ bi, it also has a conjugate root a— bi. 


but 
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Proof. Substitute, in the polynomial f(x), a4- bi in place of x, 
raise to^a power and collect separately terms containing i and 
those not containing i, we then get 


f(a+ bi) —« M -- Ni, 


where M and N are expressions that do not contain i. 
Since a+ bi is a root of the polynomial, we have 


whence 
M 2-0, N—O. 


Now substitute the expression a— bi for x in the polynomial. 
Then (on the basis of Note 3 at the end of Sec. 2 of this chap- 
ter) we get a number that is a conjugate of the number M+ Ni, or 


f(a— bi) = M—Ni. 


Since M =0 and N —0, we have f (a—bi) —-0; a— bi is a root of 
the polynomial. 
Thus, in the factorisation 


f(x) =A, (x—a,) (x—a,) ... (x—a,) 


the complex roots enter as conjugate pairs. 

Multiplying together the linear factors that correspond to a 
pair of complex conjugate roots, we get a trinomial of degree two 
with real coefficients: 


[x — (a + bi)] [x—(a— bi)] = 
= [(x— a) — bi] [(x— a) + bi] = 
= (x—a)*+ b' =x'—2ax+a*+ b! zi x* - px 4- q, 


where p= —2a, g=a’*-+ b? are real numbers. 

If the number a+ bi is a root of multiplicity k, the conjugate 
number a— bi must be a root of the same multiplicity &, so that 
factorisation of the polynomial will yield the same number of 
linear factors x— (a+ bi) as those of the form x—(a— bi). 

Thus, a polynomial with real coefficients may be factored into 
real factors of the first and second degree of corresponding 
multiplicity; that is, 


(x)= A, (x—a,)* (x —a,)*s. Es 


oo. (x—a,)r (x* -- p x+ qu)... (x? 4- p,x 4- q)'s 
where 


Rid R. r.c RH 2, +... + 24 — n. 
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SEC. 9. INTERPOLATION. LAGRANGE’S INTERPOLATION FORMULA 


Let it be established, in the study of some phenomenon, that 
there is a functional relationship between the quantities y and x 
which describes the quantitative 

g aspect of the phenomenon; the 
: function y— (x) is unknown, 
but experiment has established 
the values of this function y,, 
Y=P(X) Yi, Yor «+> U,lor certain values 
of the argument x,, x,, x,, ..., 
x,, in the interval [a, b]. 

The problem is to find a func- 
LJ tion (as simple as possible from 

aX X b the computational standpoint; for 

Fig. 164. example, a polynomial) which 

would represent the unknown 

function y= q (x) on the interval 

{a, b] either exactly or approximately. In more abstract fashion 

the problem may be formulated as follows: given on the interval 

la, b] the values of an unknown function y— (x) at n+1 

distinct points x,, x,, ..., Xp: 

y; P (X) Y= P(X yy eer Yn = P (Xn); 

it is required to find a polynomial P(x) of degree «n that ap- 
proximately expresses the function q (x). 

For such a polynomial, it is natural to take a polynomial whose 
values at the points x, x,, X} ..., x, coincide with the corre- 
sponding values Y, Y,» Yz ..., y, of the function ọ (x) (Fig. 164). 
Then the problem, which is called the “problem of interpolating 
a function", is formulated thus: for a given function ọ (x) find a 


polynomial P(x) of degree <n, which, for the given values of 
XQ Xo +++) Xp» Will take on the values 


y, = (X,), E = (x,), 00, YZ= (x4). 


For the desired polynomial, take a polynomial of degree n of 
the form 


P(x)=C, (x—x) (x—x, ... x—x)- 
$C, (=x) x —2) -.- (2 x) + 
Gy (x—x,) (x —x,) (x—x,) LE. (x—x,) + cae 
OEC (x—x)(x—x)...(x—2x,.,) (1) 


and define the coefficients C,, €,, ..., C, so that the following 
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conditions are fulfilled: 
P(x)—4. P(x) =H, o P An) =I: (2) 
[: (1) put x=x, then, taking into account equality (2), we get 
y, —C,(x,—x,)(x,—x)... (x,—x4) 
whence 
C 


eit = te 
0 (x —x) (Xp — Xe) 0. (Xo — Xn) ` 
Then, setting x —x,, we get 
y, =C (x, ——x)(x,—x,) ...(x,—2x) 
whence 
Co yı 
! (x — xo) (x, — X4) EIL (x,— Xn) ° 
In the same way we find 
Cu Ys A 
: (X2 — Xo) (3 — x1) (33—x3) (6 — xn) ’ 
(cs e A coeur 
. (Xn — Xo) (X4 — 41) (xà Xa) © (Xp — Xn- ` 
Substituting these values of the coefficients into (1), we get 
(4%) (x — xa) . . . (x— Xn) 
PO = Ga) let) lp tg) PT 
(x — xo) (x —x,) ... (x —Xn) i 
+ (x — xo) (x, S eei (Xian) Avr 
(x — xo) (x —x) (x —x) ... (x —x,) 
T (x, — x9) (X2 31) (X2 — X9) - - - (X2 — X4) y. 


(x —x$) (x —x) ... (X4— X41) 
did T aaa (x42) eee ee) n (3) 


This formula is called the Lagrange interpolation formula. 

Let it be noted, without proof, that if q (x) has a derivative of 
the (n+ l)st order on the interval [a, b], the error resulting from 
replacing the function. p(x) by the polynomial P(x), i. e, the 
quantity R (x) 2 q (x) — P (x), satisfies the inequality 


l n-4-1 
IR (x) | m Lex) (6x) (6 xa) | GTP] MAX PNT? 0l. 
Note. From Theorem 4, Sec. 6, Ch. VII, it follows that the 


polynomial P(x) which we found is the only one that satisfies 
the given conditions. 
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Example. From experiment we get the values of the function y= q (x): 
y, =3 for x,—1, y= —5 for x, —2, y,—4 for x,— — 4. 

It is required to represent the function y=q(x) approximately by a 
polynomial] of degree two. 

Solution. From (3) we have (for n —2) 


(x —2) (x 3- 4) 4 , (x — 1) (x 3- 4) x —1) (x —2) 


P Q= aAa tA t eera + eS SIH 
oT 
39 123 252 
P (x) - — 354—739 " 30 ' 


SEC. 10. ON THE BEST APPROXIMATION OF FUNCTIONS 
BY POLYNOMIALS. CHEBYSHEV'S THEORY 


A natural question follows from what has been discussed in the 
previous section: If a continuous function ọ (x) is given on the 
closed interval [a, b], can this function be represented approxi- 
mately in the form of a polynomial P (x) to any preassigned de- 
gree of accuracy? In other words, is it possible to choose a poly- 
nomial P (x) such that the absolute difference between (x) and 
P (x) at all points of the interval (a, b] should be less than any 
preassigned positive number e? The following theorem, which we 
give without proof, answers this question in the affirmative. *) 

Weierstrass’ Approximation Theorem. Ff a function « (x) is con- 
tlinuous on a closed interval [a, b], then for every & 790 there 
exists a polynomial P (x) such that |f (x) — P (x)| «e, for every x 
in the interval. 

The outstanding Soviet mathematician Academician S. N. Bern- 
stein gave the following method of direct construction of such 
polynomials that are approximately equal to the continuous func- 
tion ọ (x) on the given interval. 

Let ọ (x) be continuous on the interval [0, 1]. We write the 
expression " 
B, 6) - Y e( 5) Cx" 0. — 977. 


m=0 


Here, C? are binomial coefficients, 9 (= is the value of the 


given function at the point x= 2, The expression B,(x) is an nth 
degree polynomial called the Bernstein polynomial. 


*) It will be noted that the Lagrange interpolation formula (see (3) Sec. 9] 
cannot yet answer this question. Its values are equal to those of the function 
at the points xy, x,, Xæ ..., Xm but they may be very far from the values 
ol the function at other points of the interval [a, b]. 
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If an arbitrary e>>0 is given, one can choose a Bernstein poly- 
nomial (that is, select its degree n) such that for all values of x 
on the interval [0, 1], the following inequality will be fulfilled: 


|B, (x)— 9 (x) |<e. 


It should be noted that consideration of the interval [0, 1], and 
not an arbitrary interval [a, b], is not an essential limitation of 
generality, since by changing the variable x=a+/¢(b—a) it is 
possible to convert any interval [a, 6] into [0, 1]. In this case, 
the nth degree polynomial will be transformed into a polynomial 
of the same degree. 

The creator of the theory of best approximation of functions by 
polynomials is the brilliant Russian mathematician P. L. Cheby- 
shev (1821-1894). In this field, he obtained the most profound 
results, which exerted a great influence on the work of later mathe- 
maticians. Studies involving the theory of articulated mechanisms, 
which are widely used in machines, served as the starting point 
of Chebyshev's theory. While studying these mechanisms he arrived 
at the problem of finding, among all polynomials of a given 
degree with the leading coefficient equal to unity, a polynomial 
of least deviation from zero on the given interval. He found these 
polynomials, which subsequently became known as the Chebyshev 
polynomials. They possess many remarkable properties, and at 
present are a powerful tool of investigation in many problems of 
mathematics and engineering. 


Exercises on Chapter VI 


1. Find (345i) (A— i). Ans. 17-El7i. 2. Find (64-110) (7 + 3i). Ans. 9-E 95; 
, —i 1 2319. . ET E 
3. Find LB Ans. na i. 4 Find (4—7iy. Ans. 024 4- 7i. 
5. Find Vi. Ans. aoe 6. Find Y —5— 127. Ans. + (2—3i). 7. Re- 


duce the following expressions to trigonometric form: a)  1-Fí. 
Ans. VE (cost isin t» b)l—i. Ans. VE ( cos 7 + isin T) ; 


8. Find y^ bs Ans. RES —i; ve . 9. Express the following expres- 


sions in terms of powers of sinx and cosx: sin2x, cos2x, sin4x, cos 4x, 
sin 5x, cos 9x. 10. Express the following in terms of the sine and cosine of 
multiple arcs: cos*x, cos? x, cos* x, cos? x; sin? x, sin? x, sin* x, sind x. 11. Divide 
f (x) =x? —4x*-4-8x —1 by x-+4. Ans. f(x) (x--4) (x?—8x+40)—161, that 
is, the quotient is equal to x?—8x -+ 40; and the remainder is f (— 4) -2 — 161. 
12. Divide f(x)—x*--12x'--54x?--108x--81 by x+3. Ans. f(x)= 
mi dur (x4-9x?-E27x +27). 18. Divide f(x) -x' —1 by x—1. Ans. f (x)= 
— (x — 1) (fpr ext xi x* - x 4-1). 
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Factor the following polynomials: 14. f(xj=x*—1. Ans. f(x)= 
=(x—1)(x+1) (x? 4-1) 15. /f(x)—x*—x—2. Ans. f(x) =(x—2) (x +1). 
16. f (x) -x'-F-l. Ans. f(x) (x +1) (x?—x+1). 

17. Experiment yielded the following values of y as a function of x: 

y,= 4 for x,=0, 
y= 6 for n=l, 
y=10 for x,—2. 


Represent (approximately) the function by a second-degree polynomial. 
Ans. x?+-x-+-4. 

18. Find a polynomial of degree four that takes on the values 2, 1, — 1, 5, 
0 for x=1, 2, 3, 4, 5, respectively. Ans. $ ainel x?— 92x -1- 3b. 

19. Find a polynomial of the lowest possible degree that takes on the 
values 3, 7, 9, 19 for x=2, 4, 5, 10, respectively. Ans. 2x — 1. 

20. Find the Bernstein polynomials of degree 1, 2, 3. and 4 for the func- 
tion y—sinzx on the interval [0, 1]. Ans. B,(x)e0; B,(x)—2x(1— x); 


B (x) =" ae x(1—3)5; B, (x) = 2x (1 —x) [(2 V2 —3) 7-2 Y 2 —3) x + Y 2]. 


CHAPTER VIII 


FUNCTIONS OF SEVERAL VARIABLES 


SEC. 1. DEFINITION OF A FUNCTION OF SEVERAL VARIABLES 


When considering a function of one variable we pointed out 
that in the study of many phenomena one encounters functions 
of two and more independent variables. Some examples follow. 


Example 1. The area S of a rectangle with sides of length x and y is. 
expressed by the formula 


S= xy. 


To each pair of values of x and y there corresponds a definite value of 
the area S. S is a function of two variables. 


Example 2. The volume V of a rectangular parallelepiped with edges of 
length x, y, z is expressed by the formula 
V = xyz. 


Here, V is a function of three variables, x, y, 2. 

Example 3. The range R of a shell fired with initial velocity v, from a 
Eum Bui; barrel is inclined to the horizon at an angle q, is expressed by 
he formula 


R= vs sin 2p 
E 


(air resistance is disregarded). Here, g is the acceleration of gravity. 

For every pair of values of v, and ọ this formula yields a definite value 
of R; in other words, R is a function of two variables, v, and q. 

Example 4. 


XT y* zt EÜ 
a Vi4x 


Here, u is a function of four variables x, y, z, t. 


Definition 1. If to each pair (x, y) of values of two independent 
variable quantities x and y (from some range D) there corresponds 
a definite value of the quantity 2, we say that z is a function of 
the two independent variables x and y defined in D. 

A function of two variables is symbolically given as 


z=f(x, y), z— F(x, y) and so forth. 
A function of two variables may be represented, for example, 


by means of a table or analytically (by a formula) as in the 
four examples given above. The formula may be used to construct 
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a table of values of the function for certain number pairs of the 
independent variables. From Example 1 we can build the 
[ollowing table: 


S= 


In this table, the intersections of the lines and columns, which 
correspond to definite values of x and y, yield the corresponding 
values of the function S. 

[f the functional relation z —/(x, y) is obtained as a result of 
changes in the quantity 2 in some experimental study of a phe- 
nomenon, we straightway get a table defining z as a function of 
two variables. In this case, the function is specified by the table: 
alone. | 

As in the case of a single independent variable, a function of 
two variables does not, generally speaking, exist for all values of 
x and y. 

Definition 2. The collection of pairs (x, y) of values of x and 
y, lor which the function 


z — f(x, y) 


is defined, is called the domain of definition of this function. 
The domain of a function is apparent when illustrated geomet- 
rically. If each number pair x and y is given as a point M (x, y) 
in the xy-plane, then the domain of definition of the function 
will be a certain collection of points in the plane. We shall also 
call this collection of points the domain of definition of the func- 
tion. In particular, the entire plane may be the domain. In future 
we shall mainly have to do with such domains as are parts of 
the plane bounded by lines. The line bounding the given domain 
we shall call the boundary of the domain. The points of the do- 
main not lying on the boundary we shall call inferior points of 
the domain. A domain consisting solely of interior points is 
called an open domain; that which includes the points of the 
boundary is called a closed domain. 
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Example 5. Determine the natural domain of definition of the function 
z —2x — y. 

The analitic expression 2x —g is meaningful for all values of x and y. 
Therefore, the entire xg-plane is the natural domain of the function. 

Example 6. 2 — Vi—x-—y. l 

For z to have a real va'ue it is necessary that the radicand be a nonne- 
gative number; in other words, x and y must satisfy the inequality 

1—x*—9*220, or Lpy. 


AM the points M (x, y) whose coordinates satisfy the given inequality lie 
in a circle of radius 1 with centre at the origin and on the boundary of 
this circle. | 

Example 7. 


g 
z=ln (x 4- y). p SIII LSIEN. 
Since logarithms are defined only for positive pr 7 


numbers, the following inequality must be 
satisfied: 2^. 


`~ 


x+y 250 or y>—x. 


' — This means that the natural domain of 
‘definition of the function .z is the half-plane 
above the straight line y = —vx, the line itself 
not included (Fig. 165). 


0 X 
Example 8. The area of the triangle S is a 
function of the base x and the altitude y: KH Yj 
M 


Fig. 165. 

The domain of this function is x 0, y 0 

(since the base of a triangle and its altitude 

cannot be negative or zero) We notice that the domain of this function 
does not coincide with the natural domain of definition of the analytic 


expression used to define the function, because the natural domain of 
"MO om 
the expression y ÍS obviously the entire xy-plane, 


It is easy to generalise the definition of a function of two 
variables to the case of three or more variables. 

Definition 3. If to every collection of values of the variables 
X, Y, 2, ..., U, E there corresponds a definite value of the vari- 
able w, we shall then call w the function of the independent vari- 
ables x, y, 2, ..., u, f and write w=F (x, y, 2, ..., U, t) or 
w=f(x, y, 2, u, t), and so on. 

Just as in the case of a function of two variables, we can 
speak of the domain of definition of a function of three, four and 
more variables. 

To take an example, for a function of three variables, the do- 
main of definition is a certain collection of number triples (x, y, z). 
Let it be noted that each number triple is associated with some 
point M(x, y, z) in xyz-space. Consequently, the domain of 


? — 3388 


258 Functions of Several- Variables. .- - 
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definition of a function of three variables is some collection of 
points in space. 

Similarly, one can speak of the domain of definition of a func- 
tion of four variables u=f(x, y, z, t) as of a certain collection 
of number quadruples (x, y, 2, f). However, the dofnain of 
definition of a function of four or a larger number of variables no 
longer permits of a simple geometric interpretation. 

Example 2 gives a function of three variables defined for all 
values of x, y, z. 

In Example 4 we have a function of four variables. 

Example 9. 

w= V 1—x?— y? —z?— Q. 


Here w is a function of the four variables x, y, z, u defined fof values of 
the variables that satisfy the relationship 


] —x?— y? —2?— u? zx 0. 


SEC. 2. GEOMETRIC REPRESENTATION OF A FUNCTION OF TWO 
VARIABLES 


We consider the function 
2 —f(x, y), (1) 


defined in the domain G in the xy-plane (as a particular case, 
this domain may be the entire. plane), and a system of rec- 


Fig. 166. Fig. 167. 


tangular Cartesian coordinates Oxyz (Fig. 166). At each point (x, y) 
erect a perpendicular to the xy-plane and on it lay off a segment 
equal to f(x, y). 

This gives us a point P in space with coordinates 


X, 9, z=f (x, y). 
The locus of points P whose coordinates satisfy equation (1) 
is the graph of a function of two variables. From the course of 
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analytic geometry we know that equation (1) defines a surface 
in space. Thus, the graph of a function of two variables is a 
surface projected onto the xy-plane in the domain of definition 
of the function. Each perpendicular to the xy-plane intersects 
the surface 2—f (x, y) at not more than one point. 


Example. As we know from analytic geometry, the graph of the function 
z—x?-- gy? is a paraboloid of revolution (Fig. 167). = 


Note. It is improssible to depict a function of three or more 
variables by means of a graph in space. 


SEC. 3. PARTIAL AND TOTAL INCREMENT OF A FUNCTION 
Consider the line of intersection PS of the surface 


z= f (x, y) 


with the plane y-const parallel to the xz-plane (Fig. 168). 

Since in this plane y remains constant, z will vary along the 
curve PS depending only on the changes in x. Increase the inde- 
pendent variable x by Ax; then z will be increased; this increase 
is called the partial increment of z with respect to x and it is 
denoted by A,z (the segment SS’ 
in the figure), so that 


Az — f (x+ Ax, y) — f(x, y). (1) 

Similarly, if x is held constant 
and y is increased by Ay, then z 
is increased, and this increase is 
‘called the partial increment of z 
with respect to y (symbolised by 
A,z, the segment TT’ in the 
figure): 

Ay2 — f(x, y+ Ay)—f(x, y). (2) 

The function receives the in- ; 
crement A,z "along the line" of iE 
intersection of the surface z—f(x, y) with the plane x-const 
parallel to the yz-plane. | 

Finally, increasing the argument x by Ax, and the argument y 
by the increment Ay, we get for z a new increment Az, which is 


called the total increment of the function z and is defined by the 
lormula 


Az=f(x-+Ax, y+ Ay) — f (x, y). (3) 
In Fig. 168 Az is shown as the segment QQ’. 


9* 
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It must be noted that, generally speaking, the total increment 
is not equal to the sum of the partial increments, Az#A,z+ A,z. 


Example. z= xy. 
Axz — (x Ax) y—xy =y Ax, 
Ay2 — x (y+ Ay) —xy — x Au, 
Àz = (x + Ax) (y + Ay) —xg =y Ax +x Ay+ Ax Ay. 
For x=1, y=2, Ax —0.2, Ay —0.3 we have A,z=0.4, A yz — 0.3, A2 0.76. 
Similarly we define the partial and total increments of a function 
of any number of variables. Thus, for a function of three variables 
u —f (x, y, t) we have 


Au =f (x + Ax, y, t) — f (x, 9, t), 
Au = f(x, y+ Ay, 0 —f (x, Jy, t), 
Au =f (x, y, t+ AO —f (x, y, t), 
Au =f(x+ Ax, y+ Ay, t+At)— f(x, y, f). 


SEC. 4. CONTINUITY OF A FUNCTION OF SEVERAL VARIABLES 


We introduce an important auxiliary concept, that of the neigh- 
bourhood of a given point. | | 
The neighbourhood, of radius r, of a point M, (X. y,) is the 
collection of all points (x, y) that satisfy the inequality 
V (x—x--(y—u)y«r that is, the 
set of all points that lie inside a circle 
of radius r with centre in the point 
M, (Xs. Yo). 
If we say that a function f(x, y) 
possesses some property "near the point 
_ (x, 1)" or “in the neighbourhood of the 
point (x,, y,)” we mean that there is a 
circle with centre at (x,, y,), at all 
points of which circle the given function 
possesses the given property. 
Fig. 169. Before considering the concept of 
continuity of a function of several 
variables, let us examine the notion of the limit of a function 
of several variables.*) Let there be a function 


z=] (x, y) 
defined in some domain G of an xy-plane. 
Let us consider some definite point M,(x,, y,) in G or on its 
boundary (Fig. 169). 


*) We shall mainly consider functions of two variables, since three and 
more variables do not introduce any fundamental changes, but do introduce 
additional technical difficulties. 
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Definition 1. The number A is called the limit of the function 
f(x, y) as M(x, y) approaches M, (x,, y,) if for every £—0 there 
is an r>>O such that for all points M(x, y) for which the 


inequality MM, «r is fulfilled we have the inequality 
If y) — A | « e. l 

If A is the limit of f(x, y) as M(x, y) — M, (x,, y,), then we write 
lim f (x, y) — A. 
i o 


Definition 2. Let the point M,(x,, y,) belong to the domain of 
definition of the function f(x, y). The function z=f(x, y) is 
called continuous at the point M,(x,, y,) if we have 


lim f (x, y) = HG Wa), (1) 
y -» Vs 
and M(x, y) approaches M,(x,, y,) in arbitrary fashion all the 
while remaining in the domain of the function. 
Designate x —x,-- Ax, y=y,-+ Ay, then (1) may be rewritten as 
follows: 


mr (x, 1- Ax, y, t Ay) = i (x; Ya) (1) 
Ayo 
or 
Am |f (x, + Ax, Ya + Ay) — f (x,, UA) = 0. (1^) 
Ay —9 


We set Aog— Y (Ax)? + (Ay)? (see Fig. 168). As Ax — 0 and Ay — 0, 
Ao — 0; and conversely, if Ag — 0, then Ax — 0 and Ay — 0. 

Noting further that the expression in the square brackets in (1") 
is the total increment of the function Az, (1" may be rewritten 
in the form 

lim Az — 0. (1^7) 
AQ—0 
A function continuous at each point of some domain is continuous 
in the domain. 

If at some point N (x, y,) condition (1) is not fulfilled, then 
the point N (x, y,) is called a point of discontinuity of the function 
2 =} (x, y). For example, condition (1^) may not be fulfilled in the 
following cases: 

l)z —f (x, y) is defined at all points of a certain neighbourhood 
" E point N (X, Yə) with the exception of the point N (x,, y,) 
itself; 
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: 2) the function z —/ (x, y) is defined at all points of a neigh- 
bourhood of the point N (x,, y,) but there is no limit lim f (x, y); 


Tad: 


3) the function is defined at all points of the neighbourhood of, 
N (x, y,) and the limit exists: lim f (x, y), but 


X — Xo 
Y — Jo 
lim f(x, y) Os Yo). 
y - Vo 
Example 1. The function 
z= x? + y? 


is continuous for all values of x and y; that is, it is continuous at every 
point in the xy-plane. 
Indeed, no matter what the numbers x and y, Ax and Ay, we have 


Az — [(x + Ax)? + (y + Ay)?]—[x? + y^] = 2x Ax --2y Ay + Ax?+ Ay?. 
Consequently, 
lim Az=0. 


Ax —0 
Ay 0 


The E is an example of a discontinuous function. 
Example 2. The function 
EN 
by? 
is defined everywhere except at the point x 0, y —0 (Figs. 170, 171). 


Fig. 170. 


Let us examine the values of z along the straight line y= kx (k — const). 
Obviously, along this line 
2kx? eR 


Deua pri PR 
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This means that a function z along any straight line passing through the 
origin retains a constant value that depends upon the slope & of the line. 
Thus; approaching the origin along different paths we will obtain different 
limiting vaiues, and this means that the function f(x, y) has no limit when 
the point (x, y) in the xy-plane approaches the origin. Thus, the function is 
discontinuous at this point. It is impossible to redefine this function at the 
coordinate origin so that it should become continuous. On the other hand, it 
is readily seen that the function is continuous at all other points. 


SEC. 5. PARTIAL DERIVATIVES OF A FUNCTION OF SEVERAL 
VARIABLES 


Definition. The partial derivative, with respect to x, of a function 
z=f (x,y) is the limit of the ratio of the partial increment A,z, 
with respect to x, to the increment Ax as Ax approaches zero. 

The partial derivative, with respect to x, of the function 
z —f(x, y) is denoted by one of the symbols 

, Q ð 
zi; flags xi F. 
Thus, by definition, 


Ax? _ lim f(x + Ax, y)— f(x, y) 
Ax —0 x Ax —>0 AX Y 


Similarly, the partial derivative, with respect to y, of a function 
z —f (x, y) is defined as the limit of the ratio of the partial incre- 
ment of the function A,z with respect to y to the increment of Ay 
as Ay approaches zero. The partial derivative with respect to y 
is denoted by one of the following symbols: 

02. Of 


e L^ oy , y e 
Thus, 
Oz — lim Ay? _ lim f(x, yt Ay)—I (x, v) 
OY ayo AY Ag-eo Ay i 


Noting that A,2 is calculated with y held constant, and Ay2 with 
x held constant, we can formulate the definitions of partial deri- 
vatives as follows: the partial derivative of the function z =f (x, y) 
with respect to x is the derivative with respect to x calculated on 
the assumption that y is constant. The partial derivative of the 
function z =f (x, y) with respect to y is the derivative with respect 
to y calculated on the assumption that x is constant. 

It is clear from this definition that the rules for computing 
partial derivatives coincide with the rules given for functions of 
one variable, and the only thing to remember is with respect to 
which variable the derivative is sought. 


! 
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Example 1. Given the function z=x*siny; find the partial derivatives 
02 Oz 


Ox and ay" 
Solution. 
OF 5 ain ; EAE T 
Ox — di Oy — y. 
Example 2. 2— x^. 
Here ; 
Oz 
—— — wy” —1 
Ox ye} 
Oz 
oe ee) fae 
ay xX tnx 


The partial derivatives of a function of any number òf variables 
are determined similarly. Thus, if we have a function u of four 
variables x, y, z, t: | 


u=f (x, y, 4, t) 
then l 
ðu tim LetAany, n D) Go y z t) 
Ox Ax +0 Ax 
ou lim tAn z 0—I 0 9 2 D and so forth. 
y Ax —90 Ay 
Example 3. 
u =x + y? + xz’, 
Ou _ 08 o, Ou _ 2. Ou a 
3; ee E ay 7^ 32 ^ tzt; 3r 7 


SEC. 6. THE GEOMETRIC INTERPRETATION OF THE PARTIAL 
DERIVATIVES OF A FUNCTION OF TWO VARIABLES 


Let the equation 
c= f (x, y) 


be the equation of a surface shown in Fig. 172. 

Draw the plane x=const. The intersection of this plane with 
the surface yields the line PT. For a given x, let us consider a 
certain point M(x, y) in the xy-plane. To the point M there cor- 
responds a point P(x, y, z) on the surface z —f (x, y). Holding x 
constant, let us increase the variable y by Ay = MN —PT'. Then 
the function z will be increased by Ayz—TT' [to the point 
N (x, y+ Ay) there corresponds a point T (x, y +4, 2-- A,z) on 
the surface z=f (x, y)]. 
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The ratio 2 is equal to the tan- 


gent of the angle formed by the 
secant line PT with the positive 
y-direction: 
oy =tan TPT’. 
Ay 
Consequently, the limit 
Ayz 02 
Ayo Ay (OY 
is equal to the tangent of the angle : 
B formed by the tangent line PB 
to the curve PT at the point P 
with the positive y-direction: 


Oz f 
5," tan B. Fig. 172. 


Thus, the partial derivative 7 is numerically equal to the tan- 


gent of the angle of inclination of the tangent line to the curve 
resulting from the surface z=f(x,y) being cut by the plane 
x — const. 

Similarly, the partial derivative = is numerically equal to the 
tangent of the angle of inclination «œ of the tangent line to the 
surface z =f (x, y) cut by the plane y = const. 


SEC. 7. TOTAL INCREMENT AND TOTAL DIFFERENTIAL 


By the definition of the total increment of the function 
z=] (x, y) we have (see Sec. 3, Ch. VIII) 
Az — F (x+ Ax, y+ Ay)—f (x, y). (1) 


Let us suppose that f(x, y) has continuous partial derivatives at 
the point (x, y) under consideration. 

Express Az in terms of partial derivatives. To do this, add to 
and subtract from the right side of (1) f(x, y+ Ay): 


^ Az — [(f(x-- Ax, y+ Ay) —FGc y+ Ay))+ [F(x, y+ Ay) — F(x, 9]. (2) 
The expression 


f(x, y + Ay) — f(x, y) 


in the second square brackets may be regarded as the diference 
between two values of the function of the variable y alone (the 
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value of x remaining constant). Applying to this diflerence the 
Lagrange theorem, we get i 
— Ap ÎE, y) : 
h(x, yt Ay) — PG, y= Ay Ge, (3) 
where y lies between y and y+ Ay. 

In exactly the same way the expression in the first square 
brackets of (2) may be regarded as the difference between two 
values of the function of the variable x alone (the second argument 
retains the same value y+ Ay). Applying the Lagrange theorem to 


this difference, we have 
at (x. | 
Fc Ax, y-- Ay) —f Go, y+ Ay) - Ax PLE stan | o quy 


where x lies between x and x-+ Ax. 
Introducing expressions (3) and (4) into (2) we get 


—— A 9l (x, y+ Ay) Of (x, y) | 
Az = AX + Ay (5) 


Since it is assumed that the partial derivatives are continuous, 
lim OF nyt Ay) _ OF y) © 


"Pet Q Ox ° 
li Of (x, y) ôf (x, y) 
inm] ———— = ————— 

Ax+o OU dy 
Ay—o 


(because x and y respectively lie between x and x+Ax, and y 


and y+ ^y, x and y approach x and y, respectively, as Ax—+0 
and Ay-—> 0). Equalities (6) may be rewritten in the form 


Ox 


Of (x, y) _ Of (x, y) 
m TCR Ya» 


Of (x, y + Ay) _ Of (x, Y) 
Ox 1 (6’) 


where the quantities y, and y, approach zero as Ax and Ay 
approach zero (that is, as Ag = V Ax? + Ay^ — 0). 
By virtue of (6^), relation (5) becomes 


à of (x, i 
Az Se Ax EOS Ay + Y, Ax + Y, Ay. (9^) 


The sum of the two latter terms of the right side is an infini- 


tesimal of higher order relative to Ao=V Ax! F Ay'. Indeed, the 
ratio 0 as AQ— 0, since y, is an infinitesimal and iG 
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~ 


Ax 


is bounded ( 


Y:A7. ,Q 
Ao 

The sum of the first two terms is a linear expression in Ax 
and Ay. For f (x, y)#0 and f(x, y)#0, this expression is the 
principal part of the increment, differing from Az by an 
infinitesimal of higher order relative to o— V Ax* + Ap’. 

Definition. The function z —/(x, y) [the total increment (Az) of 
which at the given point (x, y) may be represented as a sum of 
two terms: a linear expression in Ax and Ay, and an infinitesimal 
of higher order relative to Ao] is called differentiable at the given 
point, while the linear part of the increment is known as the 
total differential and is denoted by dz or df. 

From (5’) it follows that if the function f(x, y) has continuous | 
partial derivatives at a given point, it is differentiable at this 
point and has a total differential: 


dz — f, (x, y) &x - f, (x, y) Ay. 
Equality (5’) may be rewritten in the form 
Az = dz y, Ax + y, Ag, 


and, to within infinitesimals of higher order relative to Ao, we 
may write the following approximate equality: 


<1). In similar fashion it is verified that 


We shall call the increments of the independent variables Ax 
and Ay differentials of the independent variables x and y and we 
shall denote them by dx and dy respectively. Then the expression 
of the total differential will assume the form 


|. of af 
dz —3- dx t 5, Y- 


Thus, if the function z —f (x, y) has continuous partial derivatives, 
it is differentiable at the point (x, y), and its total differential is 
equal to the sum of the products of the partial derivatives by the 
differentials of the corresponding independent variables. 


Example 1. Find the total differential and the total increment of the 
function z=xy at the point (2, 3) for Ax=0.1, Ag —0.2. 
Solution. 


Az— (x + Ax) (y + Ay) —xy =y Ax -+x Ay + Ax Ay, 
0z 02 
OR LUE T dy =y dx 4 x dy =y Ax 4- x Ay. 
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Consequently, 
Az=3-0.1+2-0.2+0.1-0.2 =0.72; 
dz —3.0.1--2.0.2—0.7. 


Fig. 173 is an illustration of this example. 


The foregoing reasoning and definitions are appropriately 
generalised to functions of any number of arguments. 

If we have a function of any number 
of variables 


w=] (x,y,z, u,..., b) 


and all partial derivatives 2 , S P a 

Y4x, are continuous at the point (x, y, Z, u, 
s, D), the expression 

zs ol of of of 
dw= 5, dx d 5 dy ta dz... 3; dt 

is the principal part of the total increment 

Fig. 173. of the function and is called the total 

differential. Proof of the fact that the 

difference Aw— dw is an infinitesimal of higher order than 


V (Ax)? + (Ay)?-+ ... --(At)* is conducted in exactly the same way 
as for a function of two variables. 


WM B E. 
XOY 


[4x Ay 


jT 


Example 2. Find the total differential of the function u —e*'*J*sin?z of 
three variables x, y, z. 
Solution. Noting that the partial derivatives 


Qu 
L- == g* *J'9x sin? z, 
Ox 


— 4 2 2 , 
3p =e y sin? 2 


Qu ; 
= == e%? +9 sin z cos z = e** +” sin 22 


are continuous for all values of x, y, z, we find that 
Qu 


du 


dx Stayt dz =e% ** (2x sin*z dx +- 2y sin? z dy + sin 22 dz). 


SEC. 8. APPROXIMATION BY TOTAL DIFFERENTIALS 


Let the function z —/(x, y) be differentiable at the point (x, y). 
Find the total increment of this function: 


Az=f[(x+ Ax, y+ Ay)—f (x, y), 
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whence 
F(x-- Ax, y+ Ay) — FG, y) + Az. (1) 
We had the approximate formula 
Azz-dz, (2) 
where 
dz = Si Nx + S. Ay. (3) 


Substituting, into formula (1), the expanded expression for dz in 
place of Az, we get the approximate formula 


f+ A, yt Nl) EG EE ary E ay, (4) 


to within infinitesimals of higher order relative to Ax and Ay. 
We shall now show how formulas (2) and (4) are used for 
approximate calculations. 


Problem. Calculate the volume of material needed to make a cylindrical 
glass of the following dimensions (Fig. 174): 


radius of interior cylinder R, 
altitude of interior cylinder H, . 
thickness of walls and bottom of glass œk. 


Solution. We give two solutions of this problem: exact and approximate. 
a) Exact solution. The desired volume v is equal to the difference between 
the volumes of the exterior cylinder and interior 
cylinder. Since the radius of the exterior cylinder is 
equal to R-4- &, and the altitude is H+ k, i 
H 


U —x(R-J-R)(H--&)—nxR*H 


or 


I 

| 

I 

| 

| 

| 

> 

| 

| 

u =n (RHR + Rtk 4- Hh? + ORR? 4 R°’). (5) | 


b) Approximate solution. Let us denote by f the 
volume of the interior cylinder, then f—zxR*H. This is 
a function of two variables R and H. If we. increase R TEE 
and H by k, then the function f will increase by Af; Fig. 174. 
but this will be the sought-for volume v, v= Af. 

On the basis of relation (1) we have the approximate equality 


v= df 


_ of af 


‘or 


But since 
Of 


m Of pz m 
ag ^ ?48H, zg 14^ AR = AH —R, 
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we get - 
v œ t(2RHRk + RR). (6) 
Comparing the results of.(5) and (6), we see that they differ by the quan- 


lity n (H&*-E2R&k?-E- k*), which consists of terms of second and third order of 
smallness relative to kẹ. 


Let us apply these formulas to numerical examples. 

Let R=4 cm, H—20 cm, k=0.1 cm. 

Applying (5), we get, exactly, 

9 = x (2-4-20-0.1-1- 4?-0.1 + 20.0.1? 4- 2.4-0.1?-- 0.1?) = 17.8811. 
Applying formula (6), we have, approximately, 
v zz n (2-4-20-0.1 4- 4*- 0.1) = 17.6n. 

Hence, the approximate om (6) gives an answer with an error less than 
0.3m, which is 100- 2 %, which is less than 2% of the measured 


17.8817 Bea 
quantity. 


SEC. 9. ERROR APPROXIMATION BY DIFFERENTIALS 


Let some quantity u be a function of the quantities 3, 2, vost 
EUR TR E DNE A 


and let there be errors Ax, Ay, ..., A! made in determining the 
values of the quantities x, y, 2, ...,¢. Then the value of u 
computed from the inexact values of the arguments will be 
obtained with an error 

Au —f(x-- Ax, y+ Ay, ..., Z+ Az, t+ A) —fGx, Y, 2, ..., É). 
Below we shall investigate the evaluation of the error Au, provided 


the errors Ax, Ay, ..., At are known. 
For sufficiently small absolute values ofthe quantities Ax, 
Ay, At we can replace, approximately, the total increment 


by the total differential: 
Aus TE Ay+... +2 At 


Here, the values of the partial derivatives and the errors of the 
arguments may be either positive or negative. Replacing them by 
the absolute values, we get the inequality 


llar Eliasi. +] gy] ALI. (1) 


If in terms of |A*x|, |A*y|, ..., | A*u| we denote the maximum 
absolute errors of the corresponding quantities (the boundaries for 
the absolute values of the errors), it is obviously possible to take 


|A*u| =|F |] A* ET At e sse [S] Ant. (2) 


|Au | 
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Examples. 
1. Let u—x-4-y-4-2, then 


| A*u [=| A*x]+[ A*y 1 H- EL A*zI- 


2. Let ux — y, then 
| A*u |=] A*x | - | A*y|. 
3. Let t — xg, then 
| A*u|— | x IL A*y | Lu | [ A*el. 


4. Let TT then 
y 


A*u |= | A*x |+ | A*y |= 


1 x [yl A*eI+] elf Aty | 
y y* y* i 


5. The hypotenuse c and the leg a of a right triangle ABC, determined with 
maximum absolute errors | A*c|—0.2, |A*a|=0.1, are, respectively, c=75, 


a=32. Determine the angle A from the formula sin A=; and determine the 


maximum absolute error | AA | when calculating the angle A. 


* e a A a 
Solution. sinA=—, A=arc sin—, hence, 


ðA — 1 | 0A — a —— 
ja Vea 96 oyaa 


From formula (2) we get 


32 


l 
E Ã—r 9 0.1 a SS — 0.2 = 0.00275 di = ^38". 
| V (755 — (32)? tz V (75)?— (82)? mones 


LAA 
Thus, 
32 er 

A =arc sin zz + 9/38", 


6. In the right triangle ABC, let the leg 5—121.56 and the angle 

A =25°21'40", and the maximum absolute error in determining the leg b is 
A*b|=0.05 metre, the maximum absolute error in determining the angle A 

is | AFA|— 12". 

Determine the maximum absolute error in calculating the leg a from the 
formula a=b tan A. 

Solution. From formula (2) we find 

| 5] 


| Ata| - [tan A || A*b | - | AtA l. 


Substituting the appropriate values (and remembering that |A*A[ must be 
expressed in radians), we get 
121.56 12 
cos? 25°21'40" 206 265 Di 
= 0.0237 + 0.0087 = 0.0324 metre. 


| A*a | 2 tan 25°21'40"-0.054 


212 Functions of Several Variables 


The ratio of the error Ax of some quantity to the approximate 
value of x of this quantity is called the relative error of the 
quantity. Let us designate it dx, 


The maximum relative error of a quantity x is the ratio of the 
maximum absolute error to the absolute value of x and is denoted 
by |ó*x|, 


jor [= ; (3) 


|x 


To evaluate the maximum relative error of a function u, divide 
all numbers of (2) by |u|- |f (xi Y, 2, ..., f){: 


a a a 
[A*u] _ {9x | A*x|[4- oy [A*y|+...+ id [A*t], (4) 
|u| f j j 
but 
af or af 
ox — O oy ð : ‘ Qt 3 
Tal o T-gmlfW.s  T-—3mlf. 


For this reason, (3) may be rewritten as follows: 


ló*u|— [Inr IA] +S ml Int [++ tn ULL] LA Lu) 


or brielly, 
[ó*u | - | A*In|fI]. (6) 


From both (3) and (5) it follows that the maximum relative error 
of the function is equal to the maximum absolute error of the 
logarithm of this function. 

From (6) follow the rules used in approximate calculations. 

l. Let u= xy. 

Using the results of Example 3, we get 


*y fe EAT! Lot A*u [Atri Atul aa EUN 
nes oo Deer de qur o ee SMS 
that is, the maximum relative error of a product is equal to the 

sum of the maximum relative errors of the factors. 


2. IÍ “=>, then, using the results of Example 4, we have 
[6*4 |= 16*x|-- | ó*g|. 


The Derivative of a Composite Function 273 


Note. From Example 2 it follows that if u=x—y, then 
jou |= ltl As] 
Ix—ul ^ 
If x and y are close, it may happen that |ô*u| will be very great 
compared with the quantity x—y being determined. This should 
be taken into account when performing the calculations. 


Example 7. The oscillation period of a pendulum is 


T =2n yt : 
g 


where | is the length of the pendulum and g is the acceleration of gravity. 
What relative error will be made in determining 7 when using this for- 
mula if we take zz-3.14 (accurate to 0.005), J=1m (accurate to 0.01 m), 
g=9.8 m/sec? (accurate to 0.02 m/sec?). 
Solution. From (6) the maximum relative error is 


|6*7 |= A*lnT |. 
But | 
In T—1n2-EIn a 4-5. In 1I— Ing. 
Calculate |A*In T]. Taking into account that szz-23.14, A*5x— 0.005, 
[1 m, A*i=0.01 m, g=9.8 m/[sec?, A*g —0.02 m/sec?, we get 
Atx _ A*l A*g 0.005 0.01 0.02 
* Ss ae LL = m ——— — = 
eS ta Oe a a oga 599 


Thus, the maximum relative error is 
6*T = 0.0076 — 0.76%. 


SEC. 10. THE DERIVATIVE OF A COMPOSITE FUNCTION. 
THE TOTAL DERIVATIVE 


‘Let us assume that in the equation 


z=F(u, v) (1) 
u and v are functions of the independent variables x and y: 
= @ (x, y) v= p(x, y). (2) 


In this case, z is a composite function of the arguments x and y. 
Of course, z can be expressed directly in terms of x, y; namely, 


z— F [o (x, 9), x, 9) (3) 
Example 1. Let 
2—u*v tut l; w=x?+y% vert +1; 
then 
Í z= (xy) (eFt + 1)? + yL. 
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Now suppose that the functions F(u, v), p(x, y), p(x,- y) have 
continuous: partial derivatives with. respect to all their arguments; 


and we pose the problem: evaluate E and x on the basis of 


equations (1) and (2) without having recourse to equation (3). 
Increase the argument x by Ax, holding the value of y cons- 
tant, Then, by virtue of equation (2), u and v will increase by 
Att and Ao. 
But if u and v receive increments A,u and A,v, then the func- 
tion z= F(u, v) will receive an increment Az defined by formula 
(5), Sec. 7, Ch. VIII: 


OF OF 
Az = 3, A,u+ 55 A0 T Y, A qu de y, AU. 


Divide all terms of this equality by Ax: 


A2 _ OF Agu OF A&U A yl As? 

Ax ĝu Ax wu Tig AX TY "ux Cures :; 
If Ax— O0, then Au — 0 and A Pu. (by en of the conti- 
nuity of the functions u and v). But then y, and y, also approach 
zero. Passing to the limit as Ax — O0, we get 


Az Or. qi Ast OH ji Ast 0. 
Mr Ax Ox lim ae Ax — Ox , lim Ax ox’ 


lim y, — 0; lim y, 0 


Ax-—0 


and, consequently, 
ðz __ OF ðu , OF dv (4 
üx ^ du ax! Ov Ox’ ) 
If we increased the variable y by Ay and held x constant, then 
by similar reasoning we would find that 
02 OF du , OF Ov 


dy = Gu By T do Oy ` a) 
Example 2. 
z «1n (u*- v); u ze**Y', v=x? +y; 
Oz — 2u Oz — lo. 
ðu u*--v ' ðv u?po’ 
ĝu xay. OU ooxy OU o, OU 
aoe : ape : 3x == 2x; o, ch 
Using formulas (4) and (4') we find 
02 2u- ud l 2 2 
né tp E aio y ——— 2x = X+Y 
Ox upos 7 Tarpy ^ map meas 
02 — 2u x4 yt ] m l x4. y! 
oy u? cv d taa oporu +1). 


The Derivative of a Composite Function 275 


Formulas (4) and (4’) are readily generalised to the. case of a 
larger number of variables. 

For example, if w=F(z, u, v, s) is a function of four argu- 
ments z, u, 9, s, and each of them depends on x and y, then 
formulas (4) and (4') assume the. form 


dx Oz 0x | du Ox | Ov dx ' Os Ox’ 5 
Ow. dw dz. dw du , ðwðv | dw ds - (5) 
Uv ^": dy Qu oy © Oe 04: as On 


Ow  OwoO2 , ðw ðu ðw ðv , Ow Os | 


[f a function is given z= F (x, y, u, v), where y, u, v in turn 
depend on a single independent variable (argument) x: 


y=f(x); u=@ (x); v= (x), 
then z is actually a function only of the one variable x, and we 
may pose the question of finding the derivative á : 
This derivative is calculated from the first of the formulas (5): 
dz _ OzOx Ozdy , OzOu , Oz Ov 
dx dx dx’? or | du Ux Tod 


But since y, u, v are functions of x alone, the partial derivatives 
become ordinary derivatives; in addition Ox 1, For this reason, 


Ox 
dz 02. 02dy , Ozdu , O2 do 
dx Ox i ügdx | du dx | dv dx’ (6) 


This ow. is known as the formula for CRUA E the total 
derivative © = (in contrast to the partial derivative 22), 


Example 3. 
z=x? + Vy y= sin x, 
Oz 02 l dy 
a= == 2y: 5 IVa | dx. OOS He 


Formula (6), here, yields the following result: 


dz dz, Ozdy 


] 
dx ox dy dx ta yy 9H 


——— COS X. 
2 T x 
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SEC. 11. THE DERIVATIVE OF A FUNCTION DEFINED 
IMPLICITL Y 


Let us begin this discussion with the implicit function of one 
variable.*) Let some function y of x be defined by the equation 
F (x, y)=0. 

We shall prove the following theorem. 
Theorem. Let a continuous function y of x be defined impli- 
citly by the equation 
F(x, y) 20 
where F(x, y), F(x, y), Fy(x, y) are continuous functions in 
some domain D containing the point (x, y) whose coordinates satisfy 


equation (1); also, at this point F, (x, y)#0. Then the function 
y of x has the derivative 


(OF, Qo) 
FyQo y) 


Proof. Let the value of the function y correspond to some value 
of x. Here, 


Yx = 


F (x, y)=0. 


Increase the independent variable x by Ax. Then the function y 
will receive an increment Ay; that is, to the value of the argu- 
ment x+ Ax there corresponds the value of the function y+ Ay. 
By virtue of equation F (x, y)=0 we shall have 


F (x + Ax, y+ Ay) — 0. 
Hence 
F (x+ Ax, y+ Ag) —F (x, y) =0. 
The left member of the latter equality, which is the, total incre- 


ment of the function of two variables by formula (5'), Sec. 7, may 
be rewritten as follows: 


OF OF 
F (x +- Ax, y + Ay) — F (x, y) 75, ^X t 5; Ay t Y, AX +y.Ay, 


where y, and y, approach zero as Ax and Ay approach zero. Since 
the left side of the latter expression is equal to zero, we can 


*) In Sec. 11, Ch. IIl, we solved the problem of the differentiation of 
an implicit function of one variable. We considered individual cases and 
did not find a general formula that would yield the derivative of an impli- 
cit function; likewise we failed to clarify the conditions of the existence of 
this derivative. 
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— 


write 
OF OF 
à; M +5, Ay + y,Ax + y,Ay=0. 


Divide the latter equality by Ax and calculate Ad 1 


OF 
Ay oe ^ 
Ax OF 

Jy T Yz 


Let Ax approach zero. Then, taking into account that y, and y, 
also approach zero and that 35759. we have, in the limit, 


OF 
, Ox 
‘Oy 


We have proved the existence of the derivative y, of a function 
defined implicitly, and we have found the formula for calcu- 
lating it. 


Example 1. The equation 
x?+y?—1=—0 
defines y as an implicit function of x. Here, 


OF OF 
2 mem ». umm 
F(x, y) 2x'* Ep —1, ax —2x; o, S 


Consequently, from (1), 


It will be noted that the given equation defines two different functions 
[since to every value of x in the interval (—1, 1) there correspond two 


values of y]; however, the value that we found of Y, holds for both functions. 
Example 2. An equation is given that connects x and y: 


eY — e* + xg —0. 
Here, F(x, y) =e? —e* + xy, 
OF OF 
—— Z =. A — y 


Consequently, from formula (1) we get 
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Let us now consider an equation of the form | 
F (x, y, 2) —0. (2) 

If to each number pair x and y in some domain there correspond 
one or several values of z that satisfy equation (2), then this 
equation implicitly defines one or several single-valued functions 


2 of x and y. 
For instance, the equation 


x* -- y! 4- z?É— R1 0 


implicitly defines two continuous functions z of x and y, which 
functions may be expressed explicitly by solving the equation for 
z; in this case we have 


z —yR'—xe—y and z= -VR ri, 

Let us find- the partial derivatives = and 5 of the implicit 
function z of x and y defined by equation (2). 

When we seek Z, we consider y fixed. And so formula (1) is 


applicable, provided x is considered the independent variable and 
z the function. Thus, ' 


In the same way we find 


Similarly, we determine the implicit functions of any number 
oi variables and find their partial derivatives. 


Example 3. 
xP y* 2? — R* —0, 


Differentiating this function as an explicit function (after solving the 
equation for z), we would obtain the very same result. 
Example 4. 


e^ T xly d 245-0. 
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Here, F (x, y, z e? -x!y^E- 24-5, 


OF OF Pb. ous 
ax ?"Wi oy.’ ae” +1; 
02 2xy | 02 x? 


SEC. 12. PARTIAL DERIVATIVES OF DIFFERENT ORDERS 


Let there be given a function of two variables: 
2 —[ (x, y). 


The partial derivatives A =f, (x, y) and =f, (x, y) are, gene- 
rally speaking, functions of the variables x and y. And so from 
them: we can again find partial derivatives. Thus, there are four 


partial derivatives of the second order of a function of two vari- 


ables, since each of the functions di and A may be diflerentiated 


both with respect to x and with respect to y 
The second partial derivatives are denoted as follows: 


ac ft. y) here f is differentiated twice successively with 
respect to x; 
2 " 
4377 fxy (x, yy; here f is first differentiated with respect to x and 


then the result is differentiated with respect to 
y; 
= f(x, y); here f is differentiated first with respect to y and 


xa 
then the result is differentiated with respect to x; 
a= fuu (x, 9); here the function f is differentiated twice succes- 


sively with respect to y. 

Derivatives of the second order may again be differentiated 
both with respect to x and y. We then get partial derivatives of 
the third order. Obviously, there will be eight of them: 

Gz. ez 0*z 0*2 032 O?z Oz Q2 


Oxi? Ox*dy ’ ' üxdyóx ' ðxðy? , 0gox? , Oyoxdy ' ’ Jya ’ oy? ° 
Generally speaking, a partial derivative of the nth order is the 
first derivative of the derivative of the (n— 1) st order. For exam- 


ple, Pos azp iS a derivative of the nth order; here the function 
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z was first differentiated p times with respect to x, and then 
n—p times with respect to y. 

For a function of any number of variables, the higher-order 
partial derivatives are determined in similar fashion. 


Example I. Compute the second-order partial derivatives of the function 


F(x, y) xy T y. 
Solution. We find successively | 


NE MES TES 
acc $e Buh 


aF S, OF OQ) _ 


OF OQ 3g!) oj 
às ^ Oe ay dy 28 EE EE g 


Oy Ox — Ox ' y? EA 


Example 2. Compute Lr. and I if 22 y” + x*y* +1 
" Ox? dy Oy Ox? ' 
Solution. We successively find 


Z = y'e* --2xy*; ET 2y*; 323; 720 V. 

= = 2ye* + 3x*y*; a = 2ye” + 6xy*; E = 2ye” -+ 6y?. 
Example 3. Compute mU if u= 2te* ty", 
Solution. 
pu: — 2x. A = zett, ed = 2yzte* +)", mor = 4gze* tJ", 


The natural question that arises is whether the result of differ- 
entiating a function of several variables depends on the order of 
differentiation with respect to the different variables; in other 
words, will, for instance, the following derivatives be identically 
equal: 

o of 
aay i ay 


or 


OF (x, y, t) OF (x, y, f) 
Ox dy at and ðt ðxðy ' 


and so forth. It turns out that the following theorem is true. 
Theorem. /f the function z=f(x, y) and its partial derivatives 
fo fy Fey and fj, are defined and continuous at a point M(x, y) 
and in some neighbourhood of it, then at this point l 
OF — of "o 
Ox dy Oy Ox (Fy = Fads 
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Proof. Consider the expression 
=[f (x+ Ax, yt+Ay)—f(x+Ax, g]—lfG yt+Ay)—f(x, v). 


If we introduce an auxiliary function g(x) defined by the 
equality 


p(x)=f(x, ytAy)—i (x, y), 
then A may be written in the form 
A — e (x + Ax) — 9 (x). 
Since it is assumed that f, is defined in the neighbourhood of 


the point (x, y), it follows that g(x) is differentiable on the 
interval [x, x+ Ax]; but then, applying the Lagrange theorem, 
we get 


A= Axg’ (x) 


where x lies between x and x+ Ax. 
But 


9 =f. G. yH i E y) 
Since f, is defined in the neighbourhood of the point (x, y), 


f, is differentiable on the interval [y, y+ Ay]; and so by applying 


once again the Lagrange theorem (with respect to the variable y) 
to the difference obtained we have 


fe (x, y+ Ay) — FE Gs y) — Nu (Œ, 9), 


where $ lies between y and y+ Ay. 
Consequently, the original expression of A is 


A = AxAyfry (x, y). (1) 
Changing the places of the middle terms we get 
A=(f(x+Ax, y+Ay)—F(x, ytAy)]—[F(x+Ax, y)—f (x, nl 
Introducing the auxiliary function 
p(y) — FG Ax, y) —fG, y), 


A =} (y + Ay) — b (9). 
Again applying the Lagrange theorem we get 
7 A= Ayt), 
where y lies between y and y+ Ay. 


we have 
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— s w ee ema ort o t 7^ -- - - we . t. ~ a T = — 


y (Y= (x+Ax, y) — f, Go, 9. 
Again applying the Lagrange theorem we get 
fy (x+ Ax, y)—fy (x, y) = Ados (, 9), 
where x lies between x and x+ Ax. 
Thus, the original expression of A may be written in the 
form 
A= Ay Axx (x, y). (2) 


The left members ‘of (1) and (2) are’ equal to A, therefore the 
right ones are equal too; that is, - 


Ax Ayfry (X, y) = Ay Axfyx (x, y), 
whence a ree 
Ixy (x, y) fy (x, y). 
Passing to the limit in this equality as Ax —O0 and Ay — 0, 
we get I P. 
lim Ix (x, y)= lim PT (x, y). 
Ax — 0 Ax +0 
Ay 9 Ay 9 


Since the derivatives f, and f, are continuous at the point 


(x, y), we have lim fry (x, Y) fs (x, 9) 
m Ay — 0 : s 
and lim fj (x, y)= f(x, y). And finally we get 
Rt l 
fey (x, y) = fyx (x, y), 
as required. 
A corollary of this theorem is that if the partial derivatives 
PE PCR a EDEN: are continuous, then 
anf o^f 


ox^aüy^-^ — gy^ -^ x^ 


A similar theorem holds also for a function of any number of 
variables. 


E le 4. Find o" and Du if u =e% sinz 
ati dics (Ox Oy Oz Oy Oz Ox 2 
Solution. 


2 
S = ye*” sinz; xa =e% sin z+ xye*” sin z =e (1 + xy) sinz; 
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a ——X à y x — —— y - —— = xy . 
TES ae (1 + xg) cos z; 2j xe* sin z; ara; "€" cos z; 
O*u r 
TELET e*Y cos z 4- xye*) cos z —e*/ (1 -+ xg) cos2 


Hence, 
ðu Au 
Ox Oy 02 dy 02 Ox 


(also see Examples 1 and 2 of this section). 


SEC. 13. LEVEL. SURFACES 


In a space (x, y, z) let there be a region D in which the 
function 
u=u(x, y, 2) (1) 
is defined. In this case we say that a scalar field is defined in 
the region D. If, for example, u(x, y, z) denotes the. temperature 
at the point M(x, y, z), then we say that a scalar field of tem- 
peratures is defined; if D is filled with a liquid or gas and 
u(x, y, z) denotes pressure, we have a scalar field of pressures, 


C. 
.Consider the points of a region D in which the function 
u(x, y, z) has a fixed value c: 


u(x, y, z)—c. (2) 
The totality of these points forms a certain surface. If a different 


value of c is taken, we obtain a different surface. These surfaces 
are called ¿evel surfaces. 


Example 1. Let there be given a Vcn Pd 
2* 


u(x, Y, 2) == ae i 9 P4 
Here, the level surfaces are 
2 
4*9 5p 
or ellipsoids with semi-axes 2 Y c, 3 V c, 4YV c. 
If the function u is a function of iuo variables x and y, 
u=u(x, y), 
then the level “surfaces” are lines on the xy-plane: 
u(x, y) o (2^) 
which are called level lines. 
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If we plot values of u on the z-axis: 
z=u (x, y), 
the level lines in the xy-plane will be projections of lines obtained 
at the intersection of the surface z=u(x, y) with the planes 
z=c (Fig. 175). Knowing the 
level lines, it is easy to study 
the character of the surface 


Fig. 175. Fig. 176. 


Example 2. Determine the level lines of the function z=1—x2—y?. They 
are lines with equations 1 —4*— y*— c, which are (Fig. 176) circles with radius 
V 1—c. In particular, when c=0 we get the circle x? -+ y? — 1. 


SEC. 14. DIRECTIONAL DERIVATIVE. 


In a region D, consider the function u=u(x, y, 2) and the 
point M (x, y, z). Draw from M a vector § whose direction cosines 
are cosa, cosp, cosy (Fig. 177). On the vector S, at a distance 


Fig. 177, 
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As trom its origin, let us consider a point M, (x + Ax, y+ Ay, z+ Az). 
Thus, 


As =V Ax? + Ay? + Az? 


We shall assume that the function u(x, y, z) is continuous and 
has continuous derivatives with respect to their arguments in the 
region D. 

As in Sec. 7, we will represent the total increment of the 
function as follows: 


Q Q Q E 
Au = 3. AX + 3; AY 5; AZ H e, Ax + e, AY + S, Az, (1) 


where &,, &, and e, approach zero as As— 0. Divide all terms of 
(1) by As: | 
Au | Qu Ax Ou Ay , Ou Az 


ZZ — —— 


AS — Ox AS ay As Ae oe ae Pi A te, A 4 e, o "m (2) 


It is obvious that 


Ax — Ay — Àz 

As 7 C080, zs 7 COS P, As 7 COS Y. 
Consequentiy, equation (2) may be rewritten as 

Ou 
im u cos a y "eria COS a + &, cos p + e, cosy. (3) 
The limit of the ratio A as As—+0 is called the derivative of 


the function u=u (x, y, z) at the pon (x, y, z) along the direction 
of the vector S and is denoted by 2: ; thus 


lim —=-—. (4) 


So, passing to the limit. in (3), we get 


Q ð 
= 3. cosa 5 cos p+% COS y. (5) 


From formula (5) it follows that if we know the partial derivatives 
it is easy to find the derivative along any direction S. The 
partial derivatives themselves are a particular case of a directional 
derivative. 


For instance, when a=0O, P7. v=, we get 


Ou — n Ou 
ax =% cos 0+ 5 cos = 4% co $3 
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Example. Given a function 


u= y + 2?, 


Find the derivative = at the point M (1, 1, 1) a) along the direction of 


the vector $,=2i+j+ 3k; b) a poe the 
direction of the vector §,=i+j-+k. 

Solution. a) Find. the direction 
cosines of the vector $,: 


Hence, 
Qu ds. 2 Ee or T. ELEM 3 ` 
Fig. 178. ds, x Yu oy Via zy. 
The partial derivatives at the point M(l, 1, 1) are 
Ou | Ou Qu ` 
ax = 2x, E —2y, E = 22; 
Qu ðu (% 
(F) u=? (Se) a=? 3) w=? 
Thus, Mi 
Qu 3 


12 ' 
— — 42. 2.—————. 
as, — at vat Yu vā 
b) Find the direction cosines of the vector $, 
er TE UN cos B=—=, cos y ——— 
y3' y3' y 
Hence, 
3 
We note here (and it will be needed later on) that 2 V 3 > —— Vu 
(Fig. 178). 
SEC. 15. GRADIENT 


At every point of the region D, in which the function 
u=u(x, y, 2) 1s given, we determine the vector whose projections 
on the coordinate axes are the values of the partial derivatives 
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a sg = of this function at the appropriate point: 


grad u— 5; +5" f+ k. (1) 


This vector is called the gradient of the function u(x, y, z). We 
say that a vector field of gradients is defined in D. Let us now 
prove the following theorem which establishes a relationship 
between the gradient and the directional derivative. 

Theorem. Given a scalar !field u=u (x, y, 2); in this field, let 
there be defined a field of gradients 


Ou. , Ou , , Ou 
gradu = sit 5, J+ 5; Fe. 
The derivative- se along the direction of some vector S is equal to 


the projection of the vector gradu on the vector S. 
Proof. Consider the unit vector $°, which corresponds to the 
vector. S: . | 
S" =i cosa- [cos B +k cos v 


Find the scalar product of ihe vectors grad u and S*: 
grad u- S1 S cos a; cos B -+ SE Cos y (2) 


The expression on the right is a derivative of the function 
u(x, y, z) along the vector S. Hence, we can write 


o Ou 
grad u- S* = LE 


If we designate the angle between the vectors grad u and S* by 
e (Fig. 179), we can write 


grad u] cos o — 2? (3) 
Or 
projection S* gradu — 2 (4) 
and the theorem is proved. 

This theorem gives us a clear picture of the relationship 
between the gradient and the derivative, at a given point, along 
any direclion. Referring to Fig. 180, construct the vector gradu 
at some point M(x, y, 2). Construct a sphere for which gradu 
is the diameter. Draw ‘the vector S from M. Denote by P the 
point of intersection of S with the surface of the sphere. It is 
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then obvious that MP =|gradu|cosg, if v is the angle between 
the directions of the gradient and the segment MP ( here, ec) ; 


or MP =<. Obviously, when the direction of the vector S is 


Fig. 179. Fig. 180. 


reversed the derivative changes sign, while its absolute value 
remains unchanged. . 

Let us establish certain properties of a gradient. 

1) The derivative at a given point along the direction of the 
vector S has a maximum if the direction of S coincides with that 
of the gradient; this maximal value of the derivative is equal to 
jgrad u |. 


The truth of this assertion follows directly from (3): w will be 
a maximum when ọ=0, and in this case 
% — [gradu |. 


2) The derivative along a vector that is tangent to a level 
surface is zero. 
This assertion follows from formula (3). Indeed, in this case, 


PEF cosọ=0 and ^ a| grad u | cos p — 0. 


Example 1. Given the function 
u=% 4y + 27, 
a) Determine the gradient at the point M (1, 1, 1). The expression of the 
gradient of’ this function at an arbitrary point will be 


grad u = 2xi 4- 2yj + 22R. 
Hence, 


(grad u)y —21 4-2j 4-25, |grad u |y 2 V 3. 


b) Determine the derivative of the function u at the point M(1, 1, 1) 
along the direction of the gradient. The direction cosines of the gradient. 


Gradient 289 


will be 
cos q = = eee asben cos y= —— 
yzsrz.-2 V3 y 3 3 
And so 
Ou I I l — 
D o dg ce D ya 
ðs Va" zt V3 
or i ; 
u 
z "grad ul 


Note. If the function u—u(x, y) isa function of two variables, 
then the vector 
grad u — 4 i+ e 
lies in the xg-plane. We shall prove that 
grad u is perpendicular to the level line 
u(x, y)=c lying in the xy-plane and 
passing through the corresponding point. 
Indeed, the slope &, of the tangent to the 


level line u (x, y)=c will equal k, =— Lx 


? 


y 
(see Sec. 11). The slope k, of the gradient is foa Obviously, 
R,R,— — l. This proves our assertion (Fig. 181). A similar prop- 


erty of the gradient of a function of three variables will be 
established in Sec. 6 of Chapter IX. 


2 2 
Example 2. Determine the gradient of the function w= +> (Fig. 182) 
at the point M (2, 4). 


10— 3388 
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Solution. Here 


Hence 
grad u— 2I S. 


The equation of the level line (Fig. 183) passing through the given point 
will be e p om 


— aj —  —) 


9 3^ 


SEC. 16. TAYLOR'S FORMULA FOR A FUNCTION 
OF TWO VARIABLES, 


Let there be a function of two variables 
z==f (x, y) 


which is continuous, together with all its partial derivatives up 
to the. (n+-1)st order inclusive, in some neighbourhood of the 
point M(a, b). Then, like the case of one variable (see Sec. 6, 
Ch. IV), represent the function of two variables in the form of a 
sum of an nth degree polynomial in powers of (x — a) and (y— b) 
and some remainder. It will be shown below that for the case 
of n=2 this formula has the form 


f(x, y)  A,d-D(x—a) t E (y—b)+ 
+4 [4 (x —a)' + 2B (x—a) (y—b)--C(y—bY]--R,, (1) 


where the coefficients A,, D, E, A, B, C are independent of x 
and y, while R, is the remainder, the structure of which is simi- 
lar to the structure of the remainder in the Taylor formula for a 
function of one variable. 

Let us apply the Taylor formula for a function f(x, y) of one 
variable y considering x constant (we shall confine ourselves to 
second-order terms): 


fm =i, b) EET f(x, b)+ 


— by w — bY w 
ae p (x, b) + 85 pe (x, 7); (2) 


where 1,— 5-0, (y— b), 0<0,<1. Expand the functions f(x, b), 
f, (x, b), E, (x, b) in a Taylor's series in powers of (x— a), con- 
fining yourself to mixed derivatives up to the third order inclu- 
sive; 
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(x, 6)= 


x—a' 


Tad a (65) (3) 


xx 


Where 
£,—x4-9,(x—a), 08, <1; 
f(x, b) f, (a, 6) HEE f (a, 6) +2 p (E, b), (4) 


where 


E,—x4-0,(x—a), 0<0,<1; 
fo (x, ©) = fu, (2, b) HFE fuus (Es 5), (5) 


where 
E, 7X 4-0, (x —a), 0<6,<1. 

Substituting expressions (3), (4) and (5) into formula (2), we get 
Fix, y)=F(a, b) +77" f(a, 6) + 25% f, (a, 6) + 
aa fet. "en | fy (a, 6) +=" fie (a, 6) + 
BRE Face En O)| rco | foo (as b) HETE us (Ear 0] + 


Luc fuuu (x, 1). 


X—a 


+ 


Arranging the numbers as indicated in formula (1), we get 
f(x, y) =] (a, 6) - (x—a) fe (a, b) + (y—8) f, (a, b) + 
+ [(x—a)* fix (a, 6) +2 (x—a) (x— b) fey (a, b) + 
+ (y—b)* fy (a, )) -- e—a) Fas (Ey, b)+ 
+3 (x—a)* (x— b) a, (Èa b) +3 (x— a) (y — b) fs, (Ey 5) + 
+ (y — by fus, (a, 0]. (6) 
This is Taylor's formula for n=2. The expression 
R, =z (Gea)! Fa (Ey, b) 4-3 (x— a)? (9 — b) Fixy (Eas b) + 


T 3(x—a) (y — 6)? fayy (Es, 0) + (y — by Fow (a, 9] 
10* 
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iscalled the remainder. Further, let us denote x —a — Ax, y—b = Ay, 
^o — V (Axy + (Ay). Transform R; 


R, =g [45 fas (8, 0) + 3 55 firu (Ba, 0) + 


+3 SEAR Few (Ess 0) + Er Fow (05 0)] Act. 


Ao 


Since | Ax| « Ae, | Ay| < ^o and the third derivatives are bounded 
(this is given), the coefficient of Ag' is bounded in the domain 
under consideration; let us denote it by a,. 
Then we can write 
R,-a,AQ'. 
In this notation, Taylor's formula (6) will then, for the case n= 2, 
take the form 


F(x, y) 9 f (a, b)+ Axf (a, b)+ Ayf, (a, b)+ 
gi (Ax fs (a, b) + 2AxAg fry (a, 6) + Ay fo, (a, 5)] H- a Ag". (67) 


Taylor's formula is of a similar form for arbitrary n. 


SEC. 17. MAXIMUM AND MINIMUM OF A FUNCTION 
OF SEVERAL VARIABLES ~ 


Definition 1. We say that the function z= f(x, y) has a maxi- 
mum at the point M,(x,,y,) (that is, when x —x, and y=y,) if 


FG, 9) > F(x, y) 


for all points (x, y) sufficiently close to the point (x,, y,) and 
different from it. 

Definition 2. Quite analogously we say that a function z = f (x, y) 
has a minimum at the point M,(x,, Yẹ) if 


FG. Yo) < Go y) 


for all points (x, y) sufficiently close to the point (x,, y,) and 
diflerent from it. 

The maximum and minimum of a function are called extrema 
of the function; we say that a function has an extremum at a 
given point if this function has a maximum or minimum at the 
given point. 

Example 1. The function 

z-(x—1)'4-(—2*—1 
attains a minimum at x —1, y —2; i.e., at the point (1, 2). Indeed, f (1, 2) — — 1, 
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and since (x —1)* and (y —2)* are always positive for x zx: 1, y x 2, so 
(x — 1)? - (y —25—12 —1, 
that is, 
F (x, y) >F (1, 2). 


The geometric analogy of this case is shown in Fig. 184. 


z=(x-1)2+(y-2P 1 


——J»— 
p y 
X E 
aa 
Fig. 184 


Example 2. The function 


2=+—sin (x? 4- y?) 


for x —0, y =0 (coordinate origin) attains a maximum (Fig. 185). 
Indeed, 


bol — 


j(0, 0)= 


Inside the circle ptm let us take the point (x, y) different from 
AS 

6 > 

sin (x?-+- y7)>0 


the point (0, 0). Then for 0cx*-r y2< 


and therefore 
Fs y) 3 —sin Gne > 
Or 
f (x, y) «f (0, 0). 


The definition, given above, of the maximum and minimum of 
a function may be rephrased as follows. 
Let x —x,-- Ax; y=y,+ Ay; then 


i (x, y)—f (x. Y.) =f (x, + Ax, Ya + Ag) — f, f.) = Af. 


1) If Af«O for all sufficiently small increments in the independ- 
ent variables, then the function f(x, y) reaches a maximum at 
the point M (»,. y,). 


294 Functions of Severai Variables. 


2) If Af>0 for all sufficiently small increments in the independ- 
ent variables, then the function f(x, y) reaches a minimum at 
the point M (x,, y,). 

These formulations may be extended, without any change, to 
functions of any number of variables. 

Theorem 1. (Necessary conditions of an extremum). /f a function 
z —f(x, y) attains an extremum at x=x,, y=y, then each first- 
order partial derivative with respect to z either vanishes for these 
values of the arguments or does not exist. 

Indeed, give the variable y a definite value y=y,. Then the 
function f(x, y,) will be a function of one variable, x. Since at 
x=x, it has an- extremum (maximum or minimum), it follows 


that (aes is either equal to zero or does not exist. In exactly 
U — Jo 
ihe same fashion it is possible to prove that (Fha is either 
Y =Ys 


equal to zero or does not exist. 

This theorem is not sufficient for investigating the extremal 
values of a function, but permits finding these values for cases 
in which we are sure of the existence of a maximum or minimum. 
Otherwise, more investigation is required. 


For instance, the function z= y*—x* has derivatives a e 2s at es Hy, 


which vanish at x=0 and y=0O. But for the given values, this function has 
neither maximum nor minimum. Indeed, this 
function is equal to zero at the origin and 
takes on both positive and negative values at 
points arbitrarily close to the origin. Hence, 
the value zero is neither a maximum nor a 
minimum (Fig. 186). 


Points at which = =0 (or does not 


exist) and * = 0 (or does not exist) are 


Fig. 186. called critical points of the function 

z=f (x,y). If a function reaches an 

extremum at some point, then (by virtue of Theorem 1) this can 
occur only at a critical point. | 

For investigaling a function at critical points, let us establish 

sufficient conditions for the extremum of a function of two vari- 

ables: | 

Theorem 2. Let a function f(x, y) have continuous partial deri- 

vatives up to order three inclusive in a certain domain containing 

the point M,(x,, ¥,); in addition, let the point M,(x,, y,) be a 


m 
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critical point of the function f(x, yy, that is, 
Of (Xo, Yo) _ Of (Xo, Yo) __ 
aa E “=0, GET. AN =Q. 
Then for x—x,, Y= Y: 
1) f(x, y) has a maximum if 
O*f (Xo, Yo) ] O*f (xo, Yo) _ (2e w) 0 and o?f e Jo) _-(). 
2) f(x, y) has a minimum if 
O?f (xo, Yo) OFF (xo. Yo) OF (xy, Yo) V O?f (Xo. Yo) : 
"T mE —(' Ox dy ) >0 and — 57720; 
3) f(x, y) has neither maximum nor minimum if 
O*f (Xo, Yo) | O*f (xo, Yo) O*f (Xo, Yo) \? . 
ox? Oy? —(* Ox oy ) <0; 


2 2 2 
4) if T ed ^f Qo, Yo) SOLA) (HT *—0, then there may or 


may not be an extremum (in this case, an additional investigation 
is required). 

Proof. Let us write the second-order Taylor formula for the 
function f(x, y) [Formula (6), Sec. 16]. Assuming 


Q—X,, beg X= X, t Ax, y=y,t Ay, 
we will have 


[ Gs, -F Ax, y "E AY) =P Eo Ya) + eee Ax + TEs 19 Ay 
+5 jt n Ee £o) A 29 Go 2 Ax Ay pe 09 1) ay] a, (Ag)’, 


Ox? 
where Ag=V Ax*+ Ay’ and a, approaches zero as Ag— 0. 
It is given that 


OF (Xo, Yo) = Of (Xo. Yo) 
-z = 0, a =Q. 
Hence 


Af =f (x, + Ax, dno oi Y) = 
=i aa Ar +2 arg Aray +54 Ag] Ha — (0) 


Let us now denote the values of the second partial derivatives 
at the point M, (x,, Yẹ) in terms of A, B, C: 


(st), 7 ^: o (5). € 


! 
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Denote by « the angle between the direction of the segment M,M, 
where M is the point M (x,4- Ax, y,+ Ay), and the x-axis; then 


Ax=Aecosg, Ay=Agsing. 


Substituting these expressions into the formula for Af, we find 
Af = 3 (40) [A cos? o + 2B cos ọ sing+C sin’ ọ +2a,Aọ]. (2) 


Suppose that A+¥0. 
Dividing and multiplying by A the expression in the paren- 
theses, we have 


Ap = (Ao)? E cos 9 -L- B sin p UB) sin? @ ES 2a, A0| l (3) 


Let us now consider four possible cases. 
1) Let AC— B*>0, A«0. Then in the numerator of the fraction 
we have a sum of two nonnegative quantities. They do not vanish 


simultaneously because the first term vanishes for tan g=—4 
while the second vanishes for sin q - 0. 


If A«0, then the fraction is a negative quantity that does not 
vanish. Denote it by —m’; then | 


Af= Y (Ag)? [— m? + 2a, Ao], 


where m is independent of Ae, a,Ag—0 as Ag—0. Hence, for 
sufficiently small Ao we have 

Af<0 
or 


F(x, + Ax, y,+ Ay) — F (x, 9.) «0. 
But then for all points (x,-- Ax, y,+Ay) sufficiently close to 
the point (x,, y,) we have the inequality 
FG + Ax, y, t+ Ay) xs Yo); 


which means that at the point (x, y,) the function attains a 
maximum. 

2) Let AC—B*>0, A>0. Then, reasoning in the same way, 
we get 

l 2p 
Af = = (Aog) [m + 2a, ^o] 
or 
f(x, + Ax, Y, + Ay)» f (x, y) 


that is, f(x, y) has a minimum at the point (XY). 
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3’) Let AC— B’<0, A0. In this case the function has neither 
a maximum nor a minimum. The function increases when we move 
from the point (x, y,) in certain directions and decreases when 
we move in other directions. Indeed, when moving along the ray 
o=0, we have 


Af — 4. (Ag)! LA + 2a, Ao] 7-0; 


when moving along this ray the function increases. But if we 
A 
move along a ray p=q, such that tan 9, — — p>» then for A>0 


we have 


Af = (Ag)! GL sing, + MY <0; 


when moving along this ray the function decreases. 

3”) Let AC— B’<0, A<0O. Here the function again has neither a 
maximum nor a minimum. The investigation is conducted in the 
same way as for 3’. 

3") Let AC--B*<0, A=0. Then B#0, and equality (2) may 
be rewritten as follows:  . 


Af == + (Ao)? [sin q (2B cos q +C siñ p) +2a,AQ}. 


For sufficiently small values of q the expression in the parenthe- 
ses retains its sign, since it is close to 2B, while the factor sin @ 
changes sign depending on whether g is greater or less than zero 
(after the choice of 90 and «0 we can take o so small that 
2a, will not change the sign of the whole square bracket). Conse- 
quently, in this case, too, Af changes sign for different ọ, that 
is, for different Ax and Ay; hence, in this case too there is neither 
a maximum nor a minimum. 

Thus, no matter what the sign of A we always have the follow- 
ing situation: 

If AC—B’<0 at the point (x,, y,), then the function has nei- 
ther a maximum nor a minimum at this point. In this case, the 
surface, which serves as a graph of the function, can, near this 
point, have, say, the shape of a saddle (see Fig. 186). The func- 
tion at this point is said to have a minimax. 

4) Let AC — B' «0. In this case, by formulas (2) and (3), it is 
impossible to decide about the sigu of Af. For instance, when 
A+0 we will have 


Af=-+ (AQ)’ (4 cos pte 2 + 20, Ag], 
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when g- arc tan (—3 , the sign of Af is determined by the 
sign of 2a,; here, a special additional investigation is required 
(lor example, with the aid of a higher-order Taylor formula or in 
some other way). Thus, Theorem 2 is fully proved. 
Example 3. Test the following function for maximum and minimum: 
z= x?— xy + y* + 3x —2y +1. 
Solution. 1) Find the critical points 


02 02 
a 293 "mg —x + 2y —2. 
Solving the system of equations 
2x —y --3-« 0, 
—x-rF2y —2- 0, | 


we get 


2) Find the second-order derivatives at the critical point Ge 3| 
and determine the character of the critical point: 
QE ue cuc OR. ne, Se e OE orn 
A-3237 4 EU YU EU Mea 


AC—B*-92.9—(—1)*— 3-0. 


Thus, at the point (-$ à 3) the given function has a minimum, namely 
4 


Zmin ^ — 3 


Example 4. Test for a maximum and minimum the function z = x’ + y? —3xy. 
Solution. 1) Find the critical points using the necessary conditions of an 
extremum: 
Oz Š 
-P 3x*— 3y =0, 
Oz 


=_=— ? =U, 
By 3y*— 3x = 0 


Whence we get two critical points: 
x,==1, y,=1 and x,=0, y,=0. 
2) Find the second-order derivatives: 


Q?z Q*z 072 


a7 9^ Ox oy = — u 2,17 99 
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3) Investigate the character of the first critical point: 
0?z 0*2 0*z 
d ua did Cu 
y=1 y=1 yl 
AC—B*?=36—9=27>0, A>0. 
Hence, at the point (l, 1) the given function has a minimum, namely: 
Zmin = — l. 
4) Investigate the character of the second critical point M, (0, 0): 
A=0; B= —3; C=0; 
AC—B?=—9<0. 
Hence, at the second critical point the function has neither a maximum nor 
a minimum (minimax). 
Example 5. Decompose a given positive number a into three positive terms 
so that their product is a maximum. 


Solution. Denote the first term by x, the second by y; then the third will 
be a—x—y. The product of these terms is 


u =x: y (a—x-— y). 


It is given that x>0, y>0, a—x— 920, that is, x 4- ya, u>0. Hence, x and y 
can assume values in the domain bounded by the straight lines x=0, y=Q, 


y —a. 

Find the partial derivatives of the function u: 
ðu 

ox 7 (a —2x — y), 

Qu 

gy asi lo ER 


Equating the derivatives to zero, we. get a system of equations: 
y (a—2x—y)=0; x (a—2y —x)=0. 
Solving this system we get the critical points: 
x,=0, y,—0, M, (0, 0); 
X? — 0, J47—0, M,(0, ay; 
Xy=a, y,;=0, M,({a, 0); 


a a a a 
1 at Y= g M. $) 


The first three points lie on the boundary of the region, the last one, inside. 
On the boundary of the region, the function u is equal to zero, while inside 
it is positive; consequently, at the point To i) the function u has a max- 
imum (since it is the only extremal point inside the triangle). The maximum 
value of the product 
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Investigate the character of the critical points using the sufficiency condi- 
tions. Find the second-order partial derivatives of the function u: 


eu Ou 0?u 


ax 2$ 2007 72 73490099. a — 2x. 
2 2 

At the point M,(0,0) we have A- T0 Bae =a, C= a= 

AC — B?= —a?«0. Hence, at the point M, Hae neither a maximum nor 

" " * 4 » — 0*u L 

a minimum. At the point M,(0, a) we have A-3379 UR 77 RC 
BELLES 
2 


AC — B* — —a?«. 0. 
Which means that at the point M, there is neither a maximum nor a mini- 
mum. At the point M,(a, 0) we have A=0, B= —a, C= —2a: 

AC — B?= —a?« 0. 
At M, too there is neither a maximum nor a minimum. At the point 


M. 3) we have A=—, B=— 5; C-—3 
4a? a? 
AC—BP=-— —> > 0; A<0. 


Hence, at M, we have a maximum. 


SEC. 18. MAXIMUM AND MINIMUM OF A FUNCTION 
OF SEVERAL VARIABLES RELATED BY GIVEN EQUATIONS 
(CONDITIONAL MAXIMA AND MINIMA) 


In many maximum and minimum problems, one has to find the 
extrema of a function of several variables that are not indepen- 
dent, but are related to one another. by side conditions (for 
example, they must satisfy given equations). 

By way of illustration let us consider the following problem. 
Using a piece of tin 2a in area it is required to build a closed 
box in the form of a parallelepiped of maximum volume. 

Denote the length, width and height of the box by x, y, and z. 
The problem reduces to finding the maximum of the function 


U = XYZ 


provided that 2xy-+2xz+2yz=2a. The problem here deals with 
a conditional extremum: the variables x, y, z are restricted by the 
condition that 2xy+ 2xz + 2yz = 2a. In this section we shall con- 
sider methods of solving such problems. 

Let us first consider the question of the conditional extremum 
of a function of two variables if these variables are restricted by 
a single condition. 
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Let it be required to find the maxima and minima of the func- 
tion 


u= f(x, y) (1) 
with the proviso that x and y are connected by the equation 
q (x, y)=0. (2) 


Given condition (2), of the two variables x and y there will be 
only one which is independent (for instance, x) since y is deter- 
mined from (2) as a function of x. If we solved equation (2) for 
y and put into (1) the expression found in place of y, we would 
obtain a function of one variable, x, and would reduce the prob- 
lem to one that would involve finding the maximum and minimum 
of a function of one independent variable, x. 

But the problem may be solved without solving equation (2) for 
x or g. For those values of x at which the function u can have 
a maximum or minimum, the derivative of u with respect to x 
should vanish. 


From (1) we find zs remembering that y is a function of x: 


du. of | af dy 
dx Ox ' dydx° 


Hence, at the points of the extremum 


Of , Of dy — 
Ac Tor ux D (3) 
From equation (2) we find 
Oop , pdy — 


This equality is satisfied for all x and y that satisfy equation (2) 
(see Sec. 11, Ch. VIII). 

Multiplying the terms of (4) by an (as yet) undetermined coef- 
ud A and adding them to the corresponding terms of (3), 
we have 


OT 
(ac ^x) rM). (5) 


The latter equality is fulfilled at all extremum points. Choose A 
such that for the values of x and y which correspond to the extre- 
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mum of the function u, the n parentheses in (5) should vanish: *) 
RE =O. 

But then, for these values o x and y, from (5) we have 
2. E AP 0. 


It thus turns out that at the extremum points three equations 
(with three unknowns x, y, A) are satisfied: 


Lyao, 
— 6 
A agmo "t 
p(x, y) 2-0. 


From these equations determine x, y, and A; the latter only played 
an auxiliary role and will not be needed any more, 

From this conclusion it follows that equations (6) are necessary 
conditions of a conditional extremum; or equations (6) are satisfied 
at the extremum points. But there will not be a conditional extre- 
mum for every x and y (and A) that satisfy equations (6). A sup- 
plementary investigation of the nature of the critical point is re- 
quired. In the solution of concrete problems it is sometimes pos- 
sible to establish the character of the critical point from the 
statement of the problem. It will be noted that the left-hand sides 
of equations (6) are partial derivatives of the function 


F(x, y, X) 2f (x, y) -^o (x, y) (7) 


with respect to the variables x, y and A. 

Thus, in order to find the values of x and y which satisfy con- 
dition (2), for which the function u—f(x, y) can have a condi- 
tional maximum or a conditional minimum, one has to construct 
an auxiliary function (7), equate to zero its derivatives with re- 
spect to x, y, and A, and from the three equations (6) thus 
obtained determine the sought-for x, y (and the auxiliary factor A). 
The foregoing method can be extended to a study of the condition- 
al extremum of a function of any number of variables. 

Let it be required to find the maxima and minima of a function 
of n variables, u=f(x,, x,..., x,) provided that the variables 


*) For the sake of definiteness, we shall assume that at the critical points 


op 


2 49 
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Xi X; +++, Xa are connected by m (m « n) equations: 


q, (X, X, ee, x) 2 0, 
q, (x,, X2 e.. X, ) 220, 


(8) 


In order to find the values of x,, x,, ..., x,, for which there 
may be conditional maxima and minima, one has to form the 
function 


PF IX vas Xn uses aS aee SER E eb Xe 


+A, x, ls xXx) FAD, (Ky es Xu) 
equate to zero its partial derivatives with respect to x,, x,, ..., xy: 


n" 


LES R Se es en 


Ox, Mi Jx, m Ox, 
of op OP ym __ 
ax, Mae, te the Gn TO (5) 


of 4, 2% Op 

0x, - ^, Ox, t: 4h, Me Ox, =o | 
and from the m+ n equations (8) and (9) determine x, | PTS A 
and the auxiliary unknowns À,, ..., Mine Just as in the case of a 
function of two variables, we shall, in the general case, leave 
undecided the question of whether the function, for the values 
found, will have a maximum or minimum or will have neither. 
We will decide this matter on the basis of additional reasoning. 


Example I. Let us return to the problem formulated at the beginning of 
this section: to find the maximum of the function 
u = XYZ 
provided that 
xy+xz+yz—a=0 (x>0, y>0, z>0). (10) 
We form the auxiliary function 
F (x, y, A)=xyz +h (xy + xz + yz —a). 
Find its partial derivatives and equate them to zero: 
yz +A (y +2)=0, 
xz 4- À (x +2) 0, | 
Xy cA +y)=0. 


The problem reduces to solving a system of four equations (10) and (11) 
in four unknowns (x, y, 2 and A). To solve this system, multiply the first of 


(11) 
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equations (11) by x, the second by y, the third by z, and add; taking (10) 


into account we find that be EE Putting this value of À into equations , 


(11) we get 


Since it is evident from the statement of the problem that x, y, z are diffe- 
rent from zero, we get from the latter equations 


3x 3g " 32 8 
o; V t 2)—h ge t2=1, gt GE. 
From the first two equations we find x — y, from the second and third equations, 


y=z. But then from equation (10) we get x=y=z= =: This is the 


only system of values of x, y, and z, for which there can be a maximum or 
minimum. 

It can be proved that the solution obtained yields a maximum. Incidentally, 
this is also evident from geometrical reasoning (the statement of the problem 
indicates that the volume of the box cannot be big withoüt bound; it is 
therefore natural to expect that lor some definite values of the sides the 
volume will be a maximum). 

Thus, for the volume of the box to be a maximum, the box must be a 


cube, an edge of which is equal to j^ 5 


Example 2. Determine the maximum value of the nth root of a product 
of numbers x,, x,, ..., x, provided that their sum is equal to a given num- 
ber a. Thus, the problem is stated as follows: it is required to find the max- 


imum of the function u= f/x, ... x, on the condition that 


XyT x,4-... o x4,—a—0 az 
(x, > 0, x, 0, ..2, %, 0). ) 


Form an auxiliary function: 
F (Xis soes Xm Mo Y Xy vee Xn A QS eet... tnea). 


Find its partial derivatives: 


, ] xx... x l u 
P — cube pae or u = —nÀX;, 
(x... Xn) ^ 
, l u 
i mi cuam or u=—nhx,, 


lu 
F ae PAO Or U= —Nhx,,. 
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From the foregoing equations we find 
Xi =X, = "T = Xm 


and from equation (I2) we have 


= E a 
Apc e M S or 


By the meaning of the problem these values yield a maximum of the 
a/————— a 
function y xi ... XQ, equal to at 
Thus, for any positive numbers x,, x,, ..., x, connected by the relation- 
ship x +x, +... +x =a, the inequality 


Dp x: "PL (13) 


is fulfilled (since it has already been proved that I is the maximum of this 
function). Now substituting into (13) the value of a obtained from (12), we get 


V XjXs ae x, ee (14) 
This inequality holds for all positive numbers x,, x,, ..., Xa. The expression 


on the left-hand side of (14) is called the geometric. mean of these numbers. 
Thus, the geometric mean of several positive numbers is not greater than 
their arithmetic mean. 


SEC, 19, SINGULAR POINTS OF A CURVE 


The concept of a partial derivative is used in investigating 
curves. 
Let a curve be given by the equation 


F (x, y) = 


The slope of the tangent to the curve is determined from the 
formula 


OF 
dy Ox 
dx OF 

oy 


(see Sec. 11, Ch. VIII). 
If at a given point M (x, y) of the curve under consideration, 


at least one of the partial derivatives = and 3 £ does not vanish, 


then at this point either dy or is oth HN The 


curve F(x, y)=0 has a very definite line tangent at this point. 
In this case, the point M (x, y) is called an ordinary point. 
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But if at some point M,(x,, y,) we have 


(Be) eng 9 294 (55) 0, 


¥=Vo U — U^. 


then the slope of the tangent becomes indeterminate. 
Definition. If at the point M,(x,, y,) of the curve F(x, y) 20 
both partial derivatives 27 and n vanish, then such a point is called 


a singular point of the curve. Thus, a singular point of a curve 
is defined by the system of equations 


OF — 
ru. 
Naturally, not every curve has singular points. For example, 
for the ellipse 
gi 
al, 
obviously, 


2 2 
F(x, y) e Ae 


the derivatives za and x vanish only when x —0, y=0O, but these 


values of x and y d mel satisfy the equation of the ellipse. 

Consequently, the ellipse does not have any singular points. 
Without undertaking a detailed investigation of the behaviour 

of a curve near a singular point, let us examine some examples 


of curves that have singular points. 
Example 1, Investigate the singular points of the curve 


y? —x (x—a)?=0 (a> 0). 


Solution. Here, F (x, y}=y?—x (x—a)? and therefore 


OF 


F 
Ox o0 


— (x — a) (a — 3x; " 


Solving the three equations simultaneously, 


OF OF 
F (x, y) =0, ae ac 


we find the only system of values of x and y that satisfy them: 
X=, 5,90. 


Consequently, the point M,(a, 0) is a singular point of the curve. 
Let us investigate the behaviour of the curve near a a singular point | and 
then construct the curve. 
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Rewrite the equation in the form 
y = + (x—a) V x. 
From this formula it follows that the curve: 1) is defined only for x z«0; 
2) is symmetrical about the x-axis; 3) cuts the x-axis at the points (0, 0) and 
(a, 0). The latter point is singular, as we have pointed out. 


. Let us first examine that part of the curve which corresponds to the pius 
sign: 


y= (x—a)V x. 


Find the first and second derivatives of y with respect to x: 
, 9x—a j= 3x +a 
a OV x! ax V x 


For x==0 we have y== oo. Thus, the curve touches the y-axis at the origin. 
For x= = we have y’=0, y'0, which means that for x= 5- the func- 


3 3 
14 
= 3 a" 


tion y has a minimum: 
On the interval 0 « x «a we have y< 0; for E y’ > 0; as x — œ y — o, 


For x —a we have y — V a, which means that at the singular point M, (a, 0) 
the branch of the curve y= -+(x—a) V x has a tangent 


y= V a (x—a). 


Since the second branch of the curve y=— (x—a) Vx is symmetrical 
with the first about the x-axis, the curve has also a second tangent (to the 
second branch) at the singular point 


y=— Y a(x—a). 


The curve passes through the singular point 
twice. Such a point is called a nodal point. 

The foregoing curve is shown in Fig. 187. 

Example 2. Test for singular points the curve 
(semicubical parabola) 


y* — x? — 0. 


Solution. The coordinates of the singular 
points are determined from the following set of 0 
equations: 


y 


y*-x(x-a 


7 


y?—x'=0; 3x*—0; 2y=0. 


Consequently, M, 0, 0) is a singular point. 
Let us rewrite the given equation as 
y— i Y». 
To construct the curve let us first investigate "E 
ihe branch 1o which the plus sign in the equation . Fig. 187. : 
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corresponds, since the branch of the curve corresponding to the minus sign is 
symmetric with the first about the x-axis. 

The function y is defined only for x=0, it is nonnegative and increases 
as x increases. 


Let us find the first and second derivatives of the function y= Vx 
"ES , 3 1 
pays gene 


For x -0 we have y 20, y’=0. And so the given branch of the curve has a 


tangent y —0 at the origin. The second branch of the curve y= — V x? also 

- passes through the origin and has the same tangent y — O0. 
Thus, two different branches of the curve meet at the ori- 
gin, have the same tangent, and are situated on different 
sides of the tangent. This kind of singular point is called 
a cusp of the first Rind (Fig. 188). 

Note. The curve g*—x* =0 may be regarded as a limit- 
ing case of the curve y?—x (x—a)*=0 (considered in Exam- 
ple 1) as a--0; that. is, when the loop of the curve is 
contracted into a point. 

Example 3. Investigate the curve 


(y —x*)* — x —0. 


Solution. The coordinates of the singular points are de- 
fined by the following set of equations: 


—4x (gy—x*)—5x*—0; 2(y—x*)=0, 


Fig. 188. 


which has only one solution: x=0, y=0. Hence, the 
origin is a singular point. 
Rewrite the given equation in the form 


yor? + yx. 


From this equation it follows that x can take on values from 0 to + œ. 
Let us determine the first and second derivatives: 


y' = 2x + Sy xt y-2xlyx 


Investigate, separately, the branches of the curve corresponding to plus and 
minus. In both cases, when x=0 we have y —0, y' —0, which means that for 
both branches the x-axis is a tangent. 

Let us first consider the branch 


y=x y x. 
As x increases from 0 to oo, y increases from 0 to oo, 


The second branch 
y =x?— y x 


cuts the x-axis at the points (0, 0) and (l, 0). 


the function y=x?—Y x* has a maximum. If x +-+ oo, then 


For =z 


y> — o, 
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Thus, in this case the two branches of the curve meet at the origin; both 
branches have the same tangent and are situated on the same side of the 
tangent near the point of tangency. This kind of singular point is called a 
cusp of the second kind. The graph of this 
function is shown in Fig. 189. 

Example 4. Investigate the curve 


y! — x* ---x$- 0. 


Solution. The origin is a singular point. 
To investigate the curve near this point re- 
write the equation of the curve in the form 


y-—-LxyVyl—x. 


Since the equation of the curve contains 
only even powers of the variables, the curve 
is symmetric about the coordinate axes and, 
cip it is sufficient to investigate 
that part oi the curve which corresponds to 
the positive values of x and y, From the 
latter equation it follows that x can vary over the interval from 0 to 1, that 
is, Ox «i l. 

Let us evaluate the first derivative for that branch of the curve which is 
a graph of the function y= +x? Y 1—x*: 

, 0X (2—3x?) 


i ———. 
á YVi—x 
For £—0 we haye y=0, y’=0. Thus, the curve touches the x-axis at the 


origin. 
For x —1 we have y=0, y =œ; consequently, at the point (1, 0) the 


Fig. 189. 


tangent is parallel to the y-axis. For x= ea the function has a maximum 


3 
(Fig. 190). 

At the origin (at the singular point) the two branches of the curve corre- 
sponding to plus and minus in front of the radical sign are mutually tangent. 
A singular point of this kind is 
called a point of osculation (also 
known as tacnode or double cusp). 

Example 5. Investigate the curve 


y?-x*«x6- Q 


y^ — x? (x —1) —0. 


X Solution. Let us write the sys- 
tem of equations defining the sin- 
gular points: 

y^ — x? (x —1)=0; 
— x? 4+ 2x — 0, 2y=0. 


This system has the solution 

x=0, y==0. Therefore, the. point 

o, . is a singular point of the curve. Let us rewrite the given equation in 
ie form 


Fig. 190. 


y—-ixyx—l. 
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It is obvious that x can vary from 1 to o» and also take the value O (in 
which case y —0). 

Let us investigate the branch of the curve corresponding to the plus sign 
in front of the radical. As x increases from ] to œ, y increases from 0 to œ. 

y The derivative 


ja 3x —2 
2V x—i l 


When x=1 we have y’=o; hence, at the 
point (1, 0) the tangent is parallel to the y-axis. 

The second branch of the curve corresponding 
to the minus sign is symmetric with the first about 
the x-axis. 

The point (0, 0) has coordinates that satisfy the 
equation and, consequently, belongs to the curve, 
but near it there are no other points of the curve 
(Fig. 191). This kind of singular point is called an 
isolated singular point. 


g*-x*(x-1) 


Exercises on Chapter VIII 


Fig. 191, i m the partial derivatives of the following 
unctions: 
; dz ONSE. " Oz 
= x? 2 — = 2 y — — 2 - = y^. A — = 
l. z= x% sin? y. Ans. 3x 2x sin? y; oy x?sin2y. 2. z—x". Ans 3x 
= yt z^. 2yln x 98. u=" 7, Ans, Ot L 2e" exten 
Uy x 
Sem Dye ertet Se o Dog ehe 4 uz Ve Fee. 
aL. Ou x 02 y .02 x 
Ans. c Veyi? . 5. z= arc tan (xy). Ans. Ox FeR’ dy lc . 
u y 02  —y .02 x _, Vet+y—x 
6. z=are tan >. Ans. z=- > ==. 7. 2= e. 
X Ox x?-+y? Oy x+y Ve+yt+e 
x z x 
dz 2 Oz 2x yoy Qu l y, 
Ans. — = — =. =. 8.u-e e”. Ans.—=—e i 
Ox 0 yatey Y yyer i e M 
ĝu x Š Ž ðu | — : 02 ` 
i E Y —— eV; my eV , 9. z—arcsin(x--y). X Ans. = 
T3 77-3. 2 
= EE MN. ` 10. z—arc tan i zm Ans. dz NEP REM : 
Vi—(x4-yf 9v xi yt Ox x Vey 


ee c 

öy V ecc | | 
Find the total differentials of the following functions: 11. z —x*-- xg* 4- sin y. 

Ans. dz-—(2x4-y?)dx 4-(2xy 4-cos y) dy. 12. e=In(xy). Ans. di ELTE . 
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13. z—e***?. Ans. dz=2e®+3° (xdx--gdy) 1. u=tan(3x—y)+6'+?. 


3dx l 
= pg hte = Se yz Y+) . 15. w= 
Ans. du iF Gey | Ge tO In 6 | dy+6¥+? in 6dz. 15. w 
— arc sin E Ans. dui at voy. Li ; 
y ly | Y yt—x 


16. Evaluate f, (2, 3) and f, (2, 3) if f(x, y) 2x*-Fy*. Ans. f, (2, 3)— 4, 
F,Q, 3)—27. 


17. Evaluate df (x, y) forx=1, y=0; jee d y=4 if f(x, y) = y xy à 


9 3 
Ans. > . 
18. Form a formula which, for small absolute values of the quantities x, 
i : i l +x 
and 2, yields an approximate expression fo Ans. 1 
ý d i - "VY +9042) T 
l 
Tu G-—)—2) 
l| -x ] 
19. Do the same for IFytz Ans. I +y G6—)—2. 
20. Find 9 dd 9 d z= Ut = x? + si ‘usin ( 
à Jy =u + 0%; — x* + sin y, v= In (x+y). 
02 ] 02 ] 
Ans. py T ay sud ae 
02 02 . Iu TM 02 
21. Find EM and Jj if z = Tho? u = — COS X; u—cosx. Ans. x= 
EX ee o 9 
2 cos? = oy 
02 02 . mmm " Miri as 02 
22. Find 3: and oj if z-e » ussinx, v=x*+y*% Ans. z” 
ze! - 9? (cos x — 6x’), 3, =e- (0—2-2y)— -——Aye^ — ?9. 


23. Find the total derivatives of the given functions: z— arc sin (u +v); 


i Oz : X a 
= si : = i : z = 2 — — — 
u-sinxcosad; v=cosxsina Ans 3x | if 2x 9 « x T a«2Rn + y 

Oz ; x x e?* (y—2). 

ag eka p y xx rac QR 1)n d . 24. ce y = 4 sin x; 

ðu — ax 4 : 02 

z=cosx. Ans. ie sin x. 25. z=In(1—x*); x= V sin @ Fr 2 tan 0. 
Find the derivatives of implicit functions of x given by the following equa- 

o Xt. pt = dy — b* x x* 4" dy 

tions: 26. at + Di ] 20. Ans. dx TE y ° 27. at p l. Ans. 42:7 
b? x $ dy  yx/-!—yg* Iny 

L———. å LI y. rr A i —e*J — x? =U, 
ay 28. y* =x. Ans dc aD nr 29. sin(xy)—e x!y —0 
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dg _y {cos (xy) —e*¥ — 2x] ER RIEN E 02 Oz 
Ans di LIB cs aE 30. ae tpat aah find 3x and T 
dz Cx. 02.. £5 NER Qu ðw 
Ans. = = — 25 d) 5 p 31. u —v tan aw =Q; lind 57 and =. Ans. E 
. cosaw Ow  sin2aw 2, 2 Wao ,02, 102 1 
aur ONE ae aa . 92. 2 +< = V yi—:5 show that x ae 73 755 
39. E cB (2) show that piden ns no matter what the differentiable 
x z Ox Oy 
function F. 
Compute the second-order partial derivatives: 
34. z= x? —4x?y + 5y?. Ans pe iy: LINE TE e iG 
i | Ox* ' QyOx ' dy? 
O?z sin y O'z  e* cosy 
—: Toe gh "S EL APR NELLE x 
35. z —e* In y +siny In x. Ans. ae Iny o a 73 x 
0*2 ET. o 
nn ee 
1 Ou | O?u , O*u 
36. Prove that if R a then ge cot 
"OE o ĝ?z 02 az 
37. Prove that if deum then X gait 0:0) ^ d : 
38. Pr that if z=In(x?-+4 y?), then Era e ecd 
. Prove = y Ox? Og] 
; 2072  0?z 
39. Prove that if 2g (gy 4-ax)+ 9 (y —ax), then a DEC lor any 


doubly differentiable q and p. 
40. Find the derivative of the function z —3x* — xy + y* at the point M (1, 2) 


in the direction that: makes an angle of 60? with the x-axis. Ans. p 5 2 " 
4l. Find the derivative of the function z-25x*—3x—g— at the point 
M (2, 1) in the direction from this point to the point N (5,5). Ans. LT 


5 
42. Find the derivative of the function f (x, y) in the direction of: 1) the 


| /of ð 
bisector of the quadrantal angle Oxy. Ans. ys (x3) 2) the negative 
semi-axis Ox. Ans. -— ; 

x 
43. f(x, y) =x 43x? 4+ Axy +y". Show that at the point M & , -5 ) the 


derivative in any direction is equal to zero (the “function is stationary”). 


44. Of all triangles with the same perimeter 2p, determine the triangle 
with greatest area. Ans. Equilateral triangle. 


48. Find a rectangular parallelepiped of greatest volume for a given total 


surface S. Ans. A cube with edge =, 


Exercises on Chapter VIII 313 


46. Find the distance between two straight lines in space whose equations 
x—l y 2 x yY E Ans. ve l 


xd E du o as im 
Test for maximum and minimum the functions: 
47. z—x'y'(a—x-—y) Ans. Maximum z at x=% y= : 


48. eat bay b br. Ans. Minimum z at — " ; 
3 


49. z=sinx + sin y -|- sin (x+y) (xum: «y ) Ans. Maximum 


x 
z at s= ye 


50. z= sinx sin y sin (x+y) (Osr n; 0sysn). Ans. Maximum z af 


pup 
=y= 3° 
Find the singular points of the following curves, investigate their character 
and form equations of the tangents at these points: 
51. x*--y*—3axg —0. Ans. M,(0,0) is a node; x=0, y=0 are the 
equations of the tangents. 
; 52. aty? = x*(a*—x*). Ans. A double cusp at the origin; the double tangent 
y* =0. 


53. y*— 


= Ans. M,(0,0) is a cusp of the first kind; y?=0 is a 
tangent. 

54. y*—x'(9—x?) Ans. M,(0,0) is a node; y= + 3x are the equations of 
the tangents. 

55. x*—2ax*y —axy?+a?x?=0. Ans. M, (0,0) is a cusp of the second kind; 
y?=0 is a double tangent. 

56. y? (a? 4- x?) —x*(a*—x?). Ans. M,(0, 0) is a node; y—-Fx are the 
equations of the tangents. = 

57. b*x? +-a7y?=x*y?, Ans. M,(0,0) is an isolated point, 

58. Show that the curve y=xInx has an end point at the coordinate 
origin and a tangent which is the y-axis. 


59. Show that the curve y= 


i has a nodal point at the origin and 


1+ e* 
that the tangents at this point are: on the right y=0, on the left y= x. 


CHAPTER IX 


APPLICATIONS OF DIFFERENTIAL CALCULUS TO SOLID 
GEOMETRY 


SEC. 1. THE EQUATIONS OF A CURVE IN SPACE 


Let us consider the vector OA=r whose origin is coincident 
with the coordinate origin and whose terminus is a certain point 
A(x, y, z) (Fig. 192). A vector of this kind is called a radius 
vector. 


Let us express this vector in terms of the projections on the 
coordinate axes: 


r=xi+tyj+zk. (1) 
Let the projections of the vector r be 
functions of some parameter f: 


A(X,Y,2) 


x= (t), 
z= (t). 
Fie. 192 Then formula (1) may be rewritten as follows: 
ts r— (i4 (0j x(t) k (1) 
cr, in abbreviated form, 
r=r (t). (1^) 


As t varies, x, y, and z vary; and the point A (the terminus of 
the vector r) will trace out a line in space that is called the 
hodograph of the vector r =r (t). Equation (1’) or (1^) is called 
the vector equation of the line in space. Equations (2) are known 
as the parametric equations ol. the line in space. With the aid of 
these equations, the coordinates x, y, z of the corresponding point 
of the curve are determined for each value of f. 

Note. A curve in space can also be defined as the locus of 
points of the intersection of two surfaces. It can therefore be 
given by two equations of two surfaces: 


QD, (x, y, 2) —0, | 
D, (x, y, 2) —0. 
Thus, for example, the equations 


V4+y+22=4, z= 


(3) 
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are the equations of a circle obtained at the intersection of a 
sphere and a plane (Fig. 193). 

Thus, a curve in space may be represented either by paramet- 
ric equations (2) or by two equations of surfaces (3). 

If we eliminate the parameter ¢ from equations (2) and get two 
equations connecting x, y, z, we will thus make the transition 
from the parametric method of representing a line to the surface 


Fig. 193. 


method. And conversely, if we put x—q(/), where q (f) is an ar- 
bitrary function, and find y and z as functions of ¢ from equations 


D, [e (2, 9, 2] =9, D, [o (0), y, z) =0 


we will then make the transition from representation of a line by 


means of surfaces to its parametric representation. 
Example 1. The equations 


x —AL—1, y=3t, z—1-E2 


are parametric equations of a straight line. Eliminating the parameter t we 
get two equations, each of which is an equation of a plane. For instance, if 
from the first equation we subtract, termwise, the second and third, we get 
x—-y—z=—3. But subtracting (from the first) four times the second we get. 

x—4z=—9. Thus, the given straight line is the line of intersection of the 
planes x— y—2z+3=0 and x —4z +9=0. 

Example 2. Let us consider a right circular cylinder of radius a, whose 
axis coincides with the z-axis (Fig. 194). Onto this cylinder we wind a right 
triangle C, AC so that the vertex 'A of the triangle lies at the point of inter- 
section of the generator of the cylinder with the x-axis, while the leg AC, is 
wound onto the circular section of the cylinder lying in the xy-plane. Then- 
the hypotenuse will generate on the cylinder a line that is called a helix. 
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Let us write the equation of the helix, denoting by x, y, and z the coor- 
dinates of its variable point M and by ¢ the angle AOP (see Fig. 194). Then 


x=acost, y—a sin í, z— PM —ÁP tan 0, 


where 0 denotes the acute angle of the triangle C,AC. Noting that AP — at, 


since AP is an arc of the circle of radius a corresponding to the central angle 
t, and designating tan 9 in terms of m, we get the parametric equations of 
the helix in the form 


x=a cost, y=asint, z=amt 


V 


l 
1” 
L 
' 

t 

' 
l, 
| 

t 
b 

t 

t 

L 


Fig. 194. 


(here £ is the parameter), or in the vector form: 
r—íia cost + ja sin t+ kamt. 


It is not difficult to eliminate the parameter ¢ from the parametric equa- 
tions of the helix: square the first two equations and add. We find x?+ y? — a*. 
This is the equation of the cylinder on which the helix lies. Then, dividing 
termwise the second equation by the first and substituting into the obtained 
equation the value of £ found from the third equation, we find the equation 
of another surface cn which the helix lies: 


Z 
Y tan , 
X am 


This is the so-called helicoid. It is generated as the trace of a half-line 
parallel to the xy-plane if the end point of this half-line lies on the z-axis and 
if the half-line itself rotates about the z-axis at a constant angular velocity, 
and rises with constant velocity so that its extremity is translated along the 
z-axis. The helix is the line of intersection of these two surfaces, and so car! 
be represented by two equations: 

Ro. a oW s 2. 

x* T y =a", x — ian -— e 
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SEC. 2. THE LIMIT AND DERIVATIVE OF THE VECTOR 
FUNCTION OF A SCALAR ARGUMENT. THE EQUATION 
OF A TANGENT TO A CURVE. THE EQUATION OF A NORMAL 
PLANE 


Reverting to the formulas (1') and (1^) of the preceding section, 
we have : 
r-—oQ(t)) i+ (HJ x GR 


f= (t). 


When ¢ varies, the vector r varies in the general case both in 
magnitude and direction. We say that r is a vector function of 


the scalar argument ź. Let us suppose that 
lim q (£) —9,, 
tt, 
lim v (t) = Po, 
tty 
lim y% (t)= x,. 
(t, 


or 


ro 


Then we say that the vector r, =p, + p, J+ 

+ Xk is the limit of the vector r=r (t) and ^X ` 

we write (Fig. 195) Fig. 195. 
limr (H) — r,. 


(t, 


From the latter equation follow the obvious equations 
lim |r (f) r,|— lim V [p (— e] + [e (0) —]* + [x (0 — x] =0 


and 


m Ir (f) |= |r]. 
Let us now take up the question of the derivative of the 
vector function of a scalar argument, 


r (f) — e(t) i+) J-- x (É) Rk, (1) 


assuming that the origin of the vector r(t) lies at the coordinate 
origin. We know that the latter equation is the equation of some 
space curve. 

Let us take some fixed value ¢ corresponding to a definite point 
M on the curve, and let us change ¢ by the increment AZ; we 
then get the vector 


r+ M) e(t AD) EF RAD Jr E ak, 
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which defines a certain point M, on the curve (Fig. 196). Let us 
find the increment of the vector 
Ar —r(t-- At) —r(t) — 
= [e (t 4- At) — 9 (0] i+ 
gr tr [9 (t+ A£ — 0 (0] j4- 
t [x (£+ At) — x (0] k. | 


In Fig. 196, where OM =r (t), OM, = 
=r (t + åt), this increment is shown by 

the vector MM, = Ar (t). 

Let us consider the ratio Ar ol the 
increment of a vector function to the 
Fig. 196. increment oi a scalar argument; this is 
obviously a vector collinear with the 


vector Ar (t), since it is obtained from the latter by multiplication 


Ar(t) 


F(t«4t) 


with the scalar factor xp We can write this vector as follows: 


Ar(tn) 9U-FAO0—9(D , , (t -ADO—v() ; | x (CHE AD X (6) 
Re cp coser auro we wur 


If the functions q (7), «b (2), y (t) have derivatives for the chosen 
value of ź, the factors of i, j, k will in the limit become the de- 
rivatives q' (£, sp' (£D, x’ (t) as A£ —0. Therefore, in this case the 
limit of at as At — Oexists and is equal to the vector q' (¢)i+p’ (£j + 
-+ X' (f) k: 

“gs A " . , e , 
lim =o (iV (04x OR. 

The vector defined by the latter equation is called the deriva- 
tive of the vector r(/) with respect to the scalar argument ¢. The 
derivative is denoted by the symbol T or r. 


Thus, 
d t ; , > / 
aper m$ H+ (jx (OR (2) 
or 
dr dx dy ., d2 ’ 
4 745b t ^ (2°) 


Let us determine the direction of the vector T. 


Since as Af —O the point M, approaches M, the direction of 
the secant MM, yields, in the limit, the direction of the tangent. 
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Hence, the vector of the derivative a lies along the tangent to 

the curve at M. The length of the vector T is defined by the 

formula *) 

d 1—7 4212 | Ia 74312. 4. 1.71232 

ar | V le" OP + OY +i OF. (3) 
From the results obtained it is easy to write the equation of the 

tangent to the curve 


r=xi+yj+zk 


at the point M (x, y, 2), bearing in mind that in the equation of 
ihe curve x= Q(t), yz (D, z=% (0). 

The equation of the straight line passing through the point 
M (x, y, z) is of the form 


where X, Y, Z are ihe coordinates of the variable point of the 
straight line, while m, n, and p are quantities proportional to the 
direclion cosines of this straight line (that is to say, to the pro- 
jections of the directional vector of the straight line). 

On the other hand, we have established that the vector 


dr 

dt 
is directed along the tangent. For this reason, the projections of 
.this vector are numbers that are proportional to the direction co- 
sines ol the tangent, hence also to the numbers m, n, p. Thus, 
the equation of the tangent will be of the form 


| dx dy ., d2 


dx T dy =z * (4) 


Example 1. Write the equation of a tangent to the helix 


x=acost, y--asin t, 2—amt 


for an arbitrary value of ¢ and for t= , 


Solution. 
dx 


dy dz 
dr — A sin f, -TAE acos t, PT am. 


*) We shall assume that. at the points under consideration aeo 
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From formula (4) we have 
X—acost Y—asint Z—amt 


Io — OS Oe 
— 


— a sin t acost — am 
In particular, for t we get 
aV2 | ay 2 n 
X 5 mui m Z—am | 
a V2 aV2 am 
2 2 


Just as in the case of a plane curve, a straight line perpendi- 
cular to a tangent and passing through the point `of 
tangency is called a normal to the space curve at the given point. 
Obviously, one can draw an infinitude of normals to a given space 
curve at a given point. They all lie in the plane perpendicular 
to the tangent line. This plane is the normal plane. 

From the condition of perpendicularity of a normal plane to a 
tangent (4), we get the equation of the normal plane: 


jr (X—x) (Y —9) $2 —2)-0. (5) 
Example 2. Write the equation of a normal plane to a helix at a point 
for which {= T ; 
Solution. From Example | and formula (5) we get 


dc eL LER Rm + m( Z— am + )=0, 


2 4 
Let us now derive the equation of a tangent line and the nor- 


mal plane of a space curve for the case when this curve is given 
by the equations 


D, (x, y, z)=0, D(x, y, z)=0. (6) 


Let us express the coordinates x, y, 2 of this curve as functions 
of some parameter 4: 


xe (f), y= p(t), z=x ($). (7) 
We shall assume that o(t), 4 (¢), x(/) are differentiable functions 
of f. 

Substituting into equations (6), in place of x, y, 2, their 
values for the points of the curve expressed in terms of £, we get 
two identities in £: 

D, [e (£, pA), x (0] =9, (8a) 
D, [o (4), p(t), x (0) =9. (8b) 


Differentiating the identities (8a) and (8b) with respect to ¢, we 
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get 
0D, dx , 0D, dy 09, dz — 
ðD, dx oD, dy , OM, dz — 
Ox di © dy Pad gui 


From these equations it follows that 
dx 00,00, 00,00, dy 00,00, 00,00, 


pil Vinita eu ollie | — lien Gai, PR | 


dt dy oz dz oy . dt _ dz Oz Ox “Oz” 


bes aft NU a J — flus ee ee 


dt dx Oy Oy Ox dt Ox Oy Oy Ox 


Here, we naturally assume that the expression —— —— ——-— —— +Æ 


+0; however, it may be proved that the final formulas (11) and 
(12) (see below) hold also for the case when this expression is 
equal to zero, provided that at least one of the determinants in 
the final formulas differs from zero. 
From equations (10) we have 


e—a ——MÓÁ———Ó 
— 


addi Wabbit Sembee Dine Medii | nef em a ee ee Il p 4 cl 2d c. 


Oy a 02 oy 02 Ox Ox O02 Ox Oy Oy Ox 


Consequently, from formula (4) the equation of the tangent line 
will-have the form 
X —x Y —y Z—2 


————— —— ——————— mm 
—d— 


dD, 9D, 030,00, 00,00, 00,00, 50,00, 00,00,' 


hue Rosi em, itd | unite Mee lemme perma adicit] 


Oy Oz dz Oy Oz Ox Ox Oz Ox dy Oy Ox 
or, using determinants, 


X—x I Y —y A Z—z 1] 
Too, 750,80, | 790, 90,7 oa 
dy Oz Oz. Ox Ox dy 
2, D| — 00,00, | 0, 20, 
Oy dz dz Ox Ox oy 
The norma! plane is represented by the equation 
aD, 9D, | > ôD, 00, ðD, 00, 
Oy Oz dz Ox Ox Oy. 
X —x Y — Z—z = 0). 
( ) | aD, 00, ip —y) 20,00, sex am, ao, |= ^ 02 
Oy Oz Oz Ox Ox Oy 


These formulas are meaningful only when at least one of the 
determinants involved is diflerent [rom zero. But if at some point 


11—3388 
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f 


ol the curve all three determinants 
00, ôO, aD, OQ, 00, ðD, 


‘Oy Oz Oz Ox Ox Oy 
30,30, |' |30,20,|' | 20, 20, 
Oy Oz Oz Ox Ox Oy 


vanish, this point is called a singular point of the space curve. 
At this point the curve may not have a tangent at all, as was the 
case with singular points in plane curves (see Sec. 19, Ch. VIII). 
Example 3. Find the equations of a tangent line and a normal plane to 
the line of intersection of the sphere x?+-y?+2?=4r? and the cylinder 
x*--y*-—2ry at the point M (r,r, r 
V 2) (Fig. 197). | 
Solution. 
D, (x, y, z) xt + y?-+ 2?—4r7?, 
D, (x, Y, z)—x*--y*—2ry, | 


p 
| 90, o 29 M 
mw ` OX = 2x, dy =2y, Oz 272. 
— [0M re OM, 5, o, 90. 
x 2x, Oy 2y 2r, Oz 0. 


The values of the derivatives at the given 
point M will be 


—€——MÓÓáÁaast- 


Fig. 197. dill ENDS 


For this reason the equation of the tangent line has the form 
Acn. YF AE y2 
0 V2 | — ^ 
The equation of the normal plane is 
y2 Y—0—2—- Y 2)—0. 


SEC. 3. RULES FOR DIFFERENTIATING VECTORS 
(VECTOR FUNCTIONS) 


As we have seen, the derivative of a vector 
r ()-—(0) i-0)J-- x (D k, (1) 
is, by definition, equal to ' 
r' (A= (iw Ot (É) k. (2) 
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Whence it straightway follows that the basic rules for differen- 
tiating functions hold for vectors as well. Here, we shall derive 
the formulas for differentiating a sum and a scalar product of 
vectors; the other formulas we shall write down and leave their: 
derivation for the student. 

I. The derivative of a sum of vectors is equal to the sum of the 
cerivatives of the vectors. 

Indeed, let there be two vectors: 

r, (0) — 9, (H E-- 6, (J+ xX (f) k, ' 
r, (0) = €, (D) E+ 5, (EJ x, (A Ri 
their sum is 


r, (+r, (E) = I9, (0) 4-9, 0)) £4- Db, 0) +b (D) I+ Ux, (E) + x, (0 lk. 
By the definition of a derivative of a variable vector, we have 


AORO tp, (Hp OY E4- l8, OF, (1-4 - D, OF x, (OT E 
OT 
ROERO — [oi (£) HPOH [9s (A +O +l) + y Ole = 


=H (Hit 5i 0) 4-38 (0) kH (0) E290: JH () E rs p rs 
Hence, 


(3) 


d [r (+r (D) | dr, , dr, 
^ d ae ta (o 


II. The derivative of a scalar product of vectors is expressed by 


the formula 


d (rr) u df, dr, 
METTE xu r, +r a: (II) 


Indeed, if r,(£), r, (f) are defined by formulas (3), then, as we 
know, the scalar product of these vectors is equal to 


r, (Dr, (D) 9:9, + VY. + X 
For this reason 
d (Fira) r * " , r , 
a | 7 P:P, T P,P: ai viv, T DAD x XiXe T XiX: = 
(iP, rb, H XXa) + PPH DH xaxa) = 
= (qii +P y+ x3 KE) p iH I +x, 2) 3- (p, i +0, +4, KR) (qai 4-0, - x) = 


The theorem is proved. | | 
From formula (II) we have the following important corollary. 
Corollary. /f the vector e is a unit vector, that is, |e|==1, then 
its derivative is a vector perpendicular to it. 


11* 
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Proof. It e is a unit vector, then 
ee]. 


Let us take the derivative, with respect to ¢, of both sides of 
the latter equation: 


de , de 
ejt 179 


Or 
de 
2e d 0, 
that is, the scalar product 
e —0 
di’ 


and this means that the vector - is perpendicular to the vector e. 
III. The constant numerical factor may be taken outside the 
sign of the derivative: 


dar (t) _ dr(t)_ x» 
g =a = (2). (H1) 


IV. The derivative of a vector product of vectors r, and r, is 
determined by the formula 


d Ít XT] dr, ] dr, : 
S m =a n FAXIT: (IV) 


SEC. 4. THE FIRST AND SECOND DERIVATIVES 
OF A VECTOR WITH RESPECT TO THE ARC LENGTH. 
THE CURVATURE OF A CURVE. THE PRINCIPAL NORMAL 


The arc length *) of a space curve M,A =s (Fig. 198) is deter- 
mined just as in the case of curves in a plane. When a variable 
point A (x, y, z) moves along a curve, the arc length s varies; 
conversely, when s varies, the coordinates x, y, z of a variable 
point A lying on the curve also vary. Therefore, the coordinates 
x, y, z of a variable point A of the curve may be regarded as 
functions of the arc length s: 


x — q (s), 
y= (s), 
Z = y (s). 


*) The arc length of a space curve is defined in exactly the same way as 
ihe arc length of a plane curve (see Sec. 1, Ch. VI and Sec. 3, Ch. XII). 
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In.these parametric equations of the curve, the arc length s is 
the parameter. The vector OA — r is, accordingly, expressed as 


r= (s) i--(s)J-- x (s) k 
r—r (s). (1) 


Thus the vector r is a function of the arc length s. 


OT 


Fig. 198. Fig. 199. 


Let us find out the geometrical meaning of the derivative i 
As is evident from Fig. 198, we have the following equations: 
MA — s, ÁB — As, M,B=s-+ As, | 
OA—r(s, OB=r(s+As), 

AB = Ar =r (s+ As) —r (s), 


ar. AB 
AS 4B 
We have already seen in Sec. 2 that the vector D lim e is 
AS — 
in the direction of the tangent to the curve at the point A towards 
AB 


increasing s. On the other hand, we have the equality im | Ze 
AB 
[the limit of the ratio of the chord length to the arc length *)]. 


*) In Sec. 1, Ch. Vl, we mentioned this relation for a plane curve. It 
also holds for a space curve: F(/)—«(t) i--(D)j--X(D & if the functions 
g(t), p (£ and X (£) have continuous derivatives that do not vanish simulta- 


neously. 
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Hence, d is a unit vector in the direction of the tangent; let us 


denote it by o: 
dr 
i79 (2) 
If the vector r is represented by the projections 


r=xi-+yj+zk, 
then 


dx, , dy ., dz 
=, t+7,Jt+z* (3) 


V +e 
Let us now examine the second derivative of the vector func- 
tion on that is, the derivative with respect to =, and deter- 
mine its geometric significance. 


From formula (2) it follows that 


dr d EH da 


and 


ds? ds |ds] ds* 
Consequently, we have to find lim A 
AS — 0 


From Fig. 199 we have AB — As, AL=o, BK —36-- Ac. Draw 
irom the point B the vector BL,=o. From the triangle BKL, 
we find 

BK — BL, + L,K 
Or 
o+Ac=o0+L,K. 


Thus, L,K = Ao. Since, by what has been proved, the length of 
the vector ø does not change, lo|=|o-+.Ao|; hence, the triangle 
BKL, is an isosceles triangle. 

The angle Ag at the vertex of the triangle is the angle through 
which the tangent to the curve turns from the point A to the 
point B; in other words, it .corresponds to the increment in the 
arc length As. From the triangle BKL, we find 


L,K — |^o | 2e || sin ^ 2| sin“ 


(since |gj=1). 
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Divide both sides of the latter equation by As: 


A9| | sin AP 

AG B sin 9 H sin 5 Ag 

AS AS A9 AS 
2 


Let us now pass to the limit on both sides of the latter equation 
as As— 0. On the left side we have 


: dg 
lim AP Lco : 
AS — 0 AS ds 
Then 
sin SF 
lim 38 [A 
AS-— 0 


since in this case we consider curves such that there exists a limit 


lim M and, consequently, Ap — 0 as As — 0. Thus, after passing 


A» — 0 


to the limit we have 

do| tim | A9 

ds [= lim As |. (4) 
The ratio of the angle of turn Ag of the tangent, when the point 
A goes to the point B, to the length As of the arc AB (in abso- 
lute value) is called (just as it is in the case of a plane curve) 
the average curvature of the given line on the segment AB: 


average curvature — | 4% |: 
The limit of the average curvature as As — 0 is called the curva- 
ture of the line at the point A and is denoted by K: 


K = lim ay 


AS-— 0 


AS 


But then from (4) it follows that ^2 — K; which means that the 


length of the derivative of a unit vector") of a tangent with res- 
pect to the arc length is equal to the curvature of the line at the 
given point. Since the vector ø is a unit vector, its derivative 
T is perpendicular to it (see Sec. 3, Ch. IX, Corollary). 


*) It should be remembered that the derivative of a vector is a vector 
and for this reason we can speak of the length of the derivative. 
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Thus, the vector zd is equal, in length, to the curvature of the 
curve, and, in direction, is perpendicular to the vector of the 
tangent. i 

Definition. The straight line that has the same direction as the 
vector m and passes through the corresponding point of the curve 


is called the principal normal of the curve at the given point. 
We denote by athe unit vector of this direction. 
Since the length of the vector id is equal to K, which is the 


curvature of the curve, we have 
"Pi Kn. 


The reciprocal of the curvature is called the radius of curva- 
ture of the line at the given point and is denoted by R, rar. 


So we can write 
d?r- do n 
ds? ds R^ (9) 


From this formula it follows that d 


1a (fy. 6 
But 


Hence, 
AN (d'xM | (dhyM , (dz V3 ; 
CYGPGE v 
This formula enables us to compute the curvature of a line at 
any point provided that this line is represented by parametric 
equations in which the parameter is the arc length s (in other 
words, if the radius vector of the variable point of the given line 
is expressed as a function of the arc length). 


Let us consider the case when the radius vector r is expressed 
as a function of an arbitrary parameter £: 


r —r (t). 
In this case the arc length s will be regarded as a function of 
the parameter ¢. Then the curvature is computed as follows: 


di = ds di" 7) 
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Since 
dr | 
ds = l, *) 
we have 
dr\? ds \? 
(=la | 8) 
Differentiating the right and left sides of (8) and reducing by 
two, we get 
drd*r ds d?s 
di di^ di dt (9) 


Differentiate, with respect to s, both sides of this equation: 


d*s 
d'r dtr | dr dt? 
ds? dè (ds\* dt /ds\*" 
a) m. 


ds 
i dr | | df dt? 
R* | di? /ds\? "TET 
di dt 
(ey (ey ae ey CRY 
_ \dt?} \dt dt?didtdt ' Vdt) \d? 
= js Y . 
dt 
*) This equation follows from the fact that T= lim {45}. But Ar 
ds AS 01 AS 
a approaches 1 as 


is a chord subtending an arc of length As. Therefore 


As ~> 0, 
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Expressing a and 7 by formulas (8) and (9) in terms of the 


derivatives of r(f), we get *) 


y (£)- (5540) 
Los E (a dt ) | (10) 


Formula (10) may be rewritten as follows: **) 
dr ., d?r]* 
a1 _ axe 
K = R= dr\?\3 ° (11) 
(zi) j 


We have obtained a formula that enables us to calculate the 
curvature of a given line at any point for an arbitrary paramet- 
ric representation of this curve. 

If in a particular case the curve is a plane curve and lies in 
the xy-plane, then its parametric equations have the form 


x= q (t), 
y — p (D), 
z=0. 


Putting these expressions of x, y, z into formula (11), we get the 
earlier derived (in Ch. VI) formula that yields the curvature of a 
plane curve represented parametrically: 


Ka 19 Ov ()—w' (D g (0 
[p (£) + ip (¢))?}°/2 
Example. Compute the curvature of the helix 


r=tacost-+jasint+kamt 
at an arbitrary point. 


T . ds X? dsM*]? 
) We. transform the denominator as follows: uv — 


drM |? dr\° dr\? 
- ! . Here we cannot write (3) . By (F) we mean the scalar 


r dr\*\* ; dr\? 
square of the vector d by Ur) | , the third power of Gar) . The ex- 


6 
pression di is meaningless. 


**) We utilised the identity a?b?— (ab)? — (axb)? whose validity is readily 
recognisable if one rewrites the identity as follows: a*b*— (ab cos 9)*= (ab sin q)*. 
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Solution. 
dr 
47 iasinttJa cos l --h am, 
d?r ; 
Gan ba cost—Ja sint, 
i J k 
dr | dr ; 
dX ae —a sin t acost am}={a?m sin t —7 a*m cos t + ka?, 
—a cost —asiní 0 
dr dry’? 4 2 
E x ze =a‘ (m* 4-1), 


2 
t3 =a? sin? t +a? cos? t -- a*m? =a? (1 +m). 


Consequently, 
I a‘ (m? 4- 1) l 


whence 
R — a (1 + m?) =const. 


Thus, the helix has a constant radius of curvature. 


Note. If a curve lies in a plane, then without violating genera- 
lity, we can assume that it lies in the xy-plane (this can always 
be achieved by transforming the coordinates). Now if the curve 
lies in the xy-plane, then z=0; but then T 0 also and, conse- 
quently, the vector m likewise lies in the xy-plane. We thus con- 
clude that if a curve lies in a plane then its principal normal 


lies in the same plane. 


SEC. 5. OSCULATING PLANE, BINORMAL. TORSION 


Definition 1. The plane passing through the tangent line and the 
principal normal to a given curve at the point A is called an 
osculating plane at the point A. 

For the plane of a curve, the osculating plane coincides with 
the plane of the curve. But if the curve is not a plane curve, 
and if we take two points on it, P and P,, we get two different 
osculating planes that form a dihedral angle p. The bigger the 
angle p, the more the curve differs in shape from a plane curve. 
To make this more precise, let us introduce another definition. 

Definition 2. The normal (to a curve) perpendicular to an oscu- 
lating plane is called a binormal. 

On the binormal let us take. a unit vector b and make its 
direction such that the vectors o, n, b form a triple with the 
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same orientation as the unit vectors i, j, k lying on the coordi- 
nate axes (Figs. 200, 201). 


k b b 


i 6 n 


Fig. 200. Fig. 201. 


By virtue of the definition of a vector and scalar product of 
vectors we have 


b=oxn, bb-l. (1) 
We find the derivative of e By formula (IV), Sec. 3, 


db d(oxm) de dn 
"ds . ds =u SETO (2) 


But dem (see Sec. 4), therefore 


do l 
d; Xn nxn-0, 
and formula (2) takes the form 
db dn 
ds c9 Xas (9) 


From this it follows (by the definition of a vector product) 
that = is a vector perpendicular to the vector of the tangent ø. 


On the other hand, since b is a unit vector, È is perpendicular 
to b (see Sec. 3, Corollary). 

This means that the vector ed is perpendicular both to o and 
to b; that is, it is collinear with the vector m. _ 

Let us denote the length of the vector = by * we put 


db| 1. 
dsi} T? 
then 
í db 1l 
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The quantity F is the torsion of the given curve. 


The dihedral angle u between the osculating planes that corre- 
spond to two points of the curve is equal to the angle between 
the binormals. By analogy with formula (4), Sec. 4, Ch. IX, one 
can write 


d 
^s| 


juan 
AS--0 


To summarise, then, the torsion of a curve at a point. A is 
equal, in absolute value, to the limit which is approached 
(as As—+0), by the ratio of the angle u between the osculating 
planes at the point A and the neighbouring point B to the length 
| As| of the arc AB. 

If the curve is plane then the osculating plane does not change 
its direction and, consequently, the torsion is equal to zero. 

From the definition of torsion it is clear that it is a measure 
of the deviation of a space curve from a plane curve. 

The quantity T is called the radius of torsion of the curve. 

Let us find a formula ior computing torsion. From (3) and (4) 
it follows that 


Multiplying scalarly both sides by n, we get 
dn 


l 
pmna=nlox T 


On the right side of this equation we have the so-called mixed 
(or triple) product of three vectors n, o and zt In a product 


of this kind the factors, as we know, may be circularly permuted. 
In addition, taking into consideration that nn =l, we rewrite the 
latter equation in the following form: 


T ds 
OT 
T-—6|[5x |. : (B) 
But since n= pt E , we have 
st D RIT aR dr 


a Pan a 
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and 
dn d?r dr , dR dr 
nx = XR ast T us ho 
_p[|dr ar dR{ dr ar 
=R ETT TRIS ux 
But since the vector product of a vector into itself is equal to 
Zero, 
d?r d?r 
| Gar Xa | =O. 
Thus, 


fo dn [dd 
nx —R E x |: 
Noting that o=? and reverting to (5), we get 
] ;dr| dir. dir 
pc s ase X a | (6) 
If the factor r is expressed as a function of an arbitrary param- 
eter ¢, it may be shown, *") much like was done in the preceding 


*) Indeed, 
dr drds 


di ds dt’ 
Differentiating this equality once again with respect to 7, we get 
dr d E ILLAE LIS NS d?r T dr d?s 
dt? ds \ds/ didi ^ dsdt? ds? \dt} © ds df?’ 
Differentiate it once more with respect to t: | 
d'r d ( dr a(S * ar cR a dr dsd's , dr d’s__ 
di? ^ ds V ds ] dt\ dt ds? “di dif" ds Vds) did ^ ds d ^ 
IE en 
~ ds! V dt ds? dt dt? " ds dt?’ 
Let us now form a triple product: 


dr ( d'r Pr. 
dt\ dt? ^ di jJ. 


dr ds d*r /ds\? , dr d?s d'r ( ds MN d'r dsd?s dr d'r 
di | E a) ut |* HE T3 ast amtoa)? 
Opening the brackets of this product by the rule of multiplying polyno- 


mials, and disregarding those terms that contain even two identical vector 
factors (since the triple product of three factors where at least two are equal 


is zero), we get 
dr d?r x EL _ dr d?r " d'r ds : 
dti V di? © dt? ] ds \ ds? ^ ds? dij ' 
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section, that 
dr[ dr | dor 
dr[ dr ., d'r diae ae | 
"dE ET —ffárves c 
(=) 


Putting this expression into formula (6) and replacing R? by 
its expression from formula (11), Sec. 4, we finally get 
Ee 
] dt | dl? ae 
T= ar dr: (7) 
aX a | 


This formula makes it possible to compute the torsion of the 
curve at any point if the curve is represented by parametric 
equations with an arbitrary parameter /. | 
. Concluding this section, we note that the formulas which 
express the derivatives of the vectors o, b, n are called Serret- 
Frenet formulas: 

do (nm db m dn — o b 
ds R’ ds T?’ ds R T° 


The last one of them is obtained as follows: 


n=bx<o, 
dn d(bxo)_ db do nm n 
dc^ de ud EXIT XU px 
l } 
= Axo + bxn,; 
but 
nxo=—b, bxn---o, 
therefore 
dn — ^ b 9 
ds | T R 


Finally, noting that 


we obtain the required equality. 
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Example. Compute the torsion of the helix 


r-—ia cos t -+ ja sin t+ Ramt. 


Solution. 
i í — a sin ź a cos am 
T. Ed -|Z ecu —asint 0 |=a'm, 
asint —acost 0 
2 2 
Ed = à* (1 -+ m?) (see Example, Sec. 4). 


Consequently, 


I owe —————À——— Z ERR 


T a* (1 4- m?) a(lgdm». 
- ; 


SEC. 6. A TANGENT PLANE AND NORMAL TO A SURFACE 


Let there be.a surface given by an equation of the form 
F (x, y, z)=0. (1) 


We introduce the following definition. 

Definition 1. A straight line is a tangent to a surface at some 
point P (x, y, 2) if it is a tangent to some curve lying on the 
surface and passing through P. 

Since an infinitude of different curves lying on the surface pass 
through the point P, then, generally speaking, there will also be 
an infinitude of tangents to the surface passing through this 

oint. 

i We introduce the ad of singular and ordinary points of 
a surface F(x, y, z)=0. 
If at the point M(x, y, z) all three derivatives 2 x A. are 


equal to zero or at least one of these derivatives does not exist, 
then M is called a singular point of the surface. If at M (x, y, z) 
OF OF OF 

all three derivatives 23:0) $106 exist and are continuous, and at 
least one of them differs from zero, then M is an ordinary point 
of the surface. 

We can now formulate the following theorem. 

Theorem. All tangent lines to a given surface (1) at an ordinary 
point of it P lie in one plane. 

Proof. Let us consider, on a surface, a certain line L, (Fig. 202) 
passing through a given point P of the surface. Let this curve be 
represented by parametric equations: 


x= (9 (t); y=» (ty z —X(t). (2) 


— 
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A tangent to the curve will be a tangent to the surface. The 
equations of this tangent have the form 


[f we put expressions (2) into equation (1), the latter will be- 
come an identity in ¢, since the curve (2) lies on the surface (1). 
Differentiating it with respect to ¢, we get *) 

OF dx , OF dy , OF dz 


mua torte (3) 
dr 


Let us further examine the vectors N and a 
that pass through P: 


OF .. OF , OF 
T ; OF OF OF 
The projections of this vector ae top oe Fig. 202. 


depend on x, y, z, which are the coordinates 
of P; it will be noted that since P is an ordinary point, these 
projections at the. point P do not simultaneously vanish and 


therefore 
OF?\2 OF?\? OF? \? 
nie y (S) + (3) * (s) #0 
The vector 
dr dx. dy , dz 
aca uada k, (5) 


is tangent to the curve passing through the point P and lying on 
the surface. The projections of this vector are computed from 
equations (2) with the value of the parameter ¢ corresponding to 
the point P. Let us compute the scalar product of the vectors N 


zs which product is equal to the sum of the products of 


like projections: 


and 


dr OF dx , OF dy , OF dz 


dt Ox dt ' dy dt ! óz dt^ 


*) Here we apply the rule for differentiating a composite function of three 
variables. This rule is applicable here since all the partial derivatives a 


Ox 
OF OF 
—-, =~ are, as stated, continuous. 
Oy’ O2 
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—— 


On the basis of (3), the expression on the right is equal to 
zero; hence 


From the latter equality it follows that the vector N and the 
tangent vector A to the curve (2) at the point P are perpendicu- 
lar. The foregoing reasoning holds for any curve (2) passing 
through the point P and lying on the surface. Therefore, every 
tangent to the surface at the point P is perpendicular to one and 
the same vector N and for this reason 
all these tangents lie in a single plane 
that is perpendicular to the vector 
N. The theorem is proved. 

Definition 2. The plane in which 
lie all the tangent lines to the lines 
on the surface passing through the 
given point P is called the tangent 
plane to the surface at the point P 
(Fig. 203). 

Fig. 203. It should be noted that there 

may not exist a tangent plane at 

the singular points of the surface. At such points, the tangent 

lines to the surface may not lie in one plane. For instance, the 

vertex of a conical surface is a singular point. The tangents to 

the conical surface at this point do not lie in one plane (they 
themselves form a conical surface). 

Let us write the equation of a tangent plane to a surface (1) 
at an ordinary point. Since this plane is perpendicular to the 
vector (4), its equation has the form 


OF OF OF 
a; (X— 2) +5 Y—0 5 (Z—2) =0. (6) 
If the equation of a surface is given in the form 


z—f(x,y, or z—f(x, y)=0, 
then 
OF ðf - OF | Of GF 


Q7 54 eee one ae 


and the equation of the tangent plane is then of the form 


ð ð ' 
Z—2=3 (X —x) +5, (Vy). (6) 
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Note. If in formula (6’) we put X—x-— Ax; Y—y=Ay, then 
this formula will take the form 


. ôf Of A... 
£—2-—5 Ax +5, Ay; 


its right side is the total differential of the function z=f(x, y). 
Therefore, Z—2- dz. Thus, the total differential of a function of 
-two variables at the point M(x, y), which corresponds to the 
increments Ax and Ay of the independent variables x and y, is 
equal to the corresponding increment on the z-axis of the tangent 
plane to the surface which is a graph of the given function. 

Definition 3. The straight line drawn through the point P ( x, y, z) 
of surface (1) perpendicular to the tangent plane is called the nor- 
mal to the surface (Fig. 203). 

Let us write the equations of the normal. Since its direction 
coincides with that of the vector N, its equations will have the 
form 


OF OF ^X OF - (7) 


If the equation of the surface is given in the form z= f(x, y), or 
z—f (x, y) = 0, 


then the equations of the normal have the form . 


—— OS — a À 


Note. Let the surface F(x, y, 2) —0 be the level surface for 
some function of three variables u =u (x, y, 2); that is, 


F (x, y, z} =u (x, y, z)—C-0.- 
Obviously, the vector N defined by formula (4) and in the 


direction of the normal to the level surface F =u (x, y, z} — C — 0, 
will be 


Qu Qu , Ou 
N= 5! +a, It 3 k, 
that is, 
N= grad u. 


We have thus proved that the gradient of the function u(x, y, z) 
is in the direction ‘of the normal to the level surface passing through 
fhe given point. | 
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Example. Write the equation of the tangent plane and the equations of 


the normal to the surface of the sphere x?-++ y? 4- 2?— 14 at the point P (1, 2, 3). 
Solution. 


OF OF OF 
= py E PEE aes e Lo. -— aye 
F(x, y, z)=x?+y?+27—14=0; x a= 2x; Jy 2y; 3 72; 


lor x1, y=2, z=3 we have 


a e oa T =6. 
Therefore, the equation of the tangent plane will be 
2 (x—1)+4(y—2)+6(z—3)=0 or x+2y+3z—1l4=0. 
The equations of the normal are 


x—1 y—2 2z—3 


2 4 6 
or 
x—1 y—2 2—3 
] "ue 
Exercises on Chapter IX 
Find the derivatives of the vectors: 1. r-—icott--Jarctan f. 
Eo l l = tent —_ fpa—t 
Ans. f Sos Tae 2. r—le mn t. Ans. r -——lie + 
945. 3. r= Lt Ans. r' — 2ti ti-i. 


4. Find the vector of a tangent, the equations of the tangent and the 
equations of the normal plane to the curve r=ti+tj+tk at the point 


(3, 9, 27). Ans f'i-6j4 27b; tangent: "L3 4 ..:— 7 | normal 


l 6 27 ' 
plane: x-+ 6y + 272 = 786. 
5. Find the vector of a tangent, the equations of the tangent and the 


equation of the normal plane to the curve r— Ecos! $ +y [sin t +h sin > l 


2 
Ans. Pa—pisintt feos t+ak COS t. the equation of the tangent 
Nus Ya sin! Z—sin L 

2 2 2 : 
—— [= =; the equation of the normal plane: 
— sin t cos £ 
cos — 

2 

+X sint —Y cos t —Z cos z= xsin t 4- g cost 4-2 cos z where x, y, z are the 


coordinates of that point of the curve at which the normal plane is drawn 
t l 

(that is, x= COS’ >, y= sint, z=sin > , 
6. Find the equations of the tangent to the curve x «2 t— sin t, g-1—cost, 


z= 1 sin 5 and the cosines of the angles that it makes with ihe coordinate 
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axes. Ans. Ane ree E n : cos a = sin? <2 ; cos B — sin, 
sin > COS cot > 


COS y = COS to 
Y= 9 $ 


7. Find the equation of the normal plane to the curve z=x?—y?, y=x 
at the origin. Hint. Write the equations of the curve in parametric form. 
Ans. x 4-y —0. 

D 


8. Find co, n, b at the point t= 5 for the curve ri (cos ¢+ sin? t) -+ 


; Í , — o1 — 4j —h 
]-jsint(1l — cos t) —& cost. Ans. c=——(—i+/+); n= ——————: 
yo Y 


pi tk 


9. Find the equations of the principal normal and the binormal to the 
4 


t . x—x 
curve *=—j; y==—; z=— at the point (x, Yə 2). Ans. ——— = 
: 3 2 2t 
IZh 2T Eh Y _ 2 
1— ti — 2w — t, l 2t, de 


10. Find the equation of the osculating plane to the curve g*—x; x?-2 
at the point M (1, 1, 1). Ans. 6x—8y—z+3=0. 

11. Find the radius of curvature lor a curve represented by the equations 
xi-- y*--22—4 —0, x-+y—z=0. Ans. R=2. 


b. ef 
12. Find the radius of torsion of the curve: r=icos{+/ sin t 4- &* > 2 
Ans. T -—-——————. 
2 (et —e 7t) 


(3. Find the radius of curvature and the torsion for the curve r= t*i + 213J. 
Ans. RS t( 9E, T= o. | 

14. Prove that the curve rz (a, - b, - c) EA- (a£? bt 4- c,) J + 
+ (ast -- bf --c,) k is plane. Ans. r’’’ s0; therefore the torsion is equal to zero. 

15. Find the curvature and torsion of the curve x—e!, y=e™, z—1 V 2. 


Ans. The curvature is nA, the torsion is 2H 
16. Find the curvature and torsion of the curve x=e7'sint, y=e-' cost: 


z—e!, Ans. The curvature is Ls the torsion is ze 


= 2 2 
17. Find the equation of the tangent plane to the hyperboloi LM — iL 
2 Xi Yy 242 
— -7 d at the point (x, Yı 2%). Ans. 7:— BEI 


19. Find the equation of the tangent plane to the surface z==2x?-+4y? at 
the point M (2, 1, 12). Ans. 8x+8y—z=12. 
20. Draw to the surface x*?--25g*--2*— ] a tangent piane parallel to the 
11 


plane x—g9--22—0. Ans. x—y+2z2=4 7° 


CHAPTER X 


INDEFINITE INTEGRALS 


SEC. 1. ANTIDERIVATIVE AND THE INDEFINITE INTEGRAL 


In Chapter III we considered a problem like the following: 
Given a function F(x), find its derivative, that is, the function 
f (x) = F (x). 

In this chapter we shall consider the reverse problem: Given 
the function F(x), it is required to find a function F (x) such that 
its derivative is equal to f(x), that is, 


F' (x) =f (x). 
Definition 1. The function F(x) is called the antiderivative of 


the function /(x) on the interval [a, b] if at all points of this 
interval the equality F’ (x)=/ (x) is fulfilled. 


Example. Find the antiderivative of the function f (x) = 
From the definition of an antiderivative it follows a the function 


F (x)= is an antiderivative, since (3) =X, 


It is easy to see that if for the given function f (x) there exists 
an antiderivative, then this antiderivative is not the only one. 
In the foregoing example, we could take the following functions 


as antiderivatives: F()—541; F(x) - E —7 or, generally, 


F (x -LC (where C is an arbitrary constant), since 


(Gc) =r 
On the other hand, it may be proved that functions of the form 
tC exhaust all antiderivatives of the function x*. This follows 
from the EE theorem. 
Theorem. /f F,(x) and F,(x) are two antiderivatives of the 
function f(x) on the interval [a, b], then the difference between 


them is a constant. 
Proof. By virtue of the definition of an antiderivative we have 


F, (x) =f (x), 
F, (x) =f (x) D 


for any value of x on the interval [a, 5]. 
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Let us put 
F, (x) — F, (x) =@ (x). (2) 
Then by (1) we have 
Fi (x) — Fa (x) =f (x) —f (x) =0 
or 
p’ (x) = [F, (x) — F, (x) =0 


for any value of x on the interval [a, b]. But from g’ (x)=0 it 
follows that ọ (x) is a constant. 

Indeed, let us apply the Lagrange theorem (see Sec. 2, Ch. IV) 
to the function @(x), which, obviously, is continuous and differen- 
tiable on the interval |a, b]. 

No matter what the point x on the interval [a, b], we have, 
by virtue of the Lagrange theorem, 


9 (x) — q (a) = (x —a) q' (E), 
where a< 5 « x. 
Since g’ (E) =0, 
9 ()— 9 (a) 0 


p (x) = q (a). (3) 


Thus, the function q(x) at any point x of the interval [a, b] 
retains the value g(a), and this means that the function (x) is 
constant on [a, b]. Denoting the constant g(a) by C, we get, 
from (2) and (3), 


Or 


F, (x) — F, (2) — C. 


From the proved theorem it follows that if for a given function 
f(x) some one antiderivative F(x) is found, then any other anti- 
derivative of f(x) has the form F(x)-- C, where C — const. 

Definition 2. If the function F(x) is an antiderivative of f (x), 
then the expression F(x)+C is the indefinite integral of the 
function f(x) and is denoted by the symbol V (x)dx. Thus, by 
definition 

| f (x) dx — F (x) +C, 
if 
F' (x) 2 f (x). 
Here, the function f(x) iscalled the integrand, f (x) dx is the element 


of integration (the expression under the integral sign), and | Is 
the integral sign. , 
Thus, an indefinite integral is a family of functions y= F (x) -- C. 
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From the geometrical point of view, an indefinite integral is an 
assemblage. (family) of curves, each of which is obtained by trans- 
lating one of the curves parallel to itself upwards or downwards 
(that is, along the y-axis). 

A natural question arises: do antiderivatives (and, hence, an 
indefinite integral) exist for every function f(x)? The answer is no. 
Let us note, however, without proof, that if a function f(x) is 
continuous on the interval [a, b], then there is an antiderivative 
of this function (and, hence, there is also an indefinite integral). 

This chapter is devoted to working out methods by means of 
which we can find antiderivatives (and indefinite integrals) of 
certain classes of elementary functions. 

The finding of an antiderivative of a given function f(x) is 
called integration of the function f(x). 

Note the following: it the derivative of an elementary function 
is always an elementary function, then the antiderivative of the 
elementary function may not prove to be representable by a finite 
number of elementary functions. We shall return to this question 
at the end of the chapter. 

From Definition 2 it follows that: 

1. The derivative of an indefinite integral is equal to the in- 
tegrand, that is, if F' (x)= f(x), then also 


(Creo ax) =(F (x) 4- CY =F (2. (4 


This equation should be understood in the sense that the deriva- 
tive of any antiderivative is equal to the integrand. 

2. The differential of an indefinite integral is equal to the 
expression under the integral sign: 


d (Vfoadx) = Foo dx. (5) 


This results from formula (4). 
3. The indefinite integral of the differential of some function is 
equal to this function plus an arbitrary constant: 


( dF (x)= F (x) 4-C. 
The truth of this equation may easily be checked by differentia- 
tion [the diflerentials of both sides are equal to dF (x)]. 
SEC. 2. TABLE OF INTEGRALS 


Before starting on methods of integration, we give the following 
table of integrals of the simplest functions. 

The table of integrals follows directly from Definition 2, Sec. 1. 
Ch. X, and from the table of derivatives (Sec. 15, Ch. III). 
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(The truth of the equations can easily be checked by diflerentia- 
tion: to establish that the derivative of the right side is equal to 


ihe integrand). - | 
l. ede J-C (a+ —1). (Here and in the formulas that 


follow, C stands for an arbitrary constant.) 
2. {Fainjx|-+¢. 


3. | sin x dx = —cosx-+C. 

4. | cos x dx — sin x+ C. 

5. Vas mtanx +C 

6. \ aun cot x C. 

7. | tan x dx = —n|cos x|-- C. 

8. | cot x dx — In | sin x | -- C. 

9. | e! dx —e* 4C. 

10. ar ds i. +C. 

11. [Eg arc tan x 4- C. 

11’. Var arctanž +c. 

12. [aon atr +C. 

13 | aa sin x 4- C. l 
13" | arc sin Z 4C. 

14. Sain | x+V x*-za* | 4- C. 


Note. The table of derivatives (Sec. 15, Ch. III) does not have 
formulas corresponding to formulas 7, 8, 11’, 12, 13’ and 14. 
However, differentiation will readily prove the truth of these as 
well. 

In the case of formula 7 we have 


(—In} cos x |) = — —3n* 


consequently, | tan x dx = —In|cosx|+C. 
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In the case of formula 8 


i Pa NR 
(In | sin x| ) = z— = cot x, 


consequently, cot x 4 In| sin x| +C. 
In the case of formula 12, 
l atx 
(z In 


a—x 


t l » 
) =z [n]a +x]—lIn]a—x | = 
l 


= | 1) ! 

~ 2a Es zl ^o gi—xi' 
therefore, 
a+x 


a---X 


J- C. 


[t should be noted that the latter formula will also follow from 
ihe genera! results of Sec. 9, Ch. X. 
[In the case of formula 14, 


(In| x -- V x'zza*! |) = 


hence, 


LIBE. ecd dh 
a?—x? "^ Qa 


tee (+ és) 735 
x+ V eta V Ea y xta’ 


|y njet x’ +a’ |4- C. 


This formula likewise will follow from the general results of Sec. 11. 

Formulas 11' and 13' may be verified in similar fashion. These 
formulas will later be derived from formulas 11 and 13 (see Sec.4, 
Examples 3 and 4). 


SEC. 3. SOME PROPERTIES OF AN INDEFINITE INTEGRAL 


Theorem 1. The indefinite integral of an algebraic sum of two 
or several functions is equal to the sum of their integrals 


VU, +f, 69] dx= Vf, (x) dx + Vf, (x)dx. (1) 


For proof, let us find the derivatives of the left and right sides 
of this equation. On the basis of (4) of the preceding section we 


have 
(fff 69 - f, G2 ] dx)! «f, C2 FF, G9. 
(1 f, (x) dx 4- ( f. (x) dx) = 
— (5,0) dx) + (5,09 dx) =f G9 w). 
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Thus, the derivatives of the left and right sides of (1) are equal; 
in other words, the derivative of any antiderivative on the left- 
hand side is equal to the derivative of any function on the right- 
hand side of the equation. Therefore, by the theorem of Sec. 1, 
Ch. X, any function on the left of (1) differs from any function 
on the right of (1) by a constant term. That is how we should 
understand (1). 

Theorem 2. T'he constant factor may be taken outside the integral 
sign; that is, if a= const, then 


( af (x) dx —a ( f (x) dx. (2) 


To prove (2), let us find the derivatives of the left and right 
sides: i 


({ af (x) dx) =af (x), 
(a ( f(x)dx) =a (Vo dx) —af (9). 


The derivatives of the right and left sides are equal, therefore, 
as in (1), the difference of any two functions on the left and 
right is a constant. That is,how we should understand equation (2). 

When evaluating indefinite integrals it is useful to bear in mind 
the LONE rules. 

I. I 


V f(x) dx - F (x) +C, 
then 
i (ax) dx — —F (ax) 4- C. (3) 
Indeed, differentiating the left and right sides of (3), we get 
({ (a3) dx) =f (ax), 
(+ F (as) => (F(ax))x =} F' (ax) a = F’ (ax) =f (ax). 


The derivatives of the right and left sides are equal, which is 
what we set out to prove. | 
I. If 


( F(x) dx =F (x) 4C, 
then 
(Fæ b) dx & F (x+6)+C. (4) 
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Il. If 
( f(x) dx=F (x) - C, 
then 
Vr (ax b) dx — — F (ax 4- b) 4- C. (5) 
Equations (4) and (5) are proved by differentiation of the right 
and left sides. 
Example !. 
f (2x0 —3 sin x 4-5V x) dx= ( 2x* dx —{ 3sin x dx+ | 5 Vxdx= 


1 


=2ą( x? dx—3 | sin x dx +5 = dx = 


1 
— +1 
p x? _ i "S 10 — 
= te (One ; pes +3 cosx+ x Y x+c. 
2 
Example 2. 
zt = : 
qu 3 toate a4 ELI 
Wx 2V x 2 pec 
1 1 5 
cose d pac a 2:4 9 e " 4 a 
me poc eg -——— c y/ x+ V x+y yxC. 
in "ue iM 
x x2 2 gt 
Example 3. 


|n |x 4-3] 4 FC. 
Example 4. 

cos 7x dx sin 7x -- C. 
Example 3. 


| sin (2x —6)dx = -5 cos (2x — 6) - C. 


SEC. 4, INTEGRATION BY SUBSTITUTION (CHANGE 
OF VARIABLE) 


Let it be required to find the integral 
VEG) dx; 


we cannot directly select the antiderivative of f(x) but we know 
that it exists. 
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Let us change the variable in the expression under the integral 
sign, putting 
x= Qt), (1) 
where q(£)is a continuous function with continuous derivative 
having an inverse function. Then dx-q'(f)dft; we shall prove 
that in this case we have the following equation: 


(F(x) dx= f Fio] g (Oat. (2) 


Here we assume that alter integration we substitute, on the right 
side, ihe expression of ¢ in terms of x on the basis of (1). 

To establish that the expressions to the right and left are the 
same in the sense indicated above, it is necessary to prove 
that their derivatives with respect to x are equal. Find the deri- 
vative of the left side: 


(Veo dx) =F (x). 


We differentiate the right side of (2) with respect to x as a com- 
posite function, where ¢ is the intermediate argument. The de- 


pendence of ¢ on x is expressed by (1); here, (I (f) and by 
the rule of differentiating an inverse function, 


dt 1 
dx p(t)’ 
We thus have 


MIC (£) ] g” (4) dt) = (V Fle (t)] p (t) dt) aA 
=f [et] e' Oz =f lg )] =! (0. 


Therefore, the derivatives, with respect to x, of the right and 
left side of (2) are equal, as required. | 

The function x—g(f) should be chosen so that one can evaluate 
the indefinite integral on the right side of (2). 

Note. When integrating, it is sometimes belter to choose a 
change of the variable in the form of £—p(x) and not x—g(t). 
By way of illustration, let it be required to calculate an integral 
of the form 

|y (x) dx 
p (x) 


Here it is convenient to put 


p(x)-t 
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py (x) dx ^ dt, 
á d 
P= | =j] +C= Inpeo9]4 C. 


The following are a number of instances of integration by 
substitution. 


Example 1. i V sinx cos x dx—? We make the substitution t —sin x; then 
i PENE E E 
di=cos xdx and, consequently, | V sinx cosx ax= | V tat =f: dt = 


3f 
-=t — te= eF “lay tC. 


Example 2. c =? We put :—1-r-x*; then dt —2x dx and i Pru 
=5 5 \ agin (Cy n+x). 

1 dx 
Example 3. IT . We put t=}; then dx=a dt, 


"EP i ai no 
l 
a 


arc tan PC arc tan zc. 


Example 4 y =i) ax ae We put LI then 
y :-(3) 
a dt dt : 
dx —adt, lS by Vice 7 Wrzn ue PES 


= arc sin — +C (it is assumed that a>0). 


The formulas 11^ and 13’ given in the Table of Integrals (see above, Sec. 2) 
are derived in Examples 3 and 4. 


Example 5. DI Put t=Inx; then a=”, fan S= 
P" l : 
- nac 4, (In x) FC. 


xdx — ey E x dx l 
Example 6. | ASS =? Put roa then dt — 2x dx, [x = ABER NIMM 


-3 arc tan t +C=5 are tan x*4- C. 


The method of substitution is one of the basic methods for calculat- 
ing indefinite integrals. Even when we integrate by some other 
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method, we often resort to substitution in the intermediate stages 
of calculation. The success of integration depends largely on how 
appropriate the substitution is for simplifying the given integral. 
Essentially, the study of methods of integration reduces to finding 
out what kind of substitution has to be performed for a given ele- 
ment of integration. Most of this chapter is devoted to this problem. 


SEC. 5. INTEGRALS OF FUNCTIONS CONTAINING 
A QUADRATIC TRINOMIAL 


I. Let us consider the integral 
dx 
l, - uni: ° 


Let us first transform the trinomial in the denominator by rep- 
resenting it in the form of a sum or difference of squares: 


ax'-- bx 4-c—a EE A = 
-a [reote (52 (4)]- 


salfet i) (579 7 Be]. 


where 


The plus or minus is taken depending on whether the expression 
on the left is positive or negative, that is, on whether the roots 
of the trinomial ax! 4- bx--c are complex or real. 

Thus, the integral 7, will take the form 


= dx 1 dx 
1 a ore a | ae ^ 
j (nna) 8] 
In the latter integral let us change the variable: 
x+ sat, dx-dt. 


E 
aue e rcr 


These are tabular integrals (see formulas 11’ dnd 12). 
Example 1. Calculate the integral 


We then get 


EIAS 
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Solution. 
I= È a > dx 
neh x?+4x+10~ 


z\ ax "3 dx 
x*--4Ax--4--10—4 2 J (x--2-6^ 

Let us make the substitution x --2—1, dx — dt. Putting it into the integral 
we get the tabular integral 


l -dt ] 1 
—— ated ated 


ee s-c6 2y$g Ve" 
Substituting in place of ¢ its expression in terms of x, we finally get - 
l x+2 
= — arc tan —— +C. 
2V6 V6 


II. Let us consider an integral of a more general form: 


Perform an identical transformation of the integrand: 


Ab 
I =) Ax+B "AU: Carto) (85) 
~ Jaxpbxpe — ax? -+ bx 4-c » 


Represent the latter integral in the form of a sum of two inte- 
grals. Taking the constant factors outside the integral sign, we 


get 
A 2ax+ b 


Ab dx 
's= 5 d ate be pee +(B- a))arru 


The latter integral is the integral /,, which we are able to 
evaluate. In the first integral make a substitution: 


ax*--bx--c—1, (2ax-- b) dx dt. 


Thus, 
(2ax4-b)dx — 
ax? bx +e 
And we finally get 


Z —In|t|--C —ln|ax! 4- bx-F e|C. 


A Ab 
[,= 5, |n[ax* + bx +o|+(B -7 ) L5 
Exampie 2. Evaluate the integral 


tm ame. 


x* —2x —5 
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Applying the foregoing technique we have 


l l 
Jesi AM QE 


ox —5 z 3—5 La 

TM t dx m 
=o a2 5t da x 
rem 2. NE x-—D—6 

=; In| x? —2x en De 
l l Y "ei 
= — In | x?—2x —5 4 — In | — 
pu ^ y8 [Veten 


III. Let us consider the integral 


dx 
YER 
By means of transformations considered in Item I, this integral 


reduces (depending on the sign of a) to tabular integrals of the 
form | 


; for a<0, 


| vues = for a>O or I 


which have Already been examined in the Table ol Integrals (see 
formulas 13' and 14). 
IV. An integral of the form 


Ax -4- B 
V ax?-Fbx-rFc 


is evaluated by means of the following transformations, which: 
are similar to those considered in Item II: 


Ab 
Ax -- B g; Qo (5 za) 
—————— M (dX uos c c 
V ax? + bx +c V ax? + bx+c 
A 2ax -+ b 
= a | m - (B —5 ) | —————. 
2a | Y ax? F 6x c ma 2a \ yea 
Applying substitution to the first of the integrals obtained, 
ax*+bxte=t, (2ax+6)dx=dt, 
we get 
(2ax-+ b)dx — 
V ax?+bx+c Vir 
The second integral was considered in Item HI of this section. 


wee Witt C= 2V ax?+ bx+c+C. 


12— 3388 
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Example 3. 
5 
| 5x4-3 i Restle 
dx = |) ————————— dx - 
V x*-F- 4x 4- 10 V x* 4-4x +10 
=> | 2x4 — dx 


Ti 

\ Venice” Y («+2)?+6 
Mn +4x+10—7 In [ x -2-4- V (x F2)? -6| +C 
—5y xt 4x+10—7 Infxt2+ V x*3- 4x 3-10| 4- C. 


SEC. 6. INTEGRATION BY PARTS 


Let u and v be two differentiable functions of x. Then the 
differential of the product uv is found from the following formula: 


d (uv) =u dv — v du. 
Whence, by integration, we have 
uv = V udo + V o du 
Or 
udo — uv — V v du. (1) 


This formula is called the formula of integration by. parts. lt is 
most frequently used in the integration of expressions that may 
be represented in the form of a product of two factors u and do 
in such a way that the finding of the function v from its differen- 
tial dv, and the evaluation of the integral ( o du should, taken. 
together, be a simpler problem than the direct evaluation of the 
integral ( udv. To become adept at breaking up a given element 


of integration into the factors u and dv, ore has to solve’ 
problems; we shall show how this is done in a number of cases. 


Example 1. { xsinx dx ==? We let 
“=x, du=sinx dx; 
then, 
du-dx, U= — COS x. 
Hence, 


x sin x dx = —x cos x + | cos x dx = —x cos x +- sin x 4- C. 


Note. When determining the function v from the differential 
du we can take any arbitrary constant, since it does not enter 
into the final result [this can be seen by putting the expression 
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v+C into (1) in place of v}. It is therefore convenient to con- 
sider this constant equal to zero. 

The rule for integration by parts is widely used. For example, 
integrals of the form 


e sin ax dx, Za cos ax dx, 
( x"e"*dx, 1 x" In x dx, 


and certain integrals containing inverse trigonometric functions 
are evaluated by means of integration by parts. 


Example 2. It is required to evaluate { arctan x dx. Letting uzarctanzx, 


v =x, Thus, 


dx 
EA 
Var tan x dx — x arc tana — [i57 


dv = dx, we have du=7 


l 2 
r+ Lexar tanx—— In} 14x | -- C. 
Example 3. It is required to evaluate { x'e" dx. Let us put u=, 
dv —e*dx; then du=2x dx, v +e”, 


| xe” dx = xe" —2 { xe* dx. 


The last integra! we again integrate by parts, letting 
u, X, Hd 
dv, —e* dx, U, =" 
Then 


f xe” dx = xe* — f e* dx = xe" —e* + C. 
Finally we get 
|| e? dx = xte —2 (xe* —e*) + C = x'e” —2xe* + 2e* +C =e" (x? 2x 4-2) 4- C. 


Example 4. It is required to evaluate | ot —5) cos2x dx. We let 
u -x*-- 7x —5; dv =cos 2x dx; then 


du (9x + 7) dx, pain, 
lo 47x —5) cos 2x dx = (x? x8 ( (2x 4-7) Sn dx. 
Apply integration b <td the Jattee -Intezral: letting wm E 
pply integration by parts to the latter integral, letting u — 7 — , dv= 


—sin2x dx; then 


du,-dx, v= seir } 
PE sin 2x drt? (208 m (-9 duc 
2 2 2 
_ (2x t?) cos 2x . sin 2x 
n tq 


12* 
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Therefore, we finally get 


\ (x? + 7x —5) cos 2x dx == (x? + 7x —5) ii + (2x +7) — Ax ES 


C. 
Example 5. t= V a?—x? dx=? 


Perform identical transformations. Multiply and divide the integrand by 


Y a?—x* 


2. ył z 
V a!—xdx- Seales a dx =a’ LM iS BUG M 
V a?—x? V a?— x? V a3—x? 
a X x dx 
=a“ arc sin — — | x —————. 
a V a?—x? 


Integrate the latter integral by parts, letting 


u =X, du = dx, 
_ Xdx = pr Eum T 
iY cem v=— Va — 
then 
2d d — ae 
a- yp Vae | Vai dx. 
» — X a*— x 


Putting the last result in the earlier obtained expression of the given integral, 
we will have 


f V a? — x* dx —a* arc sin Tx Vara | V a? —x? dx. 


Transposing the integral from right to left and performing elementary trans- 
formations, we finally get 


mere ni 2 MÀ 
\ V ai—xi dx = ^ arc sin I -+ 5 V a*—xi4 G; 
Example 6. Evaluate the integrals 

h= \ e?* cosbx dx and l,= | e?* sin bx dx. 


Applying integration by parts to the first integral, we get 
u =e", du — ae**, 


dv — cos bx dx, "=+ sin bx, 
\ e?* cos bx dx = i e** sin bx——— if e?* sin bx dx. 


Again apply the method of integration by parts to the last integral: 


u ze, du = aef”, 


dv — sin bx dx, = -5 cos bx, 


l 
\ e?* sin bx dx = — e?* cos bx + " | e^* cos bx dx. 
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Putting into the preceding equation the expression obtained gives us 
Jer cos bx dx — Ler sin bx +- paent COS x5, | e** cos bx dx. 
From this equation let us find /,: 
(1+5) e cos bx dx —e*?* (sin bet COS bx), 


whence 
e4* (b sin bx +a cos bx) 


I, È e% cos bx dx — ab? TC. 


Similarly we find 


jc M e**sin bx dest (a sin bx — 5 cos bx) 


a? +b? +C. 


SEC. 7. RATIONAL FRACTIONS. PARTIAL RATIONAL 
FRACTIONS AND THEIR INTEGRATION 


As we shall see below, not every elementary function by far 
has an integral expressed in elementary functions. For this reason, 
it is very important to separate out those classes of functions 
whose integrals are expressed in terms of elementary functions. 
The simplest of these classes is the class of rational functions. 

Every rational function may be represented in the form of a 
rational fraction, that is to say, as a ratio of two polynomials: 


Q (x) | By,x" +B, x"-'+...4+B,, 
Hx) A FAx n. FA, € 


Without restricting the generality of our reasoning, we shall 
assume that these polynomials do not have common roots. 

If the degree of the numerator is lower than that of the denomina- 
tor, then the fraction is called proper, otherwise the fraction is 
called improper. | 

If the fraction is an improper one, then by dividing the nu- 
merator by the denominator (by the rule of division of polyno- 
mials), it is possible to represent the fraction as the sum ol a 
polynomial and a proper fraction: 


Qu. F(x) 
qup ay 
F(x) ; 


here M(x) is a polynomial, and F(x) is a proper fraction. 


Example 1. Given an improper rational fraction 
x*—3 


xi--2x 1l 
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Dividing the numerator by the «denominator (by the cule - of, division of 
polynomials), we get 


«xt 2x F1. 

Since integration of polynomials does not present any difficul- 
ties, the basic barrier when integrating rational íractions is the 
integration of proper rational fractions. 

Definition. Proper rational fractions of the form: 

A 


I, — 


x—a’ 


I. cm (k is a positive intéger z 2), 


Ax+B : 
IIl. UP DEO (the roots of the denominator are complex, that 
"EE 
is, F—q<0), 
IV Lue (k is a positive integer == 2; the roots of the 
(px n 


denominator are complex) are called partial fractions of types L, 
II, IH, and IV. 

It will be proved below (see Sec. 8) that every rational fraction 
may be represented as a sum of partial fractions. We shall there: 
fore first consider integrals of partial fractions. 

The integration of partial fractions of types I, II and IIT does 
not present any particular difficulties so we shall perform their 
integration without any remarks: 


I. | Sy dx AlnIx—a| +0. 
yr A+ 


II. {pete A | a—ar*dx— P, ainsi. MB 
(x — a)*. 


— k+l Tee 


- A 
(1 — k) (x —a)^7! 


A Ap 
Ill | Arte a dA 
x?-+ px - q x? -+- px - q 


_A 2x +p ( F) dx 
EETA m «EE 


=A Inlet eee ry 


CEP 


(see Sec. 5). 


tC. 


A 
= 4 nz + prt qi + vr 
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The integration of partial fractions of type IV requires more 
involved computations. Suppose we have an integral of this type: 


IV. tL " 
(x? + px + q) 
Perform the transformations: 
A e+p (8—48) 
| Ax+B TE fe el 5 
A +px 4- 9)* (x? + px +q) 


modi 2x +p B— AP f 
AAT, 2+ px +q)? dx + ( 3 (x*-- px +q)* 


The first integral is taken by substitution, x*--px--q-—1t; 
(2x 4- p) dx — dt: 


2x -- p -k po 
x= t-*dt = C= 
[orm m ar E =E t 


~ (1k) (x? avere m 


We write the second integral (let us denote it by /,) in the form 


A dx x dx sq at 
fester ferite iet 


dx = 


4 
assuming 


2 
x+t=t, dx = dt, q—F =m 
(it is assumed that the roots of the denominator are complex, 


and hence, q—5 20). We then do as follows: 


jeux d: LL E DOSERO Er 
s \ ma mj (mw 
l dt l t? 
n cr cape nu | 
m | aa eT (1) 
Transform the last integral: 
dt —( t-tdt 


(my dcs 


Ql[( 0m 
2) Etm NE aT a ): 
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Integrating by parts we get 


dt NES | 
2 ak us 2 2k-1 2 2ke1{° 
Mpm 2( 3i UF m (3 m! | 


Putting this expression into (1), we have 
dt l dt 
a oa Ern im 


EE TM _ 
m*2 (k— 1) Foros ELS » 
i t 2k —3 

— 9m* (k— 1) (2+ mye rum AIT t 


On the right side is an integral.of the same type as /,, but, the 
exponent of the denominator of the integrand is less by unity 
(k—1); we have thus expressed /, in terms of /, 

Continuing in the same manner we will arrive “at the familiar 
integral 


dt i t 
= | BRI. aretan—+C. 
Then substituting everywhere in place of ¢ and m their values, we 


get the expression of integral IV in terms of .x and the given 
numbers A, B, p, q. 


Example 2. 
1l (2x--2)--( —1—1) 
NUNC 
(x? + 2x + 3)? (x? + 2x + 3)? 
] 2x +2 x21 _ 
e: (x? Fap (x* + 2x +3)? 
| l dx 


9$ (x? 2033) (x4-2x 4-3)? 


We apply the substitution na to the last — 
_ d thus 1[((22—7,, 
| era eerie E 2*5 (4-2) ^ 
l 
mE LS oo 


zi d t dt 
—? y arc yz 3 ei» 
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Let us consider the last integral: 


t! dt td(t?+2) — 1 l 
| rrp al ade td ( )= 


t 
— RB 4] —L arctan 
2 Cx» 2y2 y2 
(we do not yet write the arbitrary constant but will take it into account in 


the final result). 
Consequently, 


er Bee SN arc tan 25 ie: 
(x? 2x43)? 2 y2 V2 
ek x+1 l x+1 
2 ps Tetap oye ys 
Finally we get 
x—]1 x 4-2 V2 
Gi on pa Flas) —— are tan - 7 +C. 


SEC 8. DECOMPOSITION OF A RATIONAL FRACTION 
INTO PARTIAL FRACTIONS 


We shall now show that every proper rational fraction may be 
decomposed into a sum of partial fractions. 
Suppose we have a proper rational fraction 
: F (x) 
F(x) ` 
We shall assume that the coefficients of the polynomials are real 
numbers and that the given fraction is nonreducible (this means 
that the numerator and denominator do not have common roots). 
Theorem 1. Let x=a bea root of the. denominator of multi- 
plicity k; that is F(x) - (x—a)^f, (x) where f, (a) +0 (see Sec. 6, 
Ch. VII). Then the given proper fraction re) may be represented 
in the form of a sum of two other proper fractions as follows: 
F(x) A F, (x) (1) 
fix)  (x—aY  (x—ay-!f, (x) 
where A is a constant not equal to zero, and F (x) is a polyno- 
mial whose degree is less than the degree of the denominator 
(x—a)*-' f. (x). 
Proof. Let us write the identity 
Fx). A F (x) —Af, (x) (2) 
Fo)  (x—af | (x—aY f,(x) 
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(which is true for every A) and let us define the constant A so that 
the polynomial F (x)— Af, (x) can be divided by x—a. For this, 
by the remainder theorem, it is necessary and sufficient that the 
following equality be fulfilled: 


F (a)— Af, (a) =0. 
Since f (a) #0, F(a) #0, A is uniquely defined by 
_ F(a) 
|. hi 
For such an A we shall have 
F (x) — Af, (x) = (x—a)F, (x), 


where F,(x) is a polynomial of degree less than that of the 
polynomial (x—ay'-'f, (x). Cancelling (x—a) from the fraction in 
formula (2), we get (1). 

Corollary. Similar reasoning may be-applied to the proper ra- 
tional fraction 


F, (x) 
(x —ayt7! f(x) | 


in equation (1). Thus, if the EEHOHHOAOF has a root x— a of 
multiplicity k, one can write 


Fix) A A, Ag, , Fri) 


Í (x) Goat Goat i ‘Tema A) , 
where 72) is a proper nonreducible fraction. To it we can apply 


the theorem that has just been proved, provided f,(x) has other 
real roots. 

Let us*now consider the case of complex roots of the denomi- 
nator. Recall that the complex roots of a polynomial with real 
coefficients are always conjugate in pairs (see Sec. 8, Ch. VII). 

When factoring a polynomial into real factors, to each pair of 
complex roots of the polynomial there corresponds an expression 
of the form x*+ px-+q. But if the complex roots are of multi- 
plicity p, they correspond to the expression (x*+ px4- q)". 

Theorem 2. If f(x)=(x*-+ px-+q)*q, (x), where the polynomial 
gp, (x) is not divisible by x*+px+q, then the proper rational 


fraction EM may be represented as a sum of two other proper 
jractions in the following manner: 


FG). MekN y D 
Fo) GEORG | GPE pe tare G)' G) 
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where Q, (x) is a polynomial of degree- less than: that of the polg- 
nomial (x! + px-+q)*="g, (x). 
Proof. Let us write the identity 
F(x) F (x) Mx +N F (x)—(Mx +N) 9, (x) 

= i (x? + px +q} @, (x) (0 
which is true for all M and N, and let us define M and N so 
that the polynomial F(x)—(Mx4- N)g,(x) is divisible by 
x'J-px4-q. To do this, it is necessary and sufficient that the 
equation 

F (x) — (Mx + N) 9, (x) =0 


have the same roots aà-rip as the polynomial x*+ px 4-q. Thus, 


F (a+ iB) —4M (a+ iB) -- N] 9, (a+ ip) 20 
Or 


M (a+ iB) -+ N = E EB) 


P, (a T ip 
But TEE is a definite complex number which may be written 
1 


in the form K-FiL, where K and L are certain real numbers. 
Thus, 
M (a.4- iB) -- N — K + iL; 
whence 
Ma+N=kK, MB=L 
or 


L  KB— La 

M B N Tug 
With these values of the, coefficients M and N the polynomial 
F (x) —(Mx+ N) @,(x) has the number «-r- ip for a root, and, 
hence, also the conjugate number «— if. But then the polynomial 
can be divided, without any remainder, by the differences 
x—(a4-ig) and x—(«—iB), and, therefore, by their product, 
which is x'-J-px--q. Denoting the quotient of this division by 

(D, (x), we get 


F (x) — (Mx +N) 9, (x) = (x? + px-- q) O, (x). 
Cancelling x'4-px--q from the last fraction in (4), we get (3), 


and it is clear that the degree of (D, (x) is less than that of the 
denominator, which is what we set out to prove. 


Now applying to the proper fraction a the results of Theorems 
| and 2, we can ‘obtain, . successively, all the partial fractions 
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corresponding to all the roots of the denominator f(x). Thus, 
from the foregoing there follows the result that 
If 


f (x) = (x—ay (x—by...(x' --px--qy...(x^-Elx-m- sy, 


then the fraction P) van be represented as follows: 


F (x) 
r= opt ur pate MM 
tug ug ee Td 
T nae qo pH 5 ee Wed ^" pon (5) 


MES toe CETE tp pet AN 
Cod ng 777 ore 
TERE TEREST bets c 


The coefficients A, A,. B, B,, ... may be determined by 
the following reasoning. This equality is an identity; and for 
this reason, by reducing the fractions to a common denominator 
we get identical polynomials in the numerators on the right and 
left. Equating the coefficients of the same degrees of x, we get 
a system of equations to determine the unknown coefficients A, 
PAs vaste Bg A E 

‘In addition, to determine the coefficients we can take advan- 
tage of the following: since the polynomials obtained on the 
right and left sides of the equality must be identically equal after 
reducing to a common denominator, their values are equal for all 
particular values of x. Assigning particular values to x, we get 
equations for determining the coefficients. 

We thus see that every proper rational fraction may be repre- 
sented in the form of a sum of partial rational fractions. 


Example. Let it be required to decompose the fraction cones into 
partial fractions. From (5) we have 
x*--2 A A, A, B 
HIG xD Te +P Te FT x—32 
Reducing to a common denominator and equating the numerators, we 
have 


x*--2— A (x—2)+ A, (x +1) (x —2) +A, (x +1)? (x —2) + B (x +1)’, (6) 


x! 2— (A, + B) x8 + (4, -3B) xt 4- 
4- (A — 4,—34A,-F3B) x -- (— 2A —2A,— 2A, 4- B 


or 
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Equating the coefficients of x?, x?, x!, x? (absolute term), we get a system 
of equations for determining the coefficients: 


1=A,+3B, 
0O=A —A, —3A,+38, 
2==— 2A —2A,—2A,+4+B. 
Solving this system we find ; j 
l 
A =— l; A —x A,=— p: B—g: 

It might also be possible to determine some of the coefficients of the 
equations that result for some particular values of x from equality (6), 
which is an identity in x. 

Thus, setting x ——1 we have 3=— 3A or A=—JI; setting x=2, we 


have 6—27B; B -$. 


If to these two equations we add two equations that result from equating 
the coefficients of the same powers of x, we get four equations for deter- 
mining the four unknown coefficients. As a result, we have the decomposition 


NE Sc MEET MUI SST TORR IUE 
GIPG—2 QF RF 9G4D596—2' 


SEC. 9. INTEGRATION OF RATIONAL FRACTIONS 


Let it be required to evaluate the integral of a rational fraction 


Q (x). 
TN that is, the integral 


Q (x) 
V dx. 


If the given fraction is improper, we represent it as the sum 
of a polynomial M(x) and the proper rational fraction =% 


(see Sec. 7). This latter we represent, applying formula (5), Sec. 8, 
as a sum of partial fractions. Thus, the integration of a rational 
fraction reduces to the integration of a polynomial and several 
partial fractions. 

From the results of Sec. 8 it follows that the form of partial 
fractions is determined by the roots of the denominator f (x). 
Here, the following cases are possible. 

Case 1. The roots of the denominator are real and distinct, 


that is | 
f(x) = (x—a) (x — b). ..(x— d). 
Here, the fraction a is decomposable into partial fractions 
of type I: 
F (x) A B D 
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and then 
F (x) A D 
| potas - de | Sdr.. +h ds 
= Aln|x—a|-- Bln|x— 5 | - ... -- DIn|x—d|-- C. 


Case I]. The roots o] the denominator are real, and some of them 
are multiple: 


f (x) = (x—ay (x — by. ..(x— dy. 
In this case the fraction a is decomposable into partial frac- 
tions of types I and Il. 


Example 1. (see example in Sec. 8, Ch. 2 


Jerem DE cM & 3 =- iz TENA "dx 2 ` 
(x 4-1? (x— er 3 ern $m 
e l f l l 
mE gx—977* EED ETS in| LR ln | x—2] +C = 
2x — I 


seats in [EF] +e. 


Case Ill. Among the roots of the denominator there are’ complex 
nonrepeating (that is, distinct) roots: a 


f(x) = (x? + px +g) (x+ lx-+s)...(x—a)".. .(x— d. 


In this case the fraction: m is decomposable into partial frac- 


tions of types I, II, and III. 


Example 2. Evaluate the integral 


cn x dx 
(x*-E1) (x—1) ' 


Decompose the fraction under the integral sign into partial fractions [see (5), 
Sec. 8, Ch. X] 


x _Ax+B C 
ethe) xxl x—l6 
Consequently, 
x=: (Ax + B) (x—1)+C (x? 4-1). 


Setting x=1, we get l= 2, C=; setting x 20, we get 02 — B+C, 


B= 


vj — 
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l 
Equating the coefficients. of x?, we get 0 =A 4C, whence. As— -7 Thus, 


x dx x—1 dx 

) erc -- z| AFT it x—L 
xd x dx l dx —— 
== z 5I Pri? x—1l 


oie 2 ae e = 
; In| x ITE: arc tan x+ zinj 1|4- C. 


Case IV. Among the roots of the denominator there are complex 
multiple roots 


f (x) = (x? px + q)* (x! -E lx - sy... (x— ay.. cd), 


In this case, decomposition of the fraction PC) will also contain 


f (x) 
partial fractions of type IV. 


Example 3. It is required to evaluate the integral 
ELI 
(x? -F 2x +3)? (x 4- 1) 
Solution. Decompose the fraction [nto partial fractions: 
x*-F4x!-F11x?4-12x--8  Ax+B 4: Cx J- D 4: E 
(x*4-2x --3)9(x4-1) ^ (x*d-2x 4-3)! (x? 2x +3) 5 x1 
whence 
x*-- 4x3 + 10x? 4- 12x --8 — 
= (Ax + B) (x + 1) + (Cx + D) (x? -- 2x +3) (x +I) + E (x? 4 2x 4-3)*. 
Combining the above-indicated methods of determining coefficients, we find 
A=1!, B=—1, C=0, D=0, E-I. 


Thus, we get 
VEU IT d =f — l FER dx — 
(x? -- 2x + 3)? (x 4- 1) vor (x? 4- 2x 4- 3)? =“ x+1 
x4-2 y 9? x41 
-Jea 4 are tan y +injx+l|+c. 


The first integral on the right was considered in Example 2, Sec. 7, Ch. X. 
The second integral is taken directly. 


From the foregoing it follows that the integral of any rational 
function may be expressed in terms of elementary functions in 
final form, namely, in terms of: 

1) logarithms in the case of partial fractions of type I; 

2) rational functions in the case of partial fractions of type II; 
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3) logarithms and arc tangents in the case of partial fractions 
of type III; 

4) rational functions and arc tangents in the case of partial 
[ractions of type IV. 


SEC. 10. OSTROGRADSKY'S METHOD 


In the case of multiple roots in the denominator, the integral 
of a rational function may be evaluated by a different method 
that leads to simpler computations. This method permits separat- 
ing out the rational part of the integral without decomposing 
the fraction. into partial fractions, and then integrating the rational 
fraction whose denominator has only simple roots. It is easy to 
integrate such a fraction since it is decomposable into partial 
fractions of types I and HI. This method belongs to the noted 
Russian mathematician M. V. Ostrogradsky (1801-1862) and is 
based on the following reasoning. 

, Let it be required to integrate the proper rational fraction 

(x) 


T^ where 


f (x) = (x—ay (x— b)... (x? + px q». 


Here, on the basis of (5), Sec. 8, everything is reduced to inte- 
grating proper rational fractions of four types (see Sec. 7). Here, 


1) the integral of a fraction of the form A isa fraction of 


p (x—a) 
the form Uaim’ - 
Mx A 
2) the integral of ee aripeQr 5 à sum of frac- 
n AT * LEE TEN 
tions of the form Ope eg where u* «:u —1, and of an in 
tegral of the form 
eau dis 
x*4px dq ^ 


We will not yet integrate fractions of types I and III. 
Combining the rational fractions obtained after integrating 
fractions of types II and IV, we get a proper fraction of the 


form where the polynomial Q(x) is equal to 


Q (x) = (x —ay-! (x—6y-7'...(X + px tq)". (x + lx sy. 


Y (x) is a polynomial of degree one less than that oi the poly- 
nomial Q. 
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Combining the integrals of all the fractions of types I and III 


(including those integrals of the form Ip». which are 


obtained by integration of fractions of type IV), we get an integral 
of a proper fraction of the form E 
P (x) is 
P (x)—-(x—a)(x—6)...(?--px4-q) .-. (x? - Ix 4r S). 
We thus find that 
F (x) dx. dx — Y (x) X (x) 
Fay = Tat | Po 4 d) 
Here X(x) is a polynomial of degree one less than that of the 
polynomial P (x). 
Now let us determine the polynomials X (x) and Y (x) in the 
numerators. To do this, differentiate both sides of (1): 


where the polynomial 


FQ). QY'CQ'Y | x 
Te 4 tF 
Or 
Y Y |i 
F(t fee LEGIS . (2) 


We shall show that the expression on the right is a polynomial. 
Noting that (x) - PQ we can rewrite (2) in the form 


F (x) = PY’ — "OT TX. (2^) 


What remains now is to prove that the expression 259 5. isa 
polynomial or that PQ' is divisible by Q. We note that 


rm (In QY = {(a—1) In (x—a) + (B—1) In(x—) +... 


.. +(u— 1) In (x? + px t+aqyt+... +(v—]) In (x2? +i +s) = 


— | — | —])(2 —]) (2 
ml Es poeta) UD xD 


px x? + px --g x? -- Ix +s 

The polynomial P is the common denominator of the fractions 
on the right side. In the numerator there will be a certain poly- 
nomial of degree less than that of P. Let us denote it by T. Then, 


Hence, the expression 
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is a polynomial. Equation. (2’) takes the form . 
F (x)= PY' —TY + QX. (3) 
Comparing the coefficients of the same powers of the variable 


in (3), we get a system of equations from which we find the 
unknown coefficients of the polynomials X and Y. 


l 
| Jem 
Solution. In this case, 


Emi imi aa edge n 
P (x) (x—1) (x* -x 1) c —1, 
Q (x)= = xi], 
Equation (l) has the form 


Ax? + Bx+C Ex? 4- F. G i 
| ope ALT = + | H a d (4) 


Differentiating both sides of (4) we get . l 
l (x? —1) (2Ax -- B) —(Ax* --p-Bx4- C) 3x! , Ext --Fx4-G 
[ope ee pom 
Clearing fractions, we have 
| = (x! — 1) (2Ax + B) —(Ax* + Bx 4- C) 3x? + (x° — 1) (Ex? + Fx +G). 


Equating the coeíficients of identical powers of x on different sides of the 
equation, we get a system of six equations for determining the coefficients, 
A, B, C, E, F, G. 


Example. Evaluate 


0—E, 

0= —A +F, 

0= —2B +G, 
= 3C — E, 

0= —2A —F, 

l = —B—G 


Solving this system we find ; 
E 0, A=0, C=0, B=—- F —0, G——X: 
Putting the values of the coeíficients thus found into (4), we get 


The denominator of the latter integral has only simple roots, thus making it 
easy to compute the integral. We finally obtain 


| 2 4 
| dx =  —x jiz PU | 
CERET ETEN E N 77 
— M TR rr 29g arc tan 25 TC. 
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SEC. 11. INTEGRALS OF IRRATIONAL FUNCTIONS 


It is impossible to express in terms of elementary functions the 
integral of every irrational function. In this and the following 
sections we shall consider irrational functions whose integrals are 
reduced (by means of substitution) to integrals of rational functions 
and, consequently, are integrated to the end. 


m f 
l. We consider the integral (R (x, E Lease x*) dx where R 
is a rational function of its arguments.*) 
Let & be a common denominator of the fractions — eee We 
make the substitution 
x=t*, dx=kt*~' dt. 


Then each fractional power of x will be expressed in terms of 
an integral power of ¢ and the integrand will thus be transformed 
into a rational lunction of t, 

Example Ll It is required to compute ihe integral 

1 
x*dx 


; . 
à | ird 


Solution. The common denominator of the fractions a = is 4: and so we 
substitute; x= 1*, dx=4t*dt; then 


x* dx " ( t? 


2 — — —À — — a a 3 l-— 
-4| nat Ar jd 4-7 z In| 2 --1| 4-C 


—3 >| ncm 


EXT TC. 


m 


T 
*) The notation R G s p a indicates that only rational operations 
mA f 


are performed on the quantities x, x” E. 
This is precisely the way thal the following notations are henceforward to 


i e 
HT y nc VETERE. Rens, cun 


elc. For instance, the notation R (sin x, cos x) indicates that ue opera- 
tions are to be performed on sinx and cos x. 


be understood: R a 
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II. Now consider an integral of the form 


Je [= (Spa) (SEE) | a 


This integral reduces to the integral of a rational function by 
means of substitution: 


axj-5 j^ 
ex-Fd  ? 
where & is the common denominator of the fractions =, ie aT 


Example 2. It is required to compute the integral 
[FEH a. 
x 
Solution. We make the substitution x -4—(?, x= t?—4; dx —2t dt; then 


V x44 \ t? 4 di 
| Petia jg 2 (+a) ate? di+8\ {>= 


V x--4—2 
Vx+4+4+2 


= 2t -- 21n 


12 ees 
ntc Vxi4-L21n 


[+c 


SEC. 12. INTEGRALS OF THE FORM {RG Y axi + bx Fc) dx 


Let us consider the integral 


VR (x, V ax! + bx 4- c) dx. (1) 


An integral of this kind reduces to the integral of a rational 
function of a new variable by means of the following Euler sub- 
stitutions. 

|. First Euler substitution. If a>0, then we put 


V ax? + bx+o=+Vaxct+t. 


For the sake of definiteness we take the plus sign in front of Va. 
Then 


ax! + bx J-c- ax! --2Y a xt 4- t, 
whence x is determined as a rational function ol £: 


t*—c 


X = ———— 
x—2 Vat 
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(thus, dx will also be expressed rationally in terms of ¢). Therefore, 
errans rums Re E r E E A 
ax! -E-6x-Fcs- y ax--t y a—. y +t 


and V ax? + bx--c is a rational function of /. 


Since l/ax*-- bx-+c, x and dx are expressed rationally in terms 
of ¢, the given integral (1) is transformed into an integral of a 
rational function of /. 


Example 1. It is required to compute the integral 
dx 
eon 
Solution. Since here a=1>0, we put V x3T6-—x- 


then 
x* -- C — x* — 2xt + (2, 


whence 
" t?—C 
2t " 
Consequently, | 
2 
d i dt, 
t?—C t*--C 
2 —— = ———— = — 
V x?+ C= mx 4t 7 +t Ta 
Returning to the initial integral, we have 
i*--C 
cias 2 e 2 al | t| 4- C, =I Vx?+Cj +e 
«m TENIS =|F=in |t C, —In|x 4- V x +C] +C, 
2t 


(see formula 14 in the Table of Integrals). 
2. Second Euler substitution. If c0, we put 


V ax* -- bx - c — xt V c; 
then 
ax! + bx - c9 x't* --2xt V c-4-c. 


(For the sake of definiteness we took the plus sign in front of 
the radical. Then x is determined as a rational function of t£: 


Since dx-and Vax?+ bx 4-c are also expressed rationally in terms 
of ¢, by substituting the values of x, V ax*4-6x--c and dx into 
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the integral AR, V ax! + bx E c) dx, we reduce it to an integral 
of a rational function of t. 


Example 2. It is required to compute the integral 


(1— V14-x4-x?) ae 


x?V 14x4x? 
Solution. We set VIr ixl; then 
| p x 4- x? — x*t* --2xt +1; $22 Sooo d _ 20 — 2t 4-2 


et C qme 
Vicxrx Fr prtext + Sot, 
1— V iF} e= 


Putting the expressions obtained into the original integral, we find 


| REY a =| TSS _ 
*Vi-ctxaTxi 1?)* (24 — 1)? ((?? —t 4-1) (1 —2?)? as 


- 20. pdt +C=—2 +n | EOL c- 
2 2( 1x x—10) e+ V l+r+x l | - Ex M x*—1 
X 


x— t= Viar ti 
_2( Vy 1x4!) 


x 


4In|2x--2 V TE x 1| 4c. 


3. Third Euler substitution. Let a and B be the real ee of 
the trinomial ax?+bx-+c. We put 


V ax! + bx - c — (x —a)ft. 
Since ax? + bx --c-a(x—a)(x—p), we have 
Va(x—a) (x—B)=(x—a) t, 
a (x —a) (x — B) = (x —a)? t, 
a (x — 8) = (x—a)t*. 
Whence we find x asa rational function of £: 


|. af —at? 
a—1* ° 


Since dx and Vax?-+ bx+c also rationally depend upon /, the 
given integral is transformed into an integral of a rational function 
of £. 
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Note 1. The third Euler substitution is applicable not only for 
a<0, but also for a>0, provided the polynomial ax* + bx +c has 
two real roots. 


Example 3. It is required to compute the integral 


dx 
| yrr 
Solution. Since x?-- 3x —4— (x +4) (x —1), we put 
YGY36-0- (446 


(+4) &— D) — (x -4)* ff, x—1 o (x 4-4) t, 
21244 108 
“Tor "Tg 


Yc*3e-n»-[i in +4] im 


then 


Returnjng to the original integral, we have . 
10: (1— t?) ,, 2 B End 
(ym * 3x —4 -Ju-mw "ot = -picm pus 


MUFEZZL V x—1 | 
OS UT ae 
*IVztá EI t 


|t 


Note 2. It will be noted that to reduce integral (1) to an integral 
of a rational function, the first and third Euler substitulions are 
sufficient. Let us consider the trinomial ax? + bx +c. If b* —4ac > 0, 
then the roots of the' trinomial are real, and, hence, the third 
Euler substitution is applicable. If b*—4ac «0, then in this case 


ax? +-bx-+-c= [(2ax + bF + (4ac— b*)] 


and therefore the trinomial has the same sign as that of a. For 
V ax! --bx-4-c to be real it is necessary that the trinomial be posi- 


tive, and we must have a0. In this case, the first substitution 
is applicable. 
SEC. 13. INTEGRATION OF BINOMIAL DIFFERENTIALS 
An expression of the form 
x” (a 4- bx")? dx, 


where m, n, p, a, b are constants 1s called a binomial differential. 
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Theorem. The integral of a binomial differential 
f x” (a + bx")? dx 


if m, n, p are rational numbers, is reduced to an integral of a ra- 
tional function and thus is expressed in terms of elementary func- 
tions in the following three cases: 

L. p is an integer (positive, negative or zero); 


2. ES is an integer (positive, negative or zero); 


3. iios. is an integer (positive, negative or zero). 
Proof. Transform the given integral by substitution: 


X21, dx=— 2" “dz. 
Then 
DC | 
fa^ (a bey de V " (a+ bz)? dz — — V 2° (a+ bz? dz, (1) 


where 


n 
]. Let p be an integer. Since q is a rational number, we denote 
it by L, Integral (1) is then of the form 


RE, 2) dx. 


As was pointed out in Sec. 11, Ch. X, it reduces to an intiseral of a 
rational e by the substitution z — t. | 


2, Let +! be an integer. iw q= TE I is also an integer. 


The mani p is rational, p=—. Here the integral (1) is of the 
form " 
(R |x?, (a 4- bz). ] dx. 
This integral was considered in Sec. 11, Ch. X. It reduces to an 
integral of a rational function by the substitution a-+ bz — f^. 
3. Let T p be an integer. But then ZH —l 4 p=q +p is 
an inleger. "We transform integral (1): 


| 2? (a+ bz)? dz = 20*P "- 
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where q+p is an integer and p= is a rational number. The 
latter integral belongs to the class of integrals 
k 


a+ bz t 
f a [z (Se) '] az 
This integral was considered in Sec. 11, Ch. X. It reduces to an 
at bz 


integral of a rational function by the substitution ——— = ¢’. 
Let us examine examples of integration in all the three cases 


2 


TE ) 


Example Josep =(<" dx. Here p= —1 (integer). 
y/ * TE 


Putting x? ears we make the quantity in parentheses linear in z 
1 


1 
dx =f (1 -+2)7? 2rd | z lee)! dz. 


peas) 


* Then z=f*, d2— 2t dt and 


Now make the substitution z 


zs ENDS "ns 
CE laces ) EAE *(1--2)7! dz = 
"" ds = = — ES 3 6— . 
penna y/ X1 C. 
zi 
= Z, 


Example 2. pz ————— dx =Í x? (1—x?) * dx. Here, tn — 3, n 
y —x? 
1 j 


shin (1+ £2)-! 2t dt = 


p= -5 : TI 2 (integerl). We substitute x?= z; then x =z 

and 
x zai .l ] =! 

dx = | aa "2 ay | 2(\—2) ? dz. 


x? 
|t 
In order to make the second parenthesis rational we put (1—2)? =t; then 
| —221*; z—t*—1; dz—2t dt. Hence, 


1 
Hai | e-n (2t dt = | (dtm 


| petty [0-2 
zt t+C=5 (tt 3) +C= AE AE aec. 


1 


— 
—= 
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a 3 
Example 3. | TS [rd +x?) ?dx. Here, m=—2, n=2, pas 
and at + p= — 2 (integer). We reduce the expression in the parentheses to 
a linear function: i í 
x?=z; x=z?; dx= z *dz; 


3 1 


fato +x) taxe l 2-1 +z) tyz dz 
3 3 3 
=z f2 0 +a) ims (Eye 


he first factor is a rational function. In order to make the second factor 
rational as well, we make the substitution: 


En 
2 — F}? 


then 
lz .» . 1, E 2t dt 
= =i 2—g— 3 dz — G21 
Thus, 
NAA mes 
[ee ap pe (EH) a 


1C quc. —Abdf  qUE—DLI 0. 1d 


1 1 1 1 
= l+2z\e z Ne (MEME x? WE u 
-- (E) - ri) ee (Y(t) ae 


Note. The noted Russian mathematician P. L. Chebyshev proved 
that only in the above three cases in am integral of binomial 
diflerentials with rational exponents expressed in terms of elemen- 
tary functions (provided, of course, that a#0 and 60). But if 
neither p, nor LL nor atl +p are integers, then the integral 
cannot be expressed in terms of elementary functions. 


SEC, 14. INTEGRATION OF CERTAIN CLASSES 
OF TRIGONOMETRIC FUNCTIONS 


Up to now we have made a ‘systematic study only of the integ- 
rals of algebraic functions (rational and irrational). In this section 
we ‘shall consider integrals of certain classes of nonalgebraic 


Integration of .Certain Trigonometric Functions 379 


functions, primarily trigonometric. Let us consider an integral of 
the form 


Í R (sin x, COS X) dx. (1) 
We shall show that this integral, by the substitution 
X 
tan 7. —/ (2) 
always reduces to an integral of a rational function. Let us express 
sin x and cosx in terms of tan $ and hence, in terms of f: 
x x X x X 
2sin > cos 2sin -> cos 5 2tan > 9 
Wiper epe eq oon sp ieee 
T Maud 27. : 
sin g t cos 9 | -+ tan 5 
gd uic. RSS dnb t. dudas 
TES 5 sin 9 Ai 5 sin 2 | tan 2 1—t 
= 1 Bow E ae ax dU 
COS y t sin 7 | 4- tan p 
And 
AUN 2dt 
x —2arctanft, dx = me 


In this way, sinx,:cosx and dx are expressed rationally in 
terms of ¢. Since a rational function of rational functions is a 
rational function, by substituting the expressions obtained into the 
integral (1) we get an integral of a rational function: 


2 )1—1*] at 
| R (sin x, cos x) dx= | R lia: res il 


Example 1. Consider the integral 
dx 
sin x` 


On the basis of the foregoing formulas we have 


2di 
dx 1 +1? dt l x 
T r^ = 7=ln|H+C =n tan 5 C. 
1 +-¢? 


This substitution enables us to integrate any function of the 
form R(cosx, sinx). For this reason it is sometimes callea 
a "universal trigonometric substitution". However, .in practice it 
frequently leads to. extremely complex rational functions. It is 
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therefore convenient to know some other substitutions (in addi- 


tion to the “universal” one) that sometimes lead more quickly to 
the desired end. 


1) If an integral is of the form (R (sin x) cos x dx the substitu- 
tion sinx=?f, cosxdx=dt reduces this integral to the form 
( R (t) dt. 

2) If the integral has the form | R (cos x)sin x dx, it is reduced 


to an integral of a rational function by the substitution cos x — f, 
sin x dx — — dt. 


3) If the integrand is dependent only on tan x, then the 
substitution tan x=f, x=arc tan £, dx= 
gral to an integral of a rational function: 


È R (tan x) dx= VR Oa. 


4) If the integrand has the form R (sin x, cosx), but sin x and 
cosx are involved only in even powers, then the same substitu- 
tion is applied: 


reduces this inte- 


t 
I+? 


tan x — f, (2°) 
because sin' x and cos! x are expressed rationally in terms ol tan x: 


665? eke at UU 
^ l-ctan!x 148? 
die tan?x st? 
^ J+tan?x” 1+4?’ 
dl 
dx = TTR 


After: the substitution we obtain an integral of a rational 
function. 

sin? x 
2+ cosx 

Solution. This integral is readily reduced to the form ( R (cos X) sin x dx. 
Indeed, 


Example 2. Compute the integral \ 


sin? x (Sea sin? x sinx dx — ] —cos? x Sime 
T+ cos x ^" 2--cosx ^ J 24-cosx i 
We make the substitution: cos x 222. Then sin x dx= — dz: 
£ sin*x 3 
Tce =È zF == lim dz= ( (2—2 tis) ic 


ioseph (porq uu 608 


-3 
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dx 
2—sin?x ` 
Make the substitution tan x — t: 


Example 3. Compute \ 


dx rr = di Exch aredene ce 
E jom aita )2+ V2 V 


mee 
+ C= arc tan (ate 


5) Now let us consider one more integral of the 


form 


R (sin x, cos x) dx, namely an integral under the sign of which 
is the product sin" x cos" x dx (where m and n are integers). Here 


we shall have to consider three cases. 


a) V sin" xcos"^ x dx, where m and n are such that at least one 
of them is odd. For definiteness let us assume that n is odd. Put 


n-«2p--l and transform the integral: 
| sin” x cos’ t! x dx= | sin" x cos”? x cos x dx = 
— | sin" x (1 — sin? x}? cos x dx. 


Change the variable 
sinx-—ít, cosxdx — dt. 


Putting the new variable into the given integral, we get 
f sin” x cos” x dx = \ ("^ (1 — iY dt, 


which is an integral of a rational function of f. 


Example 4. 
cos! x cos? x cos x dx (1 — sin? x) cos x dx — sin? x) cos x dx 
- dx = \ = : 
sin* x sin* x ^—— snx 
Denoting sin x tí, cos x dx dt, we get 
cos? x (1 — t?) dt dt dt l l 
\ eezdr Ute dumis dorem 


l l 
dT —— + C. 


3sin?' x | sinx 


b) | sin” x cos" x dx, where m and n are nonnegative and even 


numbers. 


Put m=2p, n-2q. Write the familiar trigonometric formulas: 


sin? x = —— 


1 4 C"— ee 
p “x COS 2x, cos x= -5 +75 cos2x. 


(3) 
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Putting them into the integral we get 


| sin?” x cos’? x dx = (7—7 cos zy (s +5 cos 2x) dx. 


Powering and opening brackets, we get terms containing cos 2x 
in odd and even powers. The terms with odd powers are integra- 
ted as indicated in Case (a). We again reduce the even exponents 
by formulas (3). Continuing in this manner we arrive at terms of 


the form \ coskx dx, which can easily be integrated. 
aspe 5. 
sin* x dx — »| (1 — cos 2x)? dx { (1 —2 cos 2x -+ cos? 2x) dx = 


sin 4x 


- cdi fu -] cos 4x) ax | =+ E x —sin 2x + v mi 


c) If both exponents are even, and at least one p them is 
negative, then the preceding technique does not give the desired 
result. Here, one should make the substitution . fang —t' (or 
col x — t). 


Example 6. 
2 2 2 2 2 
Soe | ELO T aeo È tantx 1 + tant ot ae, 
cos cos 
Put tanx=t; then x=arc tan t, dx a and we get 


sin? x  (', a2 dt f ER. É 
E (EU DET nal (If?) dt =- +5 EC 


tan? x ons 
1^ 4 C. 


6) In conclusion let us consider Man of the form 
| COS mx cos nx dx, Y sin mx cos nx dx, N sin mx sin nx dx: 


They are taken by n of the following *) formulas (m n) 


COS MX COS NX = 5 L 1COS (m-+n)x + cos (m— n) x], 


*) These formulas are easily derivéd as follows: 

cos (m+n) x = cos mx cos nx — sin mx sin nx; 

cos (m — n) x = cos mx cos nx + sin mx sin nx. 
Combining these equations termwise and dividing them in half, we get the 
fiest of the three formulas. Subtracting termwise and dividing in half, we get 
ihe third formula. The second formula is similarly derived if we write analo- 
gous equations for sin(m--n)x and sin(m—n)x and then combine them 
termwise. 
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sin mx COS NX -3 [sin (m 4- n) x + sin (m —11) x], 
sin mx sin nx = + [— cos (m 4- n) x 4- cos (m — n) x]. 
Substituting and integrating, we get 


f cos mx cos nx dx=; \ [cos (m+n) x 4- cos(m— n) x] dx = 


_ sin(m 4- n) x , sin(m—n)x 


~ 2(m-n) 2 2 (m — n) +C. 
The other two integrals are evaluated similarly. 
Example 7. 


sin 8x , sin 2x 


16 ^ 4 tC 


{ sin ox sin 3x dx= | [—c0s 8x + cos 2x] dx = — 


SEC. 15. INTEGRATION. OF CERTAIN IRRATIONAL FUNCTIONS 
‘BY MEANS OF TRIGONOMETRIC SUBSTITUTIONS 


Let us return to the integral considered in Sec. 12, Ch. X: 
{R (x, Vax? + bx 4- c) dx. (1) 


Here we shall give a method of transforming this integral into 
one of the form 


( R (sin z, cos z) dz, (2) 


which was considered in the preceding section. 
Transform the trinomial under the radical sign: 


ax! 4- bx pea (3; ) +(c—Z) ; 
Change the variable, putting 
Xd-5-—1, dx-dt. 
Then 
VaxEbxte- y af - (0— 1). 
Let us consider all possible cases. | 


1. Let a0, oe >0. We introduce the designations: a = m*, 


=n". In this case we have 


V ax? T bx +o V mt +n’, 


b 
C— 98 
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2. Let a 0, c— 1 <0. Then 


b 

2 2 
— — 8 — D e " 
a=m, C—4--—h 


Thus, 
Vax + bx Ec V mt —n. 


3. Let a « 0, c— 1 0. Then 


a-—m, c— =n? 
? 4a . 


Hence, 
Vax-rbx-Fc—-V n'—m't. 


4. Let a «0, gn a 0. In this case V ax? 3-bx-- c is a com- 


plex number for every value of x. | 
[In this way, integral (1) is reduced to one o! the following 
types of integrals: 


l. (RE, V mt 3 n5 dt. (8.1) 
D. (RE V mf —n? dt. (3.2) 
HI. (R (t, V n* mB) dt. (3.3) 


Obviously, integral (3.1) is reduced to an integral of the form 
(2) by the substitution 


t= — tanz. 
m 
Integral (3.2) is reduced to the form (2) by the substitution 
t= — sec z. 
.m 
[Integral (3.3) is reduced to (2) by the substitution 
t= sin f. 
. m 
Example. Compute the integral 
dx 
cmos 
Solution. This is an integral of type III. Make the substitution + =a sinz, 


then 
dx —a cos 2 d2, 
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a cos z dz a cos z dz l dz 


| V (a?—x39  J) V(a1—a?sipz? | acosz a? cos? z =o 


+C=— 


tan z-- 


sinz l sinz 


ra cone ^ adi y l—sin®z sin?2 pene ur aa 370 


SEC. 16. FUNCTIONS WHOSE INTEGRALS CANNOT 
BE EXPRESSED IN TERMS OF ELEMENTARY FUNCTIONS 


In Sec. 1, Ch. X, we pointed out (without proof) that any 
function f(x) continuous on the interval (a, 6) has an antideriva- 
tive on this interval; in other words, there exists a function F(x) 
such that F'(x) f(x). However, not every antiderivative, even 
when it exists, is expressible, in final form, in terms oi elemen- 
tary functions. 

For instance, we have already pointed out that the antideriva- 
tives of binomial differentials that do not belong to the three 
examined types cannot be expressed in terms of elementary func- 
tions in final form (Chebyshev's theorem). Such are the antideriva- 


. . 2x sin x COS X 
lives expressed by the integrals fe T uie. IE dx, | < dx, 
V 1—B#? sin? x dx, T and many others. 
In all such cases, the antiderivative is obviously some new 
function which does not reduce to a combination of a finite 


number of elementary functions. 
For example, that one of the antiderivatives 


Ver" dx 4-C, 


which vanishes for x 20 is. called the Gauss function and is deno- 
ted by M(x). Thus, 


Q (x) = Ve dx 4- Ci, 

if 

This function has been studied in detail. Tables of its values 
for various values of x have been compiled. We shall see how 
this is done in Sec. 21, Ch. XVI. Figs. 204 and 205 show the 
graph of the integrand y =e7* and the graph of the Gauss func- 
tion y= W(x). That one of the antiderivatives 

| VIR sintxdx+C (k<1) 

^ which vanishes for x=0 is called an “elliptic integral” and is 


13—3388 


- 
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denoted by E(x), 
E(x)=\VI—# sin’x dx 4- C,, 


E (0) —« 0. 


Ü 
Fig. 204. Fig. 205. 


Tables of the values of this function have also been compiled 
for various values of x. 


Exercises on Chapter X 
x* = 
I.. Compute the integrals: 1. | x5 dx. Ans. ete. 2. NZ V x) dx. , 


Ans. Sequi rpg 3. JS dx. Ans. 6Y x—. 


Y x 4 
l -— x? dx 2 1 4 
—— x*V x4C. 4. —. Ans. — x? V x+C. 5. — —+-2 | dx. 
10 y e ' y x 5 Kus i ler y" ) i 
4 25 
Ans. | ———— — 2x +C. 6. LIE ug Ans. = Ets. 
X x eee | V * 3 y i 


x 


] \? $ 3 ,37/— : 
7. Jtt) dx. Ans. popu x? x* 4-3 y x4-C. 


Integration by substitution: 8. | eae. Ans. ere. 9. | coss dx. 


Ans. moe C. 10. { sin ax dx. ‘Ans. Quse quf i. TE dy, 
l ‘ dx cot 3x dx 

Ans. 9 In x4-C. 12. | sin? 3x . Ans. — 3 +C. 13. cos? 7x . 
tan 7x dx l dx 

Ans 7 +C. 14. 35-7" Ans. F In] 3x —7| 4- C. 15. | DI 


Ans. —In|1—x]+C. 16. | S : Ans. — y In |5— 2x | 4- C. 17. | tan 2e dx. 


Ans. — =F In| cos 2x |-- C. 18. | cot (6«—7 dx. Ans. = In| sin(Sx—7)| +C. 
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dy j x x 
19. ETE Ans. -5 In} cos 3y | +C. 20. | cot F dx. Ans. 3 in | sin T + C. 
21. \ tang-sec?gdq. Ans. P tan* @+cC. 22; (cote*)e* dx. 
Ans. In| sine* |--C. 23. (tan 4S — cot. dS. Ans. — In| cos 4S | — 
—4 ln +C. 24. \ sin? x cos x dx. Ans. ie : +C. 25. f cos? x sin x dx. 
4 — M 
Ans. es salt og 26. ‘ V x?+ixdx. Ans. E V (xrD-.C. 
^ xdx z————á x? dx 2 rm 
27. —————. Ans. — y 2x? 3C. 28. —————,. Ans. — V -+1 C. 
| V 2x* 4-3 Per V+! 3 2 
cos x dx sin x dx l 
29. | sma Ans. — +6. 30. | Poste 4 Ans. vide 
tan x tan? x cot x cor x 
8l. \ ers dx. Ans. —3 C 32. { "US dx. Ans. — J- C. 
33. NOE. MN . Ans. 2 V tan x—1 4C. 34. ingen dx. 
; cos? x V ianx—1 x-r1 
In? (x +1) cos x dx 7; PP 
Ans. ————$ 4C. 35. —————— áHá—ià Ans. V Qsinx C. 
2 T y2 sinx +1 Tur 
36. [ sin 2x dx l a l LC. 31. sin 2x dx 
J (1-4- cos 2x)? 2 (1-4- cos 2x) Vi + sin? x 
Ans. 2Vl-sinx4-C. 38. | | fie dx. Ans. 4 2: Y anc tan x J- 1? 4- C. 
NE PECIA e N a 
(2 4- 3 sin 2x)? 12 (2+3 sin 2x)? y/ cost 3x 
2 
Ansk gC, Al, (== Ans E C. jo jj ese - 
yr 3x N X V 1—x? 
arc = x arc tan x dx arc tan? x arc cos? x 
Ans. —— + C. 43. | de . Ans. -—9 T C. 44. Yi = dx 
arc cos? x arc cot x arc core 
Ans B C. 45. f xx dx Ans. — e Ab C. 
x dx l N 
4 . “>. +t 9 " ral 1 a " —M——À 
6 E Ans ;inGhEL)SRC. 47 f pg d. 
l " cos x dx l 
Ans. 5 In(x?*--2x --3)-- C. 48. Zsinx-3' Ans. 3 In (2 sin x + 3) 4- C. 
2 5 
49. ( ge . Ans. Ininx«+C. — 50. (2 (x*-Fl)*dx. Ans. CE e 
vu xinx 5 
tan? x x dx 
tan* x dx. : : —— 
| an*xdx. Ans —tanx+x+C. 52 la CES are lanx * 
dx 


Ans. Injarctanx|+C. 53. i Ans. 3 In tan x 1) 4-0. 


cos? x (3tan x 4- 1)" 
13* 
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3 4 
p pm duo “2 ee 55. a, 
cos? x 4 V1 —x* arc sin x 
; cos 2x l . 
Ans. In |arc sinx|4- C. 56. 2 38509 dx. Ans. € In| 24-3sin 2x] +C. 
57. | cos (In x) za Ans. sin (In x) +C. 58. | cos (a + bx) dx. 
x 
Ans. T sin(a+5x)+C. 59. jen dx. Ans. > e? .- C. 60. Jer dx. 


x 
Ans. 3e? +C. 61. jme cosx dx. Ans. e" * 4C. 62. | a? x dx. 


xa Z x 
Ans. sagt’: 63. Ve dx. Ans. ae? -- C. 64. (eyta. Ans. -e+ C. 


65. | 3% dx. Ans. IC eb 66. jesse di Ans. —l,-.c. 
In 34-1 l 3 


6% 
67. { (e+ a8) ax. Ans. sett) 68. [eem oem dx 


a Nx b Nx 
X — hX) (+) -(=) 
Ans. peteeer c. 69. leet oe Ans NU SL aC: 


a*b* l ln a— ln b 


10 e* dx l g * dx 
. 3 4-4e* . Ans. a In (3 + 4e )tC. 71. ves 2x Ans. 9 S dn (2 + e**) + C. 
dx dx 
12. . Ans. — arc tan 2x) 4- C. 13. y . 
Joss Ys Y 204 j y 1—3x? 
dx l 3x 
Ans. — arc sin ( V 3x) +C. —————. Ans. —arc sin — +C. 
y y 16—9x* 3 "a 
75. E, NR . Ans. arc sin e act: 76. | aR . Ans. A dit tan anys BY ot 
V 9—x* 3 J 44+? 2 2 
dx 1 3x dx l 2 -- 3x 
71. Ox? 4-4 . Ans. rai tan 5 4- C. 78. 4— 9x? : Ans. 12 In | 9 —Àx FC. 
dx — dx 
79. Verano Ans. In | «+ Y x347914- C. 80. rmm 


l dx l 
Ans. -— In| bx b*x* — q? G. 81. — —À € Ans. — |ln|ax 
y ni be + V |+ | TETA z Inlax+ 


x? dx 


C 
=| +C. 83. | 3 


ax — 


+ V 6?+a%x?|+4C. 82. ose Ans. —— In 


l x? En y 5 ^ x dx 1 
Ans C. 84. —— ——. Ans. —arcsinx?+C. 
6Y$. bi | VY 1—x< 2 p 
x? x 
85. Pu . Ans. are tan TC. 86. dii Ans. arcsiane* -- C. 


x* + a* 2a? a V1 — e“ 
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87. | TEN: E Ans. T sin nda. 88. Pee Leave " 
V 3—5x? y 5 3 u? + sin? x 
Ans. Lar tan sin 7 +e, 89, ae Ans. arc sin (In x; -- C, 
a a x y 1—In®x 
90. pido dud dx. Ans. — E (arc cos x)? + Vi — x? +C. 
V t—x? 
x —arc tan x š 
91. (e dy, Ans. 3; In (14-5 — 4 (are tan x)? +G. 
92. | TETE ay ‘Ans. = V ipin +C. 93. LEE ds. 
x X 
Ans. $VacYx +e. 94. \ Waa . Ans. aVi-+- V x 
y x VY: yx 
- 95. er dx Ans. arc tan e* --C. 96. copes Ans. 3 y sinx+C 
Ter 3/ sin? x i 
s. | VTF Scoss sin 2x dx. Ans. = V (14-3cos?xy4-C. 98. ee ; 
9 V 1 ne 
= y cos? x i 
Ans. —2 V 14-cos* x 4- C. 99, II Ans. ne — T6. 
y/ tan? x 3 — 
09 8 5 
o p "gr d^ Anse =z E x --C. 
1 V ourisus: TEF . Ans. 73 arc tan ( V È tan 22 
Ax +B . 
Integrals of the form ax? bx po 
dx l x+! x 
102. «EE EI Ans. y arctan 9 4-C. 103. ene 
i 3x —1 f dx ] 2x+3— V5 | 
Ans. ——- arc tan ——— +C. 104. V ———. Ans.—— In 
Vil Vii = x* 4-3x +1 V5 |2x434-V5 pow 
f dx I x d2 
105. \ EE Ans. T In i06. Vc è 
dx ] . x — l 
Ans. arctan (22 — 1) -- C. 107. \ eo Ans. vee tan V$ +G. 
(6x — 7) dx $ (3x —2) dx 
108 5133 — Tell ' Ans. In| 3x?—7x+11/+C. 109. 5x — 3x 4-2 . 
3 : 1l 10x —3 3x —]1 | 
Ans. 10 In (5x se i ae V 3i arc tan V3 TC. 110. \ app 
. 8 3 { 2x— | 7x +1 
Ans. jn (x —x 4+- l4 js aa wa t 111. GE pcr] a 
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Ans. 2 in (Bx — 14-3 In (2x 4- 1) 4- C. 112. uil 

Ans. T a (5x? =x 2) qp YE arc tan Ys --C. 113. een dx. 

Ans. e 5 T in] or etl yrs actin "21 Pe 

114. 1 SATA Ans. y arc tent C. 
Integrals of the form Tae dx 


l 8x 4-3 
————————. Ans. — arc sin = C. 116. — t, 
Pr — 4x? 2 Y 41 + RS 


Ans. n ES Vx xti 4c. 117. Iv Ans. In| S-r- a -+ 
Aa dx l 6x 4-7 
2aS 4- S? C. 118. ————————-. ns. — arc sin ———— 

tr PIDE dn «rm T V 3 y i5 

dx | -r 
E ns. ein Ge +54 V I F5) + 
dx 


Ans. arcsin 


dx 
120. [ u———— y | . — C. 121. E fecu a a Y i 
. = 3x — x V17 j = 


———Ó 2ax +b 
Ans ys n (10x "a (5x* —x — 1) 4- EPIIT x 


Ans. 2 V ax? + bx -+c+C. 123. VHTET = zae =F : 1 V ix? t 4x3-34- 
x 
5 —ALA (x —3) dx 
Ans. — 5 VT 6+. 125. yore ene 
x—Ax 
rane | 3x +D 23 
— arc di^ C. 126. ———————. dx. Ans. ? 2x! —x 
d c ea SV Ot + "72 36 
x In (4x —14- ies (2x1— x) ) 4- C. 
II. Integration by parts: 
127. oe dx. Ans. e* (x —1) - C. 128. | x In dx. Ans. Qs x 


x(ms—5 +C. 129. NI dx. Ans. sinx-—x cos x -]- C. 130. V nzas. 


Ans. x(Inx—1)4+C. 18f. ( arcsinx dx. Ans. x arcsinx+ Y 1—x*- C. 
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( In (1 —x) dx. Ans. —x—(l—x)In(l—x)+C. 133. jr In x dx, 


n --1 
xarc tan x —x]4- C. 135. { «are sin x dx. Ans. + ((2e*—1) arc sin x ++ 


e duda l I 13 
Ans. Ent [34. ELIT dx. Ans. z l& +1)x 


-tTxYl—xj]4C. 136. ILE Ans. xin(x 4-1) —2x --2 arc tan x -C, 
137. { are tan V x dx. Ans. (x --1)atc tan V x — Y x +C. 


138. ELE 2 V tay, Ans. 2V xarcsin V x +2 V 1—x + C.139. IE sin Y ze rel 


Ans. x arc sin Y z&- Yx +-arc tan yx +C. 140. E cos? x d x. 


x arc sin x 
Sy dx. Ans. x— V 1—x* X 
X 


yl— 


2 
Ans. — sin heu cos 2x -- C. 141. 


: x arc tan x x l 
xarc sin x + C. 142. TFDA dx. Ans. 4x94 arctan x -= 


] arctan x 


2 l-rx 
-5 y x3 —I-4C. 144. | EE as. Ans, In 


+C. 143. { «are tan Vy 3—il dx. Ans. i xtarctan V e —] -= 


1— Vi—x? 
X 


— a arc sin x --C. 


IL (x + V 1-4 x3»)4x. Ans. xin|x4- ViT4|L-Vi-T2-C. 


x dx arc sin x l —x 
ns 


See . y . 
y (1 =x?) Vieta" |F 
Use trigonometric substitutions in the following examples: 
-2 yi a2 — xi l ' 
[LE Ea. Ans. Qi i i sin Ž 4C. 148. Ve V 4 —xi dx. 


dx 
x yi "pr 
Ans. p +C. 150. [rx ee dx. Ans. V x*—a*—aarc cos Š +C, 


146. | arc sin x 


Ans. 2 arc sin — x V4—x: TRIS V4—x —x? $C. 149. 


X l 
^ fya Byes 


Integration of rationa! fractions: 


2x —l (x — 2) | aye 
152. TESTE x—3) dx. Ans. In ry fa |+c. 153. TEWVPER PES * 
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Ans. Ma 154. (ER d Ans. ES 

+ In Sot |+¢ 155 ee Ans. Zx+ 

"EDS In (x --2) - C. 156. "ew Ans. — + 

tint. as (prai Ans atin GaN c 

158. IE Ans. pot! n rp 159. ceram 

As erst (E55) +C. 160. erum Ans. —_ 

a 

161. sy te Ans. |n oun al 

162. prp Ans. In Fars gortan g a Fine 

163. xui Ans. pL y. v +C. 

164. \ a Ans. ny arc tan $ +C. 165. IE 

Ans. gyn EE Pac tan ve 166. \ a dx. 

Ans. [x + In (à — D]. C. 167. Ere de Ans. PL ——— > + In (x? T 
(x? + 2)? i TEFA 

-yg tn vate 168. \ “ae Ans. iss 

In ELTE pare tan 4C. 169 Saree Ans. Inti — 

10 —]1 2x —1 
syo Vs -p erp 


Integration of irrational functions: 


170. (a dx. Ans. 4 [v9 —mo/ An] c. 
V/ x! +! 
y x —V x 2 P : : Vx 4-1 
171. Lern E VI dx. Ans. pz V d vam +C. 172. | VIVA 


mtg tn — 24 in SAC 


Ans. 
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qe 
173. | EET ILIA dx. Ans. TU / x$ — 2 E44 JE — 
V xy xVx T1 
—6 y +6 | x —9In(8/% 41) +5 In ( (y +1) +3are tan y * +C. 
l—x dx Vi—x-Vicrx| Vi—x 
—— —. Ans. in| —————————i— C. 
JY in| eR |S 
l—x dx —X Vite—Vi—-x 
175. | DE Ans. 2arctan V ppitin Pitt- Pac 
F 2 
176. (KEENE as Ans. uv x x tv ool Sd 
y e+ x 


Ans. V 3x*— Ix —64- 


l nu | 93x 11l 
+g y spec 17. | — d 2y3* 


7 ME: 
xin (2—Z4 y -37 n 


Integrals of the form È Rex, V ax?+ bx 4+-c) dx: 


dx l ETT —V 3 l 
178. ——. Ans. — | ——————— Ir ——— A 
: iF y P—x+3 s $i i *3 ;|*c 
dx | VES Y2 l 
us k V 2+x% —xt 7 x t3 ya 
dx l x—2 prem 
———————. Ans. = in - — C. 181. ———— 
px ce qc ne poe 
Ans. V x34-2x --1n | x + 1+ V x* 32x | - C. * bygm i 
VEU 
Ans. yz 183. \ y 2x —x? dx. Ans. Sle) Vor: 
-+ arc sin (x —1) 4- C. 184. | aS = Ans. d V x? —1-— 
1 =— ^ dx 
— 4 In|x + V x1—14 C. 185. laTSVIETISC 
gols + | (1-F-X)V 14- x 4- xi 
x+ Viste x? (x +1) 
. VIRES E antt 186. st. ir d b 
ii 24-x + MEI (2x 4- x?) V 2x 4- x? š 
"E Vitx +x? 2-.-x —2V T-x Fr? 
.— —— + C.187. | ———————— A In | ———————————— 
E V 2x [et E AE i a qn : 
188. (ae Ans. E ae 4-In [x 4-24- V x? 3-4x | 41 C. 
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Integration of binomial! differentials: 


| moy EJ Ta 
«jy dx. Ans. 2(l4d-x?)? +C. 190. NE E TERIN )^d 
x^ 
Tg — dx x 
END Dec. am. (5. Ans. <a 
Ans (2--x 3)* + Ca ns iin 
(14- x5* 
dx -> l Vel 
192. [= An. —(1-4- x?) r (22) =) +-C, 193. m jm 
x*(-pxni? 
zb 2—2/ x 
Ans. 7 Y x —4ü--EY x* +0. 194. (n be yc dx. 
V * 
3/— o. ase 
am, 2U343Y OV 0^, — aw TER 
| 5 
Ans, A A 4 a? 


Integration of trigonometric functions: 


196. IET dx. Ans. 3 cos!x-—cosx--C. 197. IESE dx. Ans. —cos x+- 


[i 


yi 5 
+5 cos r Tip, 198. | cost x sta x. Ans. -4 cost x -HE cos! x 4C. 


3 
cos? x Du í 
199. E dx. Ans. csc x— 3 esc? x -- C. 200. f cos* x dx. 
Ans. Lane sin2x+C. 201. { sint x dx. Ans. Lm an ae Er C. 
2° 4 8 32 
202. cos? x dx. Ans. 6 3 5x +4 sin 2x — m =? sin x) +C. 


sin 8x 


203. | sin x cost x dx. Ans. 23 (3x — sin 4x + 


198 sZ) +0. 204. { tan x dx. 


Ans. is z *In|cos x|4-C. 205. | cot xax. Ans. — cott x4 cot? x + 
2 
+ In|sin x | - C. 206. { cot x dx. Ans. -1 1n [sin x | 4- C. 


tan?x 3 tt X 
7 


207. \ sec? x dx. Ans, tan? x 4- fan x 4- C. 
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tan? x . tan* x dx 
208. 4 1 : ——- f L n 
08 { tan x sec? x dx Ans 7 +. 5 +C. 209 cate" 
l " COS x 
Ans. tan x tan! x 4- C. 210. E dx. Ans. C —esc x. 
a S 
3 SR EUR 
211. es. Ans. 22. a ! x+3cos *+C. 212. sin x sin 3x dx. 
y/ cost x 9 
Ans. NEL LLL Y 213. { cos 4x cos7x dx. Ans. t Dr os or 9r Eth 
8 4 22 6 
cos 6x cos2x l 3 
214. cos 2x sin 4x dx. Ans. ——~———— + C. 215. | sin — x cos — xdx. 
12 4 4 4 
X 
tan — —2 
COS ‘x 1 dx l 2 
Ans — 5) -+ COS 23 *TC 216. Vim Š Ans. 7 In RUNE NEN JC. 
2tan = —1 
25 
dx | x sin x dx 
217. Besa cask: Ans. y arc tan | 2 tan pl | +C. 218. f Esc 
Ans. TL SENE 219. cose ee .Ans. x —tan qu. 
x i + cos x : 2 
| 4- tan DY 
220 ML MN dx. Ans. arctan (2 sin? x —1)4-C. 221. | MA 
i cos? x + sint x (1 + cos x)? * 
l x1 3 x dx ] 
Ans. z tan 3 tes tan 3C 222. j TEET Ans. =s | ote 
l tan x sin? x 
+ vo uen (Fs) +C. 223. EIT Ans. y 2 arc tan x 


CHAPTER XI 


THE DEFINITE INTEGRALE 
N 


SEC. 1. STATEMENT OF THE PROBLEM. THE LOWER 
AND UPPER INTEGRAL SUMS 


The definite integral is one of the basic concepts of mathemat- 
ical analysis and is a powerful research tool in mathematics, 
physics, mechanics, and other disciplines. Calculation of areas 
bounded by curves, of arc lengths, volumes, work, velocity, path 
length, moments of inertía, and so forth reduce to the evaluation: 
of a definite integral. 


Xn-f Xy=b x 


0| Aga X; x 


Fig. 206. 


Let a continuous function y=f(x) be given on the interval 
[a, b| (Figs. 206 and 207). Denote by m and M its smallest and 
largest values on this interval. Divide the interval fa, b} into n 
subintervals by points of division: 
js ME EE MOM S 0; 
so that 

X, «LX, SL X, <<... Xy, 
and put | 
X,— x, = Ax; x,— X = AX, seos Xam Xn- = AX, 


Then denote the smallest and greatest values of the tunction f(x) 


on the interval {x,, x,] by m, and M, 

on the interval [x,, x,] by m, and M, 

on the interval [x,_,, Xn] by m, and. M, 
Form the sums 


Sa = m, Ax, +m, Ax, s.s +m,Ax, = 2 nix, (1) 


íz1 
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5, = M,Ax, + M,Ax,+...4+M,Ax,= Y M;A&. (2) 
f=] 


The sum s, is called the /ower (integral) sum, and the sum s, 


is called the upper (integral) sum. 

If f(x) = 0, then the lower sum is numerically equal to the area 
of an “inscribed step-like figure" AC,N,C,N,... C, ,N,BAÀ bound- 
ed by an “inscribed” broken line, the upper sum is equal numer- 
ically to the area of an “circumscribed  step-like figure" 
AK,C,K,...C,_,K,-,C,BA bounded by an “circumscribed” bro- 
ken line. 

The following are some properties of upper and lower sums. 

a) Since m, « M; for any i(i=1, 2, ...,. n), by formulas (1) 
and (2) we have | 

Sp <a Sp. 
(The equal sign occurs only when f (x) — const.) 


b) Since 
Mm, 2m, MƏM, ..., Mm, >M, 
where m is the smallest value of f(x) on [a, b], we have 
Sa = m, Ax, H m,Ax,+...+m,Ax, ze mAx,+mAx,+...4 mAx,= 
=m (Ax, + Ax, + ...-+ Ax,) =m (b—a). 
Thus, 
c) Since Sn ze m (b — a). 
M,<M, M,«M, ..., M,«M, 
where M is the greatest value of f(x) on [a, b], we have 
s „= M,Ax,-- M,Ax,d- ... + M,Ax, < MAx, + MAx,+... 
o + MAX, = M (Ax, + Ax, +... Ax) — M (b— a). 
Thus, —.— 
s,«'M(b—a,) 
Combining the inequalities 
obtained,‘ we have 
m (b —a) « s, « s, « M (b —a). 
If f (x) ze 0, then the latter in- 
equality has a simple geometric 
meaning (Fig. 208), because the 
products m(b—a) and M (b —a) 
are, respectively, numerically 


equal to the areasof the “inscribed” 
rectangle AL,L,B and the “cir- 


cumscribed" rectangle AL,L,B. Fig. 208. 
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SEC. 2. THE DEFINITE INTEGRAL 


Let us continue examining the question of the preceding sec- 
lion. In each of the intervals [x,, x,], [x, x], ..., Ka- xl 
take a point and denote them by &,, E,, ..., E, (Fig. 209): 


MCE Se X Jo ete x ssp E EIS d 


At each of these points find the value of the function f (E,), 
f(E,), ..., F(E,). Form a sum: 


s, —f (E) Ax, +f E) Ax, toe +P (Ep) Ax, = PO Ax; (1) 


This sum is ealled the integral sum of the function f(x) on the 

interval fa, b]. Since for an arbitrary $; belonging to the interval 

[x;_,, x;] we will have | 
m, «f (E) <M, 


and all Ax; 0, it follows that 
m, Ax; <f (5j) Ax; <M, Ax,, 


and consequently 
n 


> m; Ax; « Dif ($) Ax; <2 M;Ax;, 


£—1 
or 
Sp E Sp E Sw (2) 


The geometric meaning of the latter inequality for f(x)z»0 con- 
sists in the fact that the figure whose area is equal to s, is 
-f( bounded by a broken line 
lying between the "inscribed" 
broken line and the “circum- 
scribed" broken line. 

The sum s, depends upon 
the way in which the interval 
Ía, b] is divided into the sub- 
intervals [x;_,, x;] and also 
upon the choice of points E, 

Fig. 209. inside the resulting subinter- 
vals. 

Let us now denote by max [x,_,, x;] the largest of the lengths 
of subintervals [x, x,], [x,, x,], ..., [%,-,, x,]. Let us consider 
different partitions of the interval [a, b] into subintervals 
{x,_,, x;] such that max [x;_,, xj] —O0. Obviously, the number 
of subintervals n approaches infinity here. Choosing the appro- 
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priate values of &,, it is possible, for each partition, to form the 
integral sum 


i 


j (E;) Ax;. 


We can thus speak of a sequence of partitions and a correspond- 
ing sequence of integral sums. Let this sum* approach the 
limit Z for some chosen sequence of partitions when max 
Ax; —0. 

If for any partitions of the interval |a, b] such that max 


Ax;-— O0 and for any choice of points E, the sum X) Ax; 


approaches the same limit /, we say that the function f (x) is 
integrable on the interval [a, b]; the limit J is called the defi- 
nite integral oU the function f(x) on the interval [a, b]. It is 


t 


denoted by NIC dx and we write 


b 
m ->0 2. FG) s ; Sf e e 

The number a is called the lower limit of the integral, b is the 
upper limit. The interval [a, b] is called the interval of inte- 
gration, the letter x is the variable of integration. 

Let it be stated without proof that if a function y=f(x) 
is continuous on the interval [a, b], then it is integrable on this 
interval. 

[t is obvious that if for some sequence of partitions such that 
max Ax; — we consider the sequence of lower integral sums s, 


and of upper integral sums s, for a continuous function f(x), 
then these sums will’ tend towards the same limit /—the defi- 
nite integral of the function f(x): 


lim 2 m; Ax; = fre dx, 


max Ax; 0 
3 b 
lim J, M;Ax; = o dx. 
a 


max Axr; 041 


Among discontinuous functions there are both integrable func- 
tions and nonintegrable ones. 


*) In this case the sum [s an ordered variable quantity. 
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If we construct the graph of the integrand y=/(x), then in 
the case of f(x) z»O0 the integral 


b 
iro dx 


will be numerically equal to the area of a so-called curvilinear 
trapezoid bounded by the given curve, the straight lines x 2a and 
x=:b, and the x-axis (Fig. 210). 

For this reason, if it is required to compute the area of a cur- 
vilinear trapezoid bounded by the curve y=f(x), the straight 
lines x=a and x-b5, and the x-axis, this 
2s Q is computed by means of the inte- 
gra 


b 
Q= | F(x) dx. 3) 


Note 1. It will be noted that the definite 
Fig. 210. integral depends only on the form of the 
function f(x) and the limits of integration, 

and not on the variable of integration, which may be denoted by 
any letter. Thus, without changing the magnitude of a definite 
integral it is possible to replace the latter x by any other letter: 


b b b 
roo dx e (F d=. (z) dz. 


b 
When introducing the concept oí the definite integral | Fe) dx 


we assumed that a« b. In the case where b «a we will, by 
definition, have 


b a 
[Fax = — È F (w) dx. (4) 
a b 
Thus, for instance, 
0 6 
de dx = — | x? dx, 


Finally, in the case of a=b we assume, by definition, that for 
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any function f(x) we have 
| Fæ dx— 0. (5) 


This is natural also from the geometric standpoint. Indeed, 
the base of a curvilinear trapezoid has a length equal to zero; 
consequently, its area is zero too. 

b 


Example 1. Compute the integral \ kx dx (b >a). 


a 

Solution. Geometrically, the problem is equiva- 
lent to computing the area Q of a trapezoid 
bounded by the lines y= kx, x=a, x—b, y=0 
(Fig. 211). 

The function y — &x under the integral sign is 
continuous. Therefore, in order to compute the 
definite integral we have the right, as was stated 
above, to divide the interval [a, 6) in any way 
and choose arbitrary intermediate points E,. The Fig. 211. 
result of computing a definite integral is independ- 
ent of the way in which the integral sum is formed, provided that the 
subinterval approaches zero. 

Divide the interval [a, 5] into n equal subintervals. 


a xx 


The length Ax of each subinterval is a=, this number is the 
subinterval (partition unit). The division points have coordinates: 
E G—X, — X,70-- Ax, 
Xg==A-+2AK, ..., X4—a-]- nAx. 
For the points E, take the left end points of each subinterva!: 
Ej =a, b =a- Ax, 6y—a--2Ax, .... E, a-- (n — 1) Ax. 
Form the integral sum (1). Since f (E) — k; we have 


Sn = RELAX + RE,AX + “ae + RE, Ax = 
= ka Ax + [k (a+ Ax)] Ax +... +42 la (0— 1) Ax]] Ax — 
=k {a+(a+Ax)+(a+2Ax)+...+[a+(n—1) Ax]) Ax — 
=k (na--[Ax-F2Ax  ... -F(0—1) Ax]) Ax = 
=k {na+(1+2+...+(a—1)] Ax) Ax, 


where x=, Taking into account that 


14-24... a1) 55D 


(as the sum of an arithmetic progression), 


UT 4] b —a 


er LE ; - - n—lb—a 


= k | a+ z 2 |e. 
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Since lim Lu S. d we have 
n - o 
: b—a - b'—ao 
l = =k Pu. € 
x iin Q | a+ 5 |e a) =k g` 
Thus, 
: b? 2 
— A 
| xax 9 
a 


The area of ABba (Fig. 211) is readily computed by the methods of ele- 
mentary geometry. The result will be te same. 


y 


y-x* Example 2. Evaluate jt dx. 


0 
Solution. The given integral is equal to the area of a 
curvilinear irapezoid bounded by a parabola y=x?, the 
ordinate x — b, and the straight line y =0 (Fig. 212). 
E the interval [a, b] into a equal parts by the 
points 


1,550, X; AX, X.— TAX, viu SOSA, Axa. 
For the & points take the right extremities of each subin- 


terval. 
Form the integral sum 


NEZA Sn = XPAx txt Ax d s. EX AX (AX)! Ax + 
Fig. 212. + (2AxXY Ax 4- ... -F (AX) Ax] = (Ax (1? 4-2? I- ... - 02]. 
As we know, 


14-22-32 p ... qnt 


ninatan) 6° ] DX. 
SN (41) (242); 


n 


n (n 4- 1) (2n 4- 1) 
6 LI 


therefore 


b 
3 


b 
lim $5 = Q= xP dx = 3. 
n- o i 


b 
Example 3. Evaluate | m dx (m = const). 
a 


Solution. 
n 


b n 
m dx= lim — lim m x; = 
| max im. mn max 1 M 2a A ‘ 
a 621 (at 
n 
=m lim Y Ax;= m(5 — a). 


max Ax; —> 0 gem 
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Here, ` Ax; is the sum of the lengths of the subintervals into which 


the interval Ta; b] was divided. No matter what the method of partition, 
the sum is equal to the length of the segment 5 —a. 
b 


Example 4. Evaluate | e*da. 
: | 
Solution. Again divide the interval (a, b] into n equal parts: 


b—a 
X9—0G, X,-—G-d-Ax, ..., X.72a-d-nAx; Ax= "E 


Take the left extremities as the points 5j. Then form the sum. 
$4 — e" Ax 4- e? * ^* ay "- gg eur AX AX c 
— ed (1 eô" peit p... e 17 0 Ax) Ax. 


The expression in the brackets is a geometric progression with common 


ratio e4* and first term 1; therefore 
g^ A | ix AX 
nee ag kaa eS) ces 
Then we have 
nAx=b—a; lim Ar jm 
x70 € l 
(By L’Hospi S, 
z= 09 — 
lim sp =Q —e4 (e?-4 —1).1 — e^ —ef, 
n -> N 
that is, 


b 
| e” dx = e^ —e?. 
a 


Note 2. The foregoing examples show that the direct evalua- 
tion of definite integrals as the limits of integral sums involves 
great difficulties. Even when the integrands are very simple (&x, 
x’, e*), this method involves cumbersome computations. The find- 
ing of definite integrals of more complicated functions leads to 
still greater difficulties. The natural problem that arises is to 
find some practically convenient way of evaluating definite inte- 
grals. This method, which was discovered by Newton and Leibniz, 
utilises the profound relationship that exists between integration 
and differentiation. The following sections of this chapter are 
devoted to the exposition and substantiation of this method. 
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SEC. 3. BASIC PROPERTIES OF THE DEFINITE INTEGRAL 


Property 1. The constanti [actor may be taken outside the 
sign of the definite integral: if A = const, then 
b b 
V AF (x) dx= AV f (x) dx. (1) 
Proof. 
b 


VAGde- lim $ AFG) Ax = 
a max Ax — 0 f=1 
b 


=A lim  YX()Ax- AV) dx. 


maxAx-o j=] 


Property 2. The definite integral of an algebraic sum of several 
functions is equal to the algebraic sum of the integrals of the sum- 
mands. Thus, in the case of two terms 


i b b b 
1 If, (x) + F, 00] dx = { fF (x) dx + { F, (x) dx. (2) 
Proof. 


JU cos Leo dem fim $ f G+ G2] An = 


= lim [Y 
í 


nax Ax=>0 f=! 


f, È) Ax; + > f, È) Ax] = 


= lim Sf ()Ax- lim $j (&)Ax— 


max Ax —0 [=l max Ax -»0 j= 
b b 
= Y f, (x) dx + | F, (x) dx. 
The proof is similar for any number of terms. 
Properties 1 and 2, though proved only for the case a « b, hold 
also for a= b. 
However, the following property holds only for a< b: 
Property 3. /f on the interval |a, 6] (a< b), the functions f (x) 
and (x) satisfy the condition F(x) « (x), then 
b b 


V oo dx e | p(x) dx. (3) 


a a 
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Proof. Let us consider the difference 
b b b 


) p(x) dx— | f(x) dx= f (9 69—/ 0] dx = 


= lim Y(e(&)—/ (6) Ax 


maxAx-0 {=l 


Here, each difference p(&;)—/(§;) Z2 0, Ax;z20. Thus, each term 
of the sum is nonnegative, the entire sum is nonnegative, and its 
limit is nonnegative; that is, 


b 


| Lp (x) —f (x)] dx > 0 


or 
b 


b 
| p(x) dx— Vf (x) dx 0, 


Fig. 213. 


whence follows inequality (3). 

If f(x) 220 and p(x)>0, then this property is nicely illustrated 
geometrically (Fig. 213). Since ọ (x)= f(x), the area of the curvi- 
linear trapezoid a@A,B,b does not exceed the area of the curvilinear 
trapezoid aA,B,6. 

Property 4. If m and M are the smallest and greatest values 
of the function f(x) on the interval [a, b] and as b, then 


b 
m(b—a)< | f (x) dr < M (b—a). (4) 


Proof. It is given that 
m s f (x) «x M. 


On the basis of propery (3) we have 
b 


mde I eode | Mav. (4^) 
But 


b b 
| mdx=m (b— a), | M dx = M (b—a) 


(see Example 3, Sec. 2, Ch. Xl). Putting these expressions into 
inequality (4'), we get inequality (4). 
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If f(x)=0, this property is clearly 
illustrated geometrically (Fig. 214). The 
area of the curvilinear trapezoid aABb 
lies between the areas of the rectangles 
aA,B,b and aA,B,b. 

Property 5.  (Mean-value theorem). 
If a function F(x) is continuous on the 
interval |a, b], then there is a point E 
on this interval such that the following 
equality holds: 

b 


Fig. 214. |. Vg de = (b—a)f (B. (5) 


Proof. For definiteness let a< b. If m 
and M are, respectively, the smallest and greatest values of f (x) 
on [a, b], then by virtue of (4) 


b 
l 
m< y ro dx = M. 
Whence j 


b 
saz |f) de=p, where m< p< M. 
a 


Since f(x) is continuous, it takes on all intermediate values 
between m and M. Therefore, for some value E(a<E< b) we will 
have u —7 (E), or 


b 


\ F(x) dx =f (8) (6 —a). 


a 


Property 6, For any three numbers a, b, c the equality 
b c b 
| F(x) dx = | F(x) dx + | F(x) dx, (6) 
a á € 


is true, provided all these three integrals exist. 

Proof. First suppose that a «c«b, and form the integral sum 
of the function f(x) on the interval [a, 5]. 

Since the limit of the integral sum is independent of the way 
in which the interval [a, b] is divided into subintervals, we shall 
divide [a, b] into subintervals such that the point ¢ is the division 


point. Then we partition the sum $}, which corresponds to the 
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interval [a, 6], into two sums: >, which corresponds to [a, c], and 


a 


b 
Y, which corresponds to [c, b]. Then 
l^ 


b C b 
2,1 (5) Ax, = AEG) Ax; + DEE: Ax;. 


Now, passing to the limit as max Ax; — 0, we get relation (6). 
If a« b «c, then on the basis of what has been proved we can 
write 


c b C b c c 

Í Fix) dx= Vea dx + VQ) dx or MIC dx = V Q9 dx— | f (x) dx; 
a a b a a b 

but by formula (4), Sec. 2, we have 


c b 
o) dx = — 10) dx. 


Therefore, 


b y b 
oo dx= S F) de + | F(x) ds. 


This property is similarly proved for 
any other arrangement of points a, b, 
and c. 

Fig. 215 illustrates, geometrically, Fig. 215. 
Property 6 for the case when f(x)>0 
and a<tc<b: the area of the trapezoid aABb is equal to the 
sum of the areas of the trapezoids aACc and cCBb. 


SEC, 4. EVALUATING A DEFINITE INTEGRAL. 
NEWTON-LEIBNIZ FORMULA 


In a definite integral 
MOL 


let the lower limit a be fixed, and let the upper limit 5 vary. 
Then the value of the integral will vary as well: that is, the 
integral is a function of the upper limit. 

So as to retain customary notations, we shall denote the upper 
limit by x, and to avoid confusion we shall denote the variable 
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of integration by ¢. (This change in notation does not change the 


value of the integral.) We get the integral VIG dt. For constant a, 


this integral will be a function of the upper limit x. We denote 
this function by M(x): 
D (x) = V F(t) dt. (1) 


a 


If f(/) is a nonnegative function, the quantity M(x) is numeri- 
cally equal to the area of the curvilinear trapezoid aAXx (Fig. 216). 
It is obvious that this area varies with x. | 

Let us find the derivative of @(x) with respect to x, or the 
derivalive of the definite integral (1) with respect to the upper 
limit. 

d | Theorem 1. /f f(x) is a continuous 


function and M(x) = \ F(t) dt, then we 


a 


have the equality 


D (x) =f (x). 
X EX*AX. X In other words, the derivative of a 
Fig. 216. definite integral with respect to the 


upper limit is equal to the integrand, 
in which the value of the upper limit replaces the variable of 
integration (provided that the integrand is continuous). 

Proof. Let us give the argument x a positive or negative incre- 
ment Ax; then (taking into account Property 6 of a definite integral) 
we gel 

X+Ax x x+Ax 
O(x+Axy= | fOd= fedt | Fade. 


a a x 


The increment of the function M(x) is equal to 


x+ Ax X 


AQ —O (x Ax) — (x)= Vf dt- $ F) dt— Vr (o dt; 


a 


that is, 


X+Ax 


AD= | [(f) dt. 


x 
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Apply to the latter integral the mean-value theorem (Property 5 
of a definite integral): 


AQ =f (E) (x + Ax—x) =f (E) Ax, 


where E lies between x and xJ- Ax. 
Find the ratio of the increment of the function to the increment 
ol the argument: 
AD f(DAx — 
Acc ae): 
Hence, 
D (x) = lim = lim f (E). 


7 Ax —0 Ax—0 
But since E— x as Ax — 0, we have 
lim f ($) = lim f ($), 
Ax — 0 tx 
and due to the continuity of the function / (x), 


Gl OE 


Thus, Q'(x)—f (x), and the theorem is proved. 

The geometric illustration of this theorem (Fig. 216) is simple; 
the increment AD=/(&)Ax is equal to the area of a curvilinear 
trapezoid with base Ax, and the derivative @’ (x)=/f(x) is equal 
to the length of the interval xX. 

Note. One consequence of the theorem that has been proved ts 
that every continuous function has an antiderivative. -Indeed, if 
the function f(/) is continuous on the interval [a, x], then as was 
pointed out in Sec. 2, Ch. XI, in this case the definite integral 


VO) dt exists, which is to say that the following function exists: 


Q (x) = V (0 dt. 


a 


A from what has already been proved, it is the antiderivative 
ol f(x) . 
Theorem 2 /f F(x) is some antiderivative of the continuous 
function f (x), then the formula 
b 


|. M Qo dx =F (b)—F (a) (2) 
holds, 
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This formula is known as the Newton-Leibniz formula. *) 
Proof. Let F (x) be some antiderivative of the function f(x). By 


Theorem 1, the function IIO dí is also an antiderivative of f (x). 


But àny two antiderivatives of a given function differ by the con- 
stant C*. And so we can write 


M a) dt =F (x) + C*. (3) 


Within an appropriate choice of C* this equality holds for all 
values of x, that is, it is an identity. To determine the constant C* 
put x=a in the identity; then 
M0 dt =F (2) C*, 
a 
or 
0=F (a)+C*, 
whence 
C* — — F (a). 
Hence, 
{ f(t) dt = F (x) —F (a). 
Putting x —6b, we obtain the Newton-Leibniz formula: 
b 
\ (0) dt =F (b)—F (a), 


a 


or, replacing the notation of the variable of integration by x, 
b 
V f (x) dx = F(b)—F (a). 


It will be noted that the difference F (b)—F (a) is independent 
of the choice of antiderivative F, since all antiderivatives differ by 
a constant quantity, which disappears upon subtraction anyway. 


*) It is necessary to point out that the name of formula (2) is not exact, 
since neither Newton nor Leibniz had any such formula. The important thing, 
however, is that namely Leibniz and Newton were the first to establish a re- 
lationship between integration and differentiation, thus making possible the 
rule for evaluating definite. integrals. 
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If we introduce the notation *) 
F (b) —F (a) =F (x) |a, 


then formula (2) may be rewritten as follows: 
b 
| f(x) dx — F (x) [2 = F (b) —F (a). 


a 


The Newton-Leibniz formula yields a practical and convenient 
method for computing definite integrals in cases where the antide- 
rivative of the integrand is known. Only when this formula was 
discovered did the definite integral acquire its present significance 
in mathematics. Although the ancients (Archimedes) were familiar 
with a process similar to the computation of a definite integral as 
the limit of an integral sum, the applications of this method were 
confined to ihe very simple cases when the limit of the sum could 
be computed directly. The Newton-Leibniz formula greatly expanded 
the field of application of the definite integral, because mathemat cs 
obtained a general method for solving various problems of a par- 
ticular type and so could considerably extend the range of appli- 
cations of the definite integral to technology, mechanics, astronomy, 
and so on. 


Example 1. 
b 
d x? jb 6?— aq? 
IE rogh g 
a 
Example 2. 
b 
x'|b §§—a? 
2 —— — 
IE dx = 3|. 3 
a 
Example 3. 


b pnl. gn41l 


a n+l 


b 
[ea I (n —1). 
a 


n+l 


*) The expression I is called the sign of double substitution. In the lite- 
rature we find two notations: 
F (b) —F (a) - [F (X)! 
or 
F (b)—F (a)= F (x) È. 
We shall use both notations. 
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Example 4. 
b 
{ e* dx = e* |? = e^ —e*- 
a 
Example 5. 
21V 
| sin x dx = —cos x|;" = — (cos 2% — cos 0) — 0. 
0 
Example 6, 


x dx =Á = 
Vitex Vitx? Y2-1. 
0 


SEC. 5. CHANGING THE VARIABLE IN THE DEFINITE 
INTEGRAL 


Theorem. Let there be an integral 
b 
MIC dx, 


where the function f(x) is continuous on the interval [a, b]. 
Introduce a new variable t using the formula 
x- (t). 
If 
1) g(a) =a, p (p) — 5, 
2) p(t) and q' (f) are continuous on [a, p], 
3) f [qe (0] is defined and is continuous on [a, p], then 


b p 
| Fæ dx= |F OP @ dt. (1) 


Proof. If F (x) is an antiderivative of the function f(x), we can 
write the following equations: 


| fœ dx =F (x) C, (2) 
V Ie Ole’ dt =F [9 (0] 4- C. (3) 


The truth of the latter equation is checked by differentiation of 
both sides with respect to ¢. [It likewise follows from formula (2), 
Sec. 4, Ch. X.] From (2) we have 

b 


M Qo) dx =F (x) 


a 


b 
a 


=F (b) —F (a). 
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From (3) we have 


b 
Vet] p () dt =F (e (0] 


| =F [e(B)] —F [e (0)] = 
= F (b)—F (a). 


The right sides of the latter expressions 
are equal, and so the left sides are equal 
as well, thus proving the theorem. 

Note. It will be noted that when com- 
puting the definite integral from formula (1) 
we do not return tothe old variable. If we 
compute the second of the definite integrals of (1), we get a cer- 
tain number; the first integral is also equal to this number. 


B — 
= 


Fig. 217. 


Example. Compute the integral 
r 


( V r?—x? dx. 


0 


Solution. Change the variable: 
x=rsint, dx-r cost dt. 


Determine the new limits: 
x=0 for ¢=0, 


T 
= f =—_, 
x=r tor ( 2 


Consequently, 
3t 


AX 
r 2 n 
\ Vira dx= V V r?—r? sin? tr cost dt =r | Vi — sin? t cost di = 
0 90 0 


An 3t 
a ] l l t may . 
ap 2 Lopi E ud — p| Sia am 
r f cos t dt =r f(s*3 cos 2t ) dt =r [z+ 1 iF mieu 
0 


Geometrically, the computed integral is the area of zo! the circle bounded 
by the circle x?-+ y* — r? (Fig. 217). 
SEC. 6. INTEGRATION BY PARTS 


Let u and v be diflerentiable functions of x. Then 
(uuy — u'u-4- uv", 
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Integrating both sides of the identity from a to 6, we have 


b b b 
V (uoy dx = | u'u dx+ V uv’ dx. (1) 


b 


Since ( (uv)’ dx =uv +C, we have | (uv)' dx uo 2i Tor this reason, 


(he equation can be written in the form 
b b 


= V vdu+ V udo, 


LU 


or, finally, 


b 
b 
Vu dv — uv j —| vdu. 
a a 
= 
2 
Example. Evaluate the integral In=\ sin” x dx, 
0 
Ei AX n 
2 2 2 
PL | sin" x dx — ( sin" 7! x sin x dx =— Y sin" 7! x d cos x= 
u du 
7 
n — 
— 2 


. 2 
= — sin" 7! x cos x]. +(n—1) (sla? 7* x cos x cos x dx = 
iU 
EE 
2 
=(n—1)\s in" 7? x cos? xdx = 
0 
A 
2 


=(n—1) | sin" ^? x (1— sin? x) dx = 


n p 
E 2 
—(n— 1) | sin” —?x dx —(n— 1l) \ sin” x dx. 
0 9 
In the notation chosen we can write the latter equation as 
1472 (n-——1) 44 2;—(n—1)1,, 
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whence we find 


n—1 
[yo MM Ina) (2j 


Using the same technique we find 
n—3 
In-377 75 n-o 


and so 
I |o n—1n—à3 
n^ n n—? n-4* 
Continuing in the same way, we arrive at J, or J, depending on whether 
the number n is even or odd. 
Let us consider two cases: 
l) ^ is even, n — 2m: 


p 2m! 2m —3 A olg 
D Om 2m—2 774 29'"* 


2) n is odd, n=2m-+1: 


J m 2m 2mm —2 4 2r 
sm *1 70m-F] 2m—1 ^55 3 v 
but since 
n IT 
n 2 
h=] smzar=(dr=7, 
0 Ü 
IT 
2 
L= V sinxdx=1, 
0 
we have 
n 
A 2 1 2 3 5 
= 2m us I) eft — 9 3 1 x 
I, = | sin x dx= om )m-—2 "FẸ 4°09 ° 9° 
0 
ki 
n 2 2 2 
= | sin? ede .2m—2 A 
links = | sin iuis TU mal Te Ss 
0 


From these formulas there follows the Wallis formula, which expresses the 


number = in the form of an infinite product. 

_ Indeed, from the latter two equations we find, by means of termwise di- 
vision, 

0 2-4.6... 2 * | / 


2 43.5... 2m—1)/ IM+1 Tena 
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We shall now prove that 


lim lam =], 
m-0 sme] 


2 


sin?" -! x > sin?" x > sin?" +! x 


: For all x of the interval (0, 5) the inequalities 


hold. 
EL 


Integrating from 0 to g: We get 


lini = bom = Iam 1 
whence 


I I 
From (2) it follows that | 
lm-i, 2m4l 
laxi 2m C 
Hence, 
lim lam- lim 2m+l | 
m=» æo lın+ı moo 2m 


From inequality (4) we have 


lim 2a 1. 
m> 0 mai 


Passing to the limit in formula (3), we get Wallis’ formula (W allis’ product) for 
T dim ( 2-4-6... 2m \? | l 
2 mo 3-5 ... (2m—1)/ 2m--1 
This formula may be written in the form 
* lim (Sist Ane en 2m 
2 "t - oc l 3 3 5 5 '''2m—l1 2n—1 2m --1 j 


SEC. 7. IMPROPER INTEGRALS 


1. Integrals with infinite limits. Let the function f(x) be defined 
and continuous for all values of x such that asx< +o. 
Consider the integral 

b 
I (b) = VEG) dx. 
This integral is meaningful for any 56 7a. The integral varies with 
b and is a continuous function of 5 (see Sec. 4, Ch. XI). Let us 
consider the behaviour of this integral when 6—-+- oo (Fig. 218). 
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Definition. If there exists a finite limit 
b 


lim | f (x) dx, 
b^ +o 


then this limit is called the improper integral of the function f (x) 
in the interval (a, + oo] and is denoted by the symbol 


4 o 
\ | (x) dx. 
Thus, by definition, we have 
+ co b 


\ f(x)dx= lim | Q0 dx. 
a b». 
+o 
In this case it is said that the improper integral | f(x) dx exists 


a 
b 


or converges. If II dx as b —>-+ co does not have a finite limit, 


a 
To 


one says that VG) dx does not exist 
a 


y 


or diverges. 
It is easy to see the geometric 
meaning of an improper integral 
for the Case when f(x)z0: if the "2| a 7 


integral | f (x) dx expresses the area Fig. 218. 


of a region bounded by the curve y=f(x), the x-axis and 


the ordinates x=-a, xz b, it is natural to consider that the im- 
+% 


proper integral VEG) dx expresses the area of an unbounded (in- 
finite) region lying between the lines y=f(x}, x=:a, and the axis 
of abscissas. 


We similarly define the improper integrals of other infinite in- 
tervals: 


( F(ydxs lim (f(x) dr, 
— @ i 0-040 
To c + o0 


j fa dx | FG) dx- | fo dx. 


=O 


14_3388 
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The latter equation should be understood as follows: if each of 
the improper integrals on the right exists, then, by definition, 
the integral on the left also exists (converges). 


+ oo 


d 
Example 1, Evaluate the integral | [e (see Figs. 219 and 220). 
0 


b 
[te te 
a A 1#+X 
Fig. 219. Fig. 220. 


Solution. By the definition of an improper integral we find 
+ oo b 


dx b x 
= li —— = lim lim = 
lx lim [eae $4 m aretanz| ==, lim arctanb p 


This integral expresses the area of an infinite curvilinear trapezoid cross. 
hatched in Fig. 220 


Example 2. Find out at which values of a (Fig. 221) the integral 
+o 


| dx 
x* 
l 
converges and at which it diverges. 
Solution. Since (when a + 1) 
y b 
dx — ] € ea | eem 
E = fa a — I], 
J 
we have 
f +o 
y=- dx ] 
X —- zu lim ——— 1-9... : 
x" b++al—a i D) 


1 


q«f Consequently, 
Qf 


> d l 
: if a2 1, then | Ta, and the 


Fig. 221. integral converges; 
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To 
dx 
ifa <1, then | us =, and the integral diverges. 
1 
o 
dx * o : : 
When a=1, | v.n — oo, the integral diverges. 
1 
1 
+o 
i dx 
Example 3. Evaluate THe’ 
— 0 
Solution. 
++ oo 0 +o 
| ax j dx 4 ( dx 
1+ x? | +r? {+ x? 
- OD — 00 0 
The second integral is equal to 5 (see Example 1). Compute the first integral: 
> d ' d 
X ; X , 0 
= lim — lim = 
\ er a eg ee Ce ele 
- 0 ` a 
= lim (arctan0—arc tana) =~. 
a>- @ 2 
Therefore, 
+o d 
X Toon 
| is-z43- 
= WQ 


In. many cases it is sufficient to determine whether the given 
integral converges or diverges, and to estimate its value. The fol- 
lowing theorems, which we give without proof, may be useful in 
this respect. We shall illustrate their application in a few cases. 

Theorem 1. /f for all x(xzea) the inequality 


0 «f (x) e o (x) 
To to 
is fulfilled and if \ p(x) dx converges, then | F(x) dx also 


a 


converges, and 
Tto +o 


Y F (x) dx s Y q (x) dx. 


a 


Example 4. Investigate the integral 


+0 
l ' dx 


X? (1 +e*) 
for convergence. 


14* 
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Solution, It will be noted that when 1 «x, 


l l 
x? (1 J- e*) Sr 


And 
+o l 
—= dx=— Tesi 
X X |i 
1 
Consequently, 
To 
dx 
| sre 


converges, and its value is less than 1. 
Theorem 2. /f for all x(xzea) the inequality O< q (x) «f (x) 
+o +o 
is fulfilled, and | pw) dx diverges, then the integral | ] (x) dx 
a a 


also diverges.~ 


Example 5. Find out whether the following integral converges: 


+o 
\ x 4-1 
Va 
We notice that 
x+ l 
T: > PUN N 
y x? Vx x 
But l 
-+o " 
Er scu DV xb des 
Y b ->to 1 


Consequently, the given integral also converges. 


In the last two theorems we considered improper integrals of 
nounegative functions. For the case of a function f (x) which changes 


its sign in an infinite interval we have the following theorem. 
+o 


Theorem 3. If the integral | IF (x)|dx converges, then the in- 
to * 
tegral { f (x) dx also converges. 


In this case, the latter integral is called an absolutely conver- 
gent integral. 
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a — M— ae a S EE a ta 


Example 6. Investigate the convergence of the integral 


+ o 
sin x 
| 3 dx. 
l 
Solution. Here, the integrand is an alternating function. We note that 
+ o0 
sin x l But de... b pee 1. 
x3 xi IE rU 

l 


Therefore, the integral js 


dx converges. Whence it follows that the 
given integral also converges. 


2. The integral of a discontinuous function, Let the function 
F (x) be defined and continuous when asx <c, and for x~c let 
the function be either not defined or let it be discontinuous. In 


this case, one cannot speak of the integral MICI dx as of the li- 


mit of integral sums, because f(x) is not continuous on the inter- 
val [a, c], and for this reason the limit may not exist. 
c 


The integral Y F(x) dx of the function F(x) discontinuous at the 


point c is defined as follows: 
c b 
\ F (x) dx = : lim | f (x) dx. 


If the limit on the right exists, the integral is called an impro- 
per convergent integral, otherwise it is divergent. 

[f the function f(x) is discontinuous at the left extremity ot the 
interval [a, c] (that is, for xa), then by definition 


i (x) dx = e F (x) dx. 


If the function f(x) is discontinuous at some point x =x, inside 
the interval [a, c], we put 


f f (x) dx = f (x)dx + 67 (x) dx, 


Xo 
if both improper integrals on the right side of the equation exist. 
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Example 7. Evaluate 


1 
\ dx 
Y1—x 
Q 


Solution. 


1 b 
dx f | dx . —— 
= lim =— lim ?y1—xb- 
)yrz dac ix. V i—x b—1-0 l 


—— lim 2[V1—b5—1]-2. 


b -1-0 


dx - 
Example 8. Evaluate, the integral E: 3 


-1 
Solution. Since inside the interval of integration there exists a point x=0 


where the integrand is discontinuous, the integral must be represented as the 
sum of two terms: 
1 e, 1 
; dx ; dx 
— = lim = lim = 
x? lim | et te xt 
-1 -—1 By 


Calculate each limit separately: 


— =— lim ——— |= 0, 
-f g,--—09 gi — | 


Thus, the integral diverges on the interval [— 1, O]: 


lim ee lim (1) =a. 


2 
Gcr Vc €> +0 2 
2 


And this means that the integral also diverges on the interval [0, 1]. 
Hence, the given integral diverges on the entire interval [— 1, 1]. 
It should be noted that if we had begun to evaluate the given integral 
without paying attention to the discontinuity of the integrand at the point 
x=0, the result would have been wrong. 


Indeed, 

1 

dx 1 |! I 1 

| =i =- (1-4) 
-i 


which is impossible (Fig. 222). 


Note. Ii the function f(x), defined 
on the interval [a, b], has, within this 
interval, a finite number of points of 
discontinuity a,, a,, ..., a,, then the 
integral of the function f(x) on the 
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interval [a, b] is defined as follows: 


b 


b ay aa 
(Fæ dx= f f dx - Fide... VE GO dx, 


an 


if each of the improper integrals on the right side of the equation 
converges. But if even one of these integrals diverges, then 
b 


| F(x) dx is called divergent as well. 


For determining the convergence of improper integrals of dis- 
continuous functions and for estimating their values, one can 
frequently make use of theorems similar to those used to estimate 
integrals with infinite limits. 

Theorem 1': If on the interval ja, c) the functions f(x) and « (x) 
are discontinuous at the point c, and at all points of this interval 

[4 


the inequalities « (x) ze f (x) = OQ are fulfilled and | (x) dx converges, 


[^ 


then { F(x) dx also converges. 


a 
Theorem 2°, If on the interval [a, c] the functions f(x) and 
(p (x) ‘are discontinuous at the point c, and at all points of this 


interval the inequalities F(x) ze (x) 0 are fulfilled and fe (9) dx 


a 
c 


diverges, then V F9 dx also diverges. 


a ‘ - 
Theorem 3'. /f f(x) is an alternating function on the interval 
[a, c] and discontinuous only at the point c, and the improper 
¢ 


integral VF (x) Jax of the absolute value of this function converges, 


a 
^ 


then the integral MIO dx of the function itself also converges. 
a 


Use is frequently made of = 
convenient to compare the functions under the sign of the improper 


———. as functions with which it is 


integral, It is easy to verify that je a AX converges lor a« 1, 


and diverges lor az» 1. 
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The same applies also to the integrals lou dx. 


1 
] 
E le 9. Does the integral I 
xamp es the integra Vx re 


Solution. The integrand is discontinuous at the left extremity of the in- 


E 
Vx 


dx converge? 


terval [0, 1]. Comparing it with the function we have 


l ] 
ra eee < 4 
Vx + 4x? Y x 


1 
ax 
The improper integral E exists. Consequently, the improper integral 
0 


1 
] 
of a lesser function, that is, \ dx, also exists. 
- V x 4- 4x? 


SEC. 8. APPROXIMATING DEFINITE INTEGRALS 


At the end of Chapter X it was pointed out that not for every 
continuous function is its antiderivative expressible in terms of 
elementary functions. In these cases, computation of definite in- 
tegrals by the Newton-Leibniz formula is involved, and various 
methods of approximation are used to evaluate the definite inte- 
grals. The following are several methods of approximate integration 
based on the concept of a definite integral as the limit of a sum. 

l. Rectangular formula. Let a continuous function y=f(x) be 
given on an interval fa, b]. It is required to evaluate the definite 
integral 

b 
\ F(x) dx. 


a 


Divide the interval [a, 6] by the points a—x,, x,, X,, ..., X,—65 
into n equal parts of length Ax: 


b— 
Ax = =a 
n 


Then denote by y,, y,, Yas «++: Ua-,, Yn the values of the func- 
tion f(x) at the points x,, x,, x,, ..., x,; that is, 


yos mS usus gam f (n) 
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Form the sums: 
y, Ax +y,Ax-+...+y,-,A%, 
y Ax + y,Ax+...+y,Ax. 


Each of these sums is an integral sum for f(x) on the interval 
Ía, b] and for this reason approximately expresses the integral 


b 
VEG) dx P y e y, esae) (1) 
a : 

[Fo dx = Ey, Hy bo (1') 


This is the rectangular formula. From Fig. 223 it is evident 
that if f(x) is a positive and increasing function, then formula (1) 
expresses the area of the step-like figure composed of “inside” 
rectangles, while formula (1') yields the area of the step-like figure 
composed of “outside” rectangles. 


y-f(x) 


An-f 


Xo=a X, Xo Xnq X70 


Fig. 224. 


The error made when calculating integrals by the rectangular 
formula diminishes with increasing n ( that is, the smaller the 


b —a 


divisions Ax 


ll. The trapezoidal rule. [t is natural to expect that we will 
obtain a more exact value of the definite integral if we replace 
the curve y=f(x) not by a stepped line, as in the rectangular 
formula, but by an inscribed broken line (Fig. 224). Then the 
area of the curvilinear trapezoid aABb will be replaced by the sum 
ol the areas of the rectilinear trapezoids bounded from above by 
the chords AA,, A,A,, ..., A,_,8. Since the area of the first of 
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these trapezoids is AT Ax, the area of the second is Qr P Ax, 
and so forth, so 


b 
(Fa) dx = (ais Ax aie Ax +.. qnis Ax) 
OT 


OEE — 0 


This is the trapezoidal formula (trapezoidal rule). 
The choice of n is arbitrary. The greater this number, the smaller 


will be the division (subinterval) Ax='—* and the greater will 


be the accuracy with which the sum, written on the right side of 
the approximate equality (2), yields the value of the integral. 

Hi. Parabolic formula (Simpson’s rule). Divide the interval 
fa, b] into an even number of parts n=2m. Replace the area of 
ihe curvilinear trapezoid, corresponding to the first two subinter- 
vals [x,, x,] and [x,, x,] and bounded by the given curve y — (x), 
by the area of a curvilinear trapezoid such that is bounded by a 
quadratic parabola passing through three points: 


M (Xo us MG, ux M, (Xa Ya) 


and with an axis parallel to the y-axis (Fig. 225). We shall call 
this kind of curvilinear trapezoid a parabolic trapezoid. 

The equation of a parabola with an axis parallel to the y-axis 
is of the form 


y=Ax + Bx 4- C. 


The coefficients A, B and C are uniquely determined from the 
condition that the parabola passes through three specified points. 
Analogous parabolas are constructed, for other pairs of intervals as 
well. The sum of the areas of the parabolic trapezoids will yield 
the approximate value of the integral. 

Let us first compute the areas of one parabolic trapezoid. 

Lemma. /f a curvilinear trapezoid is bounded by the parabola 


y= Ax: + Bx-+-C, 


the x-axis and two ordinates separated by a distance 2h, then its 
area is 


S= $ (y, + 49, + Ya)» (3) 


Approximating Definite Integrals 427 


where y, and y, are the extreme ordinates and y, is the ordinate 
of the curve at the midpoint of the interval. 

Proof. Arrange an auxiliary coordinate system as shown in 
Fig. 226. | 


ysAx^*Bx*C 
Me 


Xp XQ A” K 


Fig. 225. Fig. 226. 


The coefficients in the equation of the parabola y = Ax'-r Bx + 
+C are determined from the following equations: 
if x, —h, then y, = Ah! — Bh 4- C; 
ifx,=0, then y, — C; 
if x =h, then y, — A^ -F Bh-4- C. 


Considering the coefficients A, B, C known, we determine the 
area of the parabolic trapezoid with the aid of a definite integral: 


(4) 


h 
S= | use Bx + C) dx = [AF + AF +c]! =g AP 60. 
—h 


But from equalities (4) it follows that 


y,+4y, ty, = 2Ah? 4- 6C. 
Hence, 


S= 4 (Y, + 49, + U,), 


which is what had to be proved. 

Let us come back to our basic problem (see Fig. 225). Using 
formula (3) we can write the following approximate equalities 
(h = Ax): 


V F dx e fÈ H 49, +4) 


a=Xpo 
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X 


V Fo) dx ey, +4y, 3-02) 


Xem=b 


FG) dx æ 52 Qus ca Man ci Han) 


X3m—-? 


Adding the left and right sides, we get (on the left) the sought- 
for integral and (on the right) its approximate value: 


b 
Mo dx zz AX (y, + 4y, + 29, - 4y,+... 

eee + 20 vasi AU Pees T Yom) (5) 
or À 


4 š 
NO dx my, + o 2, HU. ee Va ci) H 


+4 (Y, TUA Pe Oa u 


This is Simpson's formula (rule). 
Here, the number of division 
points 2m is arbitrary; but the 
more of them there are, the 
more accurately the sum on the 
right side of (5) yields the value 
of the integral. *) 


Example. Evaluate approximately 


X In 2= (2. 
Fig. 227. 


Solution. Divide the interval [1, 2] into 10 equal parts (Fig. 227). Assuming 


2—1 
Ax= -p 79. 


*) To find out how many division points are needed to compute an inte- 
gral to the desired number of decimal places, one can make use of formulas 
for estimating the error resulting from approximating the integral. We do not 
give these estimates here. The reader will find them in more advanced courses 
of analysis; see, for example, Fikhtengolts, "Course of -Differential and 
Integral Calculus", 1959, Vol. Il, Ch. IX, Sec. 5. (Russian edition). 
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we make a table of.the values of the integrand: 


_} = 
* inii x gue 
t= 1:0 Ya = 1 00000 X,=1.6 y = 0.62500 
xil y, = 0.90909 14 y, — 0.58824 
x. ya = 0.83333 x,=1.8 Y = 0.55556 
x4— 1.3 jy, = 0.76923 x, 71.9 Y, = 0.52632 
x,=1.4 y= 0.71429 x4, = 2.0 Y19 = 0.50000 
x, 21.5 y, == 0.66667 


. I By the first rectangular formula (1) we get 


2 
ES ~ 0.1 (yo 4- y, 4... +y) =0.1 -7.18773 = 0.71877. 
J 


By the second rectangular formula (1’) we get 
2 . 
E = 0.1 (y, Fyz E... +449) = 0.1 -6.68773 = 0.66877. 


It follows directly from Fig. 227 that in this case the first formula yields 
the value of the integral with an excess, the second, with a defect. 
Il. By the trapezoidal rule (2), we have 


"dx o, l (a LES ok 18773 ) = 0.69977. 


v 


NHI. By Simpson's rule (5), we have 


0.1 
xr Wot Hot 2 Wat Mat ye ty) +4 Qn yty ty tall = 
=L (140.5 +2-2.72818 + 4-3.45955) = 0.69315. 
Actually, In2— -f #20 6931472 (to seven places of decimals). 


Thus, when dividing the. interval [0, 1] into 10 parts by Simpson's rule, we 
gel five significant decimals; by the trapezoidal rule, only three; and by the 
rectangular formula, we are sure only of the first decimal: | 
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SEC. 9. CHEBYSHEV'S FORMULA 


In engineering computations, use is frequently made of Cheby- 
shev's formula of approximate integration. 


Once again, let it be required to compute \ f(x) dx. 


Replace the integrand by the Lagrange interpolation polynomial 
P (x) (Sec. 9, Ch. VII) and take certain n values of the function 
on the interval [a, b]:f (x,), F(x,), ..., F(x,) where x,, x,, ..., x 
are any points of the interval [a, b]: 


n 


(x — x5) (x —x3)...(x — Xn) 
(x, —x,) (64 — x3)... (4 — xn) 
(x — x1) (x — x3)... (X— Xn) 
(x4 — x1) (x4 — x4). (X4 — Xn) 


P (x) = f(x) + 


T f(x.) + 


+ (x — x} (x —2x4)...(x— X41) f G,). w) 


(x4— X4) (x4— x4)... (X4 — X54) 


We get the following approximate formula of integration: 


b b o 
Y f(x) dx ez { P (x) dx; (2) 


aller some computation it takes the form 


b 


| Fi) dx z C, FG) +C, E) + 06. +, Fx), (3) 


a 


where the coefficients C, are calculated by the formulas 


b 
C;=\ E (x — Xii)... (x —Xn) dx. (4) 


i—i). (xi — Xim) (Xi Xiti). o s (4i — Xn) 


Formula (3) is cumbersome and inconvenient for computation 
because the coefficients C, are expressed by complex fractions. 

Chebyshev posed the inverse problem: specify not the abscissas 
Xis Xas +e., x, but the coefficients C,, C,, ..., C, and determine 


ihe abscissas x,, x,, ..., Xp: 
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The coefficients C; are specified so that formula (3) should be 
as simple as possible for computation. This will obviously occur 
when all the coefficients C; are equal: 

C =C,=...=C,. 

If we denote the total value of the coefficients C,, C, ..., C 

by C,, formula (3) will take the form 


n 


b 
V GO dx e C, EE Q9) E FG) E (DI: (5) 


Formula (5) is, generally speaking, an approximate equality, but 
if f(x) is a polynomial of degree not higher than n— 1, then the 
equality will be exact. Hus Subs iE is what permits determin- 
ing the. quantities C,, iyu s 

To obtain a ocala: het is convenient for any interval of in- 
tegration, let us transform the interval of integration [a, b] into 
the interval {—I, IJ. To do this, put 


| a+o 
zu) 


NÉE 


then for £2 —1 we will have x-a, for £21, xb. 
Hence, 


redes? fr (tet t | 


where g(t) denotes the function of £ under the integral sign. 
Thus, the problem of integrating the given function f(x) on the 
interval [a, b] can always be reduced to integrating some other 
function @(x) on the interval [— 1, 1]. 

To summarise, then, the problem has reduced to choosing, in 
the formula 


V Go) dx =C, EF (4) +4 QS) H - HE (n), (6) 


the numbers C,, x,, x,, ..., x,so that this formula will be exact 
for any function f (x) of the form 


F(x) =a, +a x taxt da... Ta,-ax n. (7) 
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It will be noted that 


1 


| F(x) dx = { (a, +a,x+a,x*... 4- ü x dre 


x tia 7t. pL ) if n is odd; 
2 (a. 


On the other hand, the sum on the right side of (6) will, on the 
basis of (7), be equal to 


C, na, +a, (4, +4, +... EX) Fa, xr eo Bx... 
esca, (00 eB 4p l.l E x27]. (9) 


a), if n is even. & (8) 


Equating expressions (8) and (9), we get an equation that should 
hold for all a,, a,, a, ..., a 


n-v 
a, em As ER 
2 (a,+ PER cee E 
—C,|[na,4-a, (x, - x, d... x,) + 
-a,(xid xi... x) + Od o, QUI + XE xL. 


Equate the coefficients of a,, a,, a,, Q, «++, a,-, on the left 
and right sides of the equation: 
2 — C,n or C, o =; 
X, xd eb x, m0; 
2 n 
Mt... b= = z 
3C, 3 (10) 
xi 0T x4... +x m, 
wee ed M 
xxi see Ty oP ry 


From the latter .n equations we find the abscissas x,, Xs ..., x, | 
These solutions were found by Chebyshev for various. values of n. 
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The following solutions are those that he found for cases when the 
number of intermediate points n is equal to 3, 4, 5, 6, 7, 9: 


Values of abscissas 
Xie X228 Xn 


Number of Font cient 
ordinates n 


x, =0 


3 2 x, = — x, = 0.707107 

3 x,=0 
F 1 x, = — x, = 0.794654 . 

2 X, = — x, = 0.187592 

9 x, = — x, = 0.832498 

5 = | X472 — x, =0.374541 
5 x,—0 

1 X, = — x, = 0.866247 

6 = X, = — x, = 0.422519 

3 x, = — x, = 0.266635 

X, = — x, = 0.883862 

7 2 X, = — x, = 0.529657 

7 x, =— x, = 0.323912 
^ Xg2=0 

x, = — x, = 0.911589 

9 X, = — x, = 0.601019 

9 5 x, = — x, = 0.528762 

9 x, = — x, =0.167906 


Thus, on the interval [—1, 1], an integral can be approximated 
by the following Chebyshev formula: 


(Fe) dx =F EG) + EGUUL, 


where n is one of the numbers 3, 4, 5, 6, 7 or 9, and x,, ..., x, 
are the numbers given in the table. Here, n cannot be 8 or any 
number exceeding: 9; for then the system ol. equations (10) yields 
imaginary roots. , 
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When the given integral has limits of integration a and b, the 
Chebyshev formula takes on the form 


n 


b 
(F(x) de" XD HHX) + FAX 


b—a 
2 


where X; T4. 


given in the table. 
The following example illustrates the use of Chebyshev's approx- 
imation formula for calculating an integral. 


x; (i21, 2, ..., n) and x, have the values 


2 
Example. Evaluate [con 2). 


1 
Solution. First, by changing variables, transform this integral into a new 
one with limits of integration —1 and 1: 


Then 


—1 


Compute the latter integral, taking n=3, by Chebyshev's formula: 


{ f (t) dt == [F (0.707107) + f (0) + f ( —0.707107)]. 


Since 
1 zx | m 
(0.707107) —4——9 97107 = 3.707197 ^ 9-269792, 
F (0) = 5-5 = 0-333333, 
l 
[( —0.707107) = 5— 757107 = 2.292893 ~ 0-436130, 
we have 
1 
( Lm = (0.269752 -- 0.333333 -- 0.436130) = 
-1 
2 
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Comparing this result with the results of computation using the rectan- 
gular formulas, the trapezoidal rule, and Simpson's rule (see the example 
in the preceding section), we note that the result given by Chebyshev's 
formula (with three intermediate points) is in better agreement with the 
true value of the integral than the result obtained by the trapezoidal rule 
(with nine intermediate points). 


The theory of approximating integrals was further developed in 
the works of Academician A. N. Krylov (1863-1945). 


SEC. 10. INTEGRALS DEPENDENT ON A PARAMETER 


Differentiating integrals dependent on a parameter. Let there be 
an integral | 


b 
I (o) - VEG, a) dx, (1) 


in which the integrand is dependent upon some parameter a. If 
the parameter a varies, then the value of the definite integral will 
also vary. And the definite integral is a function of œ; we can 
therefore denote it by / (a). 
E Suppose that /(x,«) and f,(x,a) are continuous functions 
when 
ce«ascd and aszxe b. (2) 


Find the derivative of the integral with respect to the parame- 
ter a: 


I (a+ Aa) — ! (a) 
AQ 


lim = fa (a). 


Aa >o 
In finding this derivative we note that 
b 
] (C. + Aa) = t f(x, a+ Aa) dx 


a 


and, consequently, 


b b i 
[(a+Aa)—] (a) = | f (x, a+ ^a) dx—| f(x, o) dx zs 


b 
= Vf (x, a+ Aa) — f (x, a) dx; 


b 
I (a+ Ae)—1 (a) _ (f(x, ataa f a) 5, 
Aa Aa j 

a 
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Applying the Lagrange theorem to the integrand we have 


f(x, a+ Aa)—f (x, a) 


= = fa (x, a+ 0a), 


where 0c 98-—l. 
Since f, (x, @) is continuous in the closed domain (2), we have 
fa (x, & + OAc) = fa (x, a) +2, 


where the quantity e, which depends on x, o, Aa, approaches 
zero as Aa — Q. 
Thus, 
b b b 
/ sl ; , 
ux IM a) + e] dx — V fale, 2) dx 4- | e dx. 


Passing to the limit as Aa--+0, we have *) 


AQ -—0 


b 

" I — Í , , 

lim ewe =f, (a) = | fa (x, ct) dx 
a 

or 


b b 
[6 Fx, aax | = È R 0 a) de. 


This formula is called the Leibniz formula. 
2. Now suppose that in the integral (1) the limits of integration 


a and b are functions of a: 
b(a) 


| (a) — |à, a (a), b (a)]= J f(x, a) dx. q^) 


a (a) 


(pia, a (œ), b(a)] is a composite function of a, and a and b are 
intermediate arguments. To find the derivative of / (a), apply the 
rule for differentiating a composite function of several variables 
(see Sec. 10, Ch. VIII): 

0D da , 0 db 


"= aras ob da (3) 

b 
*) The integrand in the integral | eda approaches zero as Aa —» 0..From 
the fact that the integrand approaches zero it does not always ouo that 
the integral also approaches zero. However, in the given case, \ e dx 


approaches zero as. Aa —+0. We accept this fact without proof, 
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By the theorem for the differentiation of a definite integral 


with respect to the variable upper limit [see formula (1), Sec. 5] 
we get 


b 

Si ap | fle, a) de [10 (0), al, 
b 

a.a MG a) dx = —37 ale a) dx = — f (a (a), a]. 
b 


Finally, to evaluate T use the above-derived Leibniz formula: 


b 
2 = E (x, a) dx. 


Substituting into (3) the expressions obtained for the derivatives, 


we have 
b(a) 


fa(a)= È fale, a) dx + f [b (9), uj 2—fla(a), JS. — (4) 


a (q) 


Using the Leibniz formula it is possible to compute some defi- 
nite integrals. 


Example. Evaluate the integral 
o 


sin ax 
\ gam = dx. 


0 


Solution. First note that it is impossibie to compute the integral directly, 


_x sin ax 


because the antiderivative of the function e is not expressible in 


terms of elementary functions. To compute this integral we shall consider it 
as a function of the parameter a: 


- " 
T g-* SI OX ay. 
x 
0 


Then its derivative with respect to a is found from the above-derived Leibniz 
formula *); 
e 


oo 
l (a) z g-T S UK dx = \ e~* cos ax dx. 
x a 
0 


0 


*) Leibniz’ formula was derived on the assumption that the limits of inte- 
gration a and 6 are finite. However, in this case Leibniz’ formula also holds, 
even though one of the limits of integration is equal to infinity. 
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But the latter integral isreadily evaluated by means of elementary functions; 


it is equal to c . Therefore, 
I’ (a)= That : 
Integrating the identity obtained, we find / (a): 
I (a) — arc tana+C. (5) 
We have C to determine now. To do this, we note that 
on oo 
1 y Ç emr PO: as c (oaa 
0 0 


What is more, arc tan 0=0. 
Substituting into (5) a —0, we get 


I (0) - arc tan 04- C, 
whence C—0. Hence, for any value of a we have the equality 
I (a) — arc tana; 
that is, 


eo 

sin ax 
| dx — arc tan a. 
0 


Exercises on Chapter XI 
1. Forming the integral sum s, and passing to the limit, compute the 
definite integrals " 
(e dx. 
Q 


Hint. Divide the interval [a, b} into n parts by the points x;= agf (i=0, 1, 


n $ 4 
2, a.. N), where g= =. Ans. 2 = ; 


b 
2. | where 0<a<o. Ans, in 5. 
a 


Hint. Divide the interval {a, 6] in the same way as in the preceding 
example. | 


b 

3. \ Ve dx. Ans. = (b'h—a'h), 
a 

Hint. See Example 2. 
b 


4. { sin x dx. Ans. cos a—cos b. 
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Hint. First establish the following identity: 
sin a + sin (a +A) + sin (a+ 2h)+...+sin (a 4- (n— 1) A] = 


cos (a+) — COS E -+ nh— >| 


2 sin + 


To do this, multiply and divide all the terms of the left side by sin > and 


replace the product of sines by the difference of cosines. 


5. | cosx dx. Ans. sin b — sin a. 


Using the Newton-Leibniz formula, compute the definite integrals: 


Jl 
1 1 2 
6. B dx. Ans. f 7. ie dx. Ans. e—l. 8. { sin x dx, Ans. L 
0 0 
LAN n 
1 P ET 3 mu 
X x X n 
9. \ Sa. AS. a 10. \ =: Ans. 7 11. | tan x dx. Ans. In 2. 
u 0 0 
e x x 
ax fx i 
12. EZ Ans. L 3. . Ans. Inx. 14. [inea Ans. 2 sin? > 15. j x'dx, 
1 1 3 a 
Tl 
: 2 ; "2 
x'—a ' dx u ; x 
Ans 3 16. rr Ans. In(2z—l). 17. \ cos x dx. Ans. T' 
1 0 
Jl 


18. EZ dx. Ans. = r 


0 


Evaluate the following ‘integrals applying the indicated substitufions: 


KL 
2 Jl 
19. | sin x cos? dx, cosx=t, Ans. +. 20. ae ta n Ans. —— 
3 3--2cosx ' y? 
Ü 0 
4 1 


3V¥2 


= 2, " a . — 
, 2+4x — 7%, Ans 5 22 \ ome x — tan f. 


-l 
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5 
Ans. T4 23. (n dx, x= l=F. Ans. 2(2—arctan 2). 
4 i zt 
3 i à 2 
dz cos pdp 
AN, Z=. . in. $. \ L——————————, zi. 
24 |- Va EE Ans. In ) 2 8 —8 sin o 4- sint y sin o — t 
3 0 
z 
Ans In £ i : : 
Prove that 26. {a — x)” dx | x" (1 — x)? dx (m — 0, n 0). 
0 0 
b b a a 
27. iron dem | f(a+b—x) dx. 28. ice dx— iron dx. 
a A 0 —da 
1 
. xdx 
Evaluate the following improper integrals: 29. | —————-.. Ans. |. 
t y1—x: 
e o 1 
dx 1 dx x 
30. = dx, Ans. l. 31. aa Ans. ~~ (a > 0). 32. —. Ans. — 
a? 4- x 2a Vi—x 2 
0 0 * 0 lx 
on 1 e 
33. 2 Ans. I 34. In x ax, Ans. —1. 35. È x sin x dx, Ans. The inte- 
1 0 0 


p- + 
. dx p . dx 
gral diverges. 36. y. Ans. The integral diverges. 37. | Áns. n. 
: —@ 
I 2 g 
38. \ ae Ans. S NETT = . Ans. The integral diverges. 40. |- , 
0 V * i 0 * Y xV x*—1 


[> 9] 
Ans. >: 41. IL Ans. The integral diverges. 42. Vee sin bx dx (a > 0). 
Q 


a 
b -—0x . a 
Ans. "E 43. fe cos bx dx(a>0). Ans. aa bt 
0 : i 
Evaluate the following integrals approxiinately: 44. ins ( 2 by the 
1 


trapezoida! rule and by Simpson's rule (n—12). Ans. 1.6182 (by the trapezoidal 
11 : 


rule); 1.6098 (by Simpson's rule). 45. IE dx by the trapezoidal rule and by 
1 
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1 
Simpson's rule (n= 10). Ans. 3690; 3660. 46. | V 1— xi dx by the trapezoidal 
0 


3 
rule (n=6). Ans. 0.8109. 47. \ by Simpson’s rule (n—4). Ans. 0.8111. 
o 


48. V tog ae by the trapezoidal rule and by Simpson's rule (n—10). 
1 


1 
Ans. 6.0656; 6.0896. 49. Evaluate mx from the relation i-us applying 
0 


n 


2 
Simpson’s rule (n= 10). Ans. 3.14159. 50. IE by Simpson's rule (n = I0). 
0 


ao 
Ans. 1.371. 51. Evaluate e-* x" dx for integral n > 0 by proceeding from the 


oo 
equality e d — where a > 0. Ans. n! 52. Proceeding from the equality 
0 


- 


© eo S 

dx =o ; dx nx 1:3-5...(2n — 1) 
a = yT’ evaluate the integral | aay Ans. — an —— : 
0 0 


ae 
mper. . 
53. Evaluate the integral | =i as Ans. ln (1 4- a) (a > — 1). 54. Utilising 
0 


1 1 
the equality nta. compute the integraj x^ -! (in x)*dx. 


9 
k! 
k 
Ans. (—1) pom » 


CHAPTER XII 


GEOMETRIC AND MECHANICAL APPLICATIONS 
OF THE DEFINITE INTEGRAL 


SEC. 1. COMPUTING AREAS IN RECTANGULAR COORDINATES 


If on the interval [a, b] the function f(x)z220, then, as we 
know from Sec. 2, Ch. XI, the area of a curvilinear trapezoid 
bounded by the curve y=f(x), the x-axis, and the straight lines 
x=a and x=b (Fig. 210) is 


b 
Q = (T (x) dx. (1) 


"M b | 
If f(x) <0 on [a, 5], then the definite integral { f (x) dx is also «xz 0: 


It is equal, in absolute value, to the area Q corresponding to the 
curvilinear trapezoid: 
b 
—Q= | f) dx. 


a 


If f(x) changes sign on the interval [a, b] a finite number of 
times, then we break up the integral throughout [a, b} into the 
sum of integrals of the subintervals. 
The integral will be positive on those 
subintervals where f(x)z2 0, and nega- 
tive where /(x) <0. The integral over 
the entire interval will yield the differ- 
ence of the areas above and below the 
x-axis (Fig. 228). To find the sum of the 
areas in the ordinary sense, one has 
to find the sum of the absolute values 
ol the integrals over the above-indicated subintervals or compute 
the integral 


Q= Vf (x) | dx. 


a 


Example 1. Compute the area Q bounded by the sine curve y=sinx and 
the x-axis, for Osx 2n (Fig. 229). 
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Solution. Since sin x ze0 when Oszx «zx and sin x <0 when x « x sz 25, 


we have 
n 2n 270 
q={ sin x dx +| ( sin x dx | - | | sin x | dx, 
0 Tt 0 
n 
{ sin x dx = —cos x | 7 = — (cos n — cos 0) = —( — 1 — 1) =2, 
0 
271 
\ sin x dx = —cosx |" = —(cos 2m — cos x) = — 2. 


Jl 


Consequently, Q =2 +| —2| =4. 


Fig. 230. 


If one needs to compute the area bounded by the curves y =f, (x), 
i y =f,(x) and the ordinates x =a, x = b, then provided f, (x) = f, (x) 
we will obviously have (Fig. 230) 
b b b 
Q= (F o) dx— È f (9 dx — V [F œ) —f, CO] dx. (2) 


a a 


Example 2. Compute the area bounded by the curves (Fig. 231) 
y=Vx and y=x?. 
Solution. Find the points of intersection of the curves: 
x —x*, x=x‘, whence x,=0, x,— l. 
: Therefore, 


o- TET (V x—x?) dx= xh 


Now let us compute the area of the curvilinear trapezoid bounded 
by a curve represented by equations in parametric form (Fig. 232): 


x-—go() sy-w(), (3) 


x? 


1 
0 


where 
asis 
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and 
q (a) =a, p(B) = 5. 
Let equations (3) define some function y=f(x) on the interval 


[a, b] and, consequently, the area of the curvilinear trapezoid 


may be computed from the for- 
mula 


Fig. 231. 


Change the variable in this integral: 
x=Q(f); dx=q’ (f) dt. 
From (3) we have 


y =} (x) =F [p (H] = (2). 

Consequently, B 
p y 

Q= pOg (0) dt. (4) 


a 


This is the formula for computing the area of a curvilinear 
trapezoid bounded by a curve represented parametrically. 
Example 3. Compute the area of a region bounded by the ellipse 
x=sa cost, y=b sint. 


Solution. Compute the area of the upper half of the ellipse and double it. 
Here, x varies from —a to +a, and so £ varies between n and Q., 


0 n 


0 
Q=? f (bsin £) (—asin td t) = —2ab Y sin? (dt = 2ab | sin? tdt = 
31 7t 0 


Tl 
1 — cos 2t Ll sin 2f]an 
=2ap | ME arab [z- 4 I = ab. 
0 Ee 
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Example 4. Compute the area bounded by the x-axis and an are of the 
cycloid 


x—a(t—sint), y=a (1 — cos f) 
Solution. The variation of x from 0 to 2ma corresponds to the variation 


ol ¢ from 9 to 2x. 
From (4) we have 


2n 2n 
Q= | a (1 —cos £) a (1 —cos £) dt a? T (1 —cos t? di = 
0 Q 
2r 271 21 
=q? | dt—2 | cos t dt 4- | oca 
0 0 0 
271 27 27 2n 
\ dí = 2n; | cos ¿df =0; | co tdt È 1 fos 2 dt = 
n 0 0 9 


We finally get 
Q =a? (2n + x) = 3xa*. 


SEC. 2. THE AREA OF A CURVILINEAR SECTOR 
IN POLAR COORDINATES 


Suppose in a polar coordinate system we have a curve given 
by the equation 
o=} (6), 


where /(9) is a continuous function when a «9 «cz p. 

Let us determine the area of the sector OAB bounded by the 
curve o=/(#) and by the radius vectors §=a and (— p. 

Divide the given area by radius vectors 0, =a, 0 20,, ... , 9, —p 
into n parts. Denote by Af, A9,, ... , Að, the angles between 
the radius vectors that we have drawn (Fig. 233). | 

Denote by œ the length of a radius vector corresponding to some 
angle 4, between 0,., and 0,. 


Let us consider the circular sector with radius o; and central angle 
Af. Its area will be 


AQ; — 5 03 Af. 
The sum | 


Q,—5 3, GAR 2 D 0)]* A8; 
^ ge 


i1 


will yield the area of the "step-like" sector. 
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Since this sum is an integral sum of the function o' = [f (0)]* 
on the interval a «0 «p, its limit, as max A0, — 0, is the defi- 
nite integral 


Fig. 234. 


angle Af;. It is natural to consider this limit the sought-for area 
of the figure*). 
Thus, the area of the sector OAB is 


p 
Q— | e'di (1) 

or P 
Q— 3 | tr oy as. (1") 


Example. Compute the area bounded by the lemniscate 


Q—aV cos 20. 
(Fig. 234). 
Solution. The radius vector will describe a fourth of the sought-for area 


if @ varies.between 0 and X 
n 
e 


l 
Q— 


o? dð = 


a? 
xD E 


C—— e |a 


cos 20 dð = 7 5 


A|- 
no] 


= 
4 
l at ( a* sin 20 
0 
0 0 
Hence 
ost 
*) It might be shown that this determination of the area does not contradict 
that given earlier. In other words, if one computes the area ol a curvilinear 


sector by means of curvilinear trapezoids, the result will be the same. 
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SEC. 3. THE ARC LENGTH OF A CURVE 


1. The arc length of a curve in rectangular coordinates. 
Let a curve be given by the equation y=f(x) in rectangular 
coordinates in a plane. 

Let us find the length of the arc AB of this curve between 
the vertical straight lines xa and x- b (Fig. 235). 

The definition of the length of an arc was given in Chapter VI, 
Sec. 1. Let us recall that definition. On an arc AB take points A, M,, 
M, , M; ... , Bwith abscissas x, =a, X,, X,, oe., Xp ees 00 X, 
and draw the chords AM,, M, M, ... 
M,.,8 whose lengths we shall denote by 
AS,, AS,, ..., AS,, respectively. This 
gives the broken line AM, M, ... M,.,B 


inscribed in the arc AB. The length of 
the broken line is 


n 
Sn = » AS,. 
{=1 


The length, s, of the arc AB is the Fig. 285. 
limit which the length of the inscribed 
broken line approaches when the length of its greatest segment 
approaches zero: 


s= lim 3 (1) 
max AS; — 0, 

We shall now prove that if on the interval a «x sz the func- 
tion f(x) and its derivative f(x) are continuous, then this limit 
exists. At the same time we shall specify a technique for computing 
the length of the arc. 

Let us introduce the notation 


Ay; 1G) —f (x). 
Then LLLA 
- VU gy y 1+ (249) Ax. 
By Lagrange's theorem we have 


Ay; Fx) —f i-o y 
Ax) aXe Pa : H (È; ) 
where 
Xt my <= Sr <= Xt. 


/ 
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Hence, 
As; =V 1 - [f (E) Ax. 


Thus, the length of an inscribed .broken line is 
s= VIF (Ep Ax. 


It is given that /" (x) is continuous; hence, the function V 1 + [f'(x)!* 
is also continuous. Therefore, this integral sum has a limit that 
is equal to a definite integral: 


n b 
s= lim X VIFF EDP Ax - VIF OT dx. 


max AX; —0/—1 a 


We thus have a formula for computing the arc length: 
b b 
uc ee dy \2 
s= [VTF] dx= y 1+ (4) dx. (2) 


Note. Using this formula, it is possible to obtain the derivative 
of the arc length with respect to the abscissa. If we consider the 
upper limit of integration as variable and denote it by x (we 
shall not change the variable of integration), then the arc length 
s will be a function of x: 


s= f V 1E (5) ax. 


Diflerentiating this integral with respect to the upper limit, we 
obtain : 


e y 1«-(&y. (3) 


This formula was derived in Sec. 1, Ch. VI, on certain other 
assumptions. 


Example 1. Determine the circumference of the circle 
x3-4- y —r?. 
Solution. First compute the length of a fourth part of the circumference 
lying in the first quadrant. Then the equation of the arc AB will be 


y = V r?—x?, 


dy _ x 


dx yp—s*' 


whence 
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Consequently, 


r M NR RS r 
i x^ r "E xt m 
— $= l+ =, dx = | — dx =r arc sin— | =r =. 
4 r“ — xX V r?—x? r 0 2 
0 0 


The length of the circumference is s—2ztr. 


Let us now find the arc length of a curve when the equation 
of the curve is represented in parametric form: 


x-9() g—w) (a<i<pf), (4) 


where q(f) and (¢) are continuous functions with continuous de- 
rivatives, and q(/) does not vanish in the given interval. In this 
case, equations (4) define a function y —f (x) which is continuous 
and has a continuous derivative: 


dy  w'(t) 
dx p(t)" 
Let a=ọ (a), b =¢ (f). Then substituting in the integral (2) 
x= p(t), 
dx =’ (t) dt, 


we have l 
Bo o o— 
s- fy 1+ [3:0 o (0 dt, 
Ga 


or, finally, 


p 
me WV P (+y (2) dt. (5) 
a 
Note 2. It may be proved that formula (5) holds also for curves 
that are crossed by vertical lines in more than one point (in 
particular, for closed curves), provided that both derivatives q’ (£) 
and wp’ (ft) are continuous at all points of the curve. 


Example 2. Compute the length of the hypocycloid (astroid): 
x=acos*?t, y-asin? t. 


Solution. Since the curve is symmetric about both coordinate axes, we shall 
first compute the length of a fourth part of.it located in the first quadrant. 


We find 


dx 2 . 
di 7596 cos? t sin £, 
dy — (a2 

di^ Oo Sin i cos f£. 


15— 3388 
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The parameter ¢ will vary from 0 to + . Hence 


m st 


ri ssl V 9a? cost / sin? £ -- 9a? sin? t cos? / dt=3a | V cos? fsin? tdt= 
0 0 


it 
ae LL 
sin? ¿| 2 
=3a | sin £ cos tdf da 5 


0 


3a, 
9? 


s —— 6a. 


E 
0 7-7 


Note 3. If a space curve is represented by the parametric equations 


x=9(f), y—w(t) z-x(t) ` (6) 


where a «z£ «p (see Sec. 1, Ch. IX), then the length of its arc 
is defined (in the same way as for a plane arc) as the limit which 
the length of an inscribed broken line approaches when the length 
of the greatest segment approaches zero. If the functions @/(f), 
ip (£), and X(f) are continuous and have continuous derivatives on 
the interval [a, B], then the curve has a definite length (that is, 
i s the above-mentioned limit) which is computed from the 
ormula 


n | 
s- VY Te OF e OP + OF at. (7) 


This result we accept without proof. 


Example 3. Compute the arc length of the helix 
x=acost, y=asint, z=amt 


as f varies from 0 to 2s. 
Solution. From the given equations we have 


dx=—asintdt, dy=acostdt, dz=amdt. 


Substituting into formula (7), we have 
2 7l 2T 


s=( V a? sin* t Fat cost 1 Fam? dt =a | V1+m? dt =2na V 1+ mè. 


2. The arc length of a curve in polar coordinates. Given (in 
polar coordinates) the equation of the curve 


o=/ (9) (8) 


where o is the radius vector and 0 is the vectorial (polar) angle. 
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Let us write the formulas for passing 
from polar coordinales to  Cartesian 
coordinates: 


x-pocos0, y=gsin0. 


If in place of o we put its expression 
(8) in terms of 0, we get the equations 


x-f(0)cos0, gy-f(8)sinO. 


i : 

WV -a(f*cos8) 
These equations may be regarded as 

the parametric equations of the curve Fig. 236. 

and we can apply formula (5) for com- 

puting the arc length. To do this, find the derivatives of x and y 

with respect to the parameter 0: 


rl (8) cos 0 —f (8) sin; 
dl (9) sin 0 +f (8) cos8. 
Then 

E: 5) + (a) = [F" (0)]* 4- [f (0)? — Q'* 4- p*. 


Hence, 
9 


s= | Vo x e de. 
fio 


Example 4. Find the length of the cardioid 
o =a (l1 + cos 0) 


(Fig. 236). 
Varying the vectorial angle 9 from O to a, we get half the sought-for 
length. Here, 9’ =—a sin 0. Hence, 


s=2 f V a* (1 F cos 0)* a? sin? 0 d0 = 
0 
1 
= 2a | y 24-2cos0 d0— 
J: 
A 0 
= 4g V cos 5 7 dU = 8a sin > 7|, —8e. 
0 


15* 


452 Geometric and Mechanical Applications of the Definite Integral - 


Example 5. Compute the length of the ellipse 


x=acos f, 

} 0 e t «2m, 
jj — b sint, 

assuming that a> b. 


Solution. We take advantage of formula (5), first computing = the arc 
length; that is, the length of the arc that corresponds to a variation of the 


parameter from ¢=0 to t=5 : 


T 
=\ Vasin?! + b? cos? t di = 
0 
ELS zs 


2 
J V a? (1 — cos? £) + 6? uiid V a?—(a?— b?) cos? t dt = 
Ü 


YES 


where LY SP 
a 


x 
rh 

7 cost tdf =a È V 1—k? cos?é dt, 
0 


« 1. Hence, 


Jl 
2 

s=4a | V1 —R! cos? f dt. 
0 


The only thing that remains is to compute the last integral. But we know 
that it is not expressible by elementary functions (see Sec. 16, Ch. X). This 
integral can be computed only by approximation methods (by Simpson’s rule, 
for example). 

For instance, if the semi-major axis of an ellipse is equal to 5 and the 


semi-minor axis is 4, then de and the circumference of the ellipse is 


ace j y 1-($) os: cos? dt. 


Computing this integral by Simpson's rule (by dividing the interval E $ 
into four parts) we get an approximate value of the integral; 


= 
| V 1—2 cos ! dt == 1.298, 
0 


and so the length of the arc of the entire ellipse, is -approximately equal to 
$= 25.96 units of length. 
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SEC. 4. COMPUTING THE VOLUME OF A SOLID FROM THE AREAS 
OF PARALLEL SECTIONS (VOLUMES BY SLICING) 


Suppose we have some solid 7. Let us assume that we know 
the area of any section of this solid made by a plane perpendic- 
plar to the x-axis (Fig. 237). This area will depend on the posi- 
tion of the cutting plane; that is, it 
will be a function of x: 


Q =Q (x). 


We assume that Q (x) is a continuous 
function of x and calculate the volume 
of the body. 

. Draw the planes xa, x-x,,x-x,, 

"Ll Tu | 

These. planes will cut the solid up 
into layers (slices). 

In each subinterval x;., «x <x, we choose an arbitrary point 
€, and for each value i=1, 2, ..., n we construct a cylindrical 
body, the generatrix of which is parallel to the x-axis, while the 
directrix is the boundary of the slice of the solid T made by the 
plane x= &,. 

The volume of such an elementary cylinder, the area of the 
base of which is 


Q (5) (4;-, & 5, m x) 
and the altitude Ax; is 
Q (5;) Ax;. 


The volume of all the cylinders will! be 
Un = > Q(E,) Ax;. 


The limit of this sum as max Ax,-+0 (if it exists) is the 
volume of the given solid: 


o= lim > QE) Ax,;. 


max Ax; —0 f =] 


Since o, is obviously the integral sum of the continuous function 
Q(x) on the interval a «x «b, the indicated limit exists and is 
expressed by the definite integral 

b 


v= VQ (x) dx. (1) 


a 
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Example. Compute the volume of the triaxial ellipsoid (Fig. 238). 


Fig. 238. 


Solution. In a section of the ellipsoid made by a plane parallel to the 
yz-plane and at a distance x from it, we have the ellipse 


y? 2? x? 
LR oe 


or 


with semi-axes 


"n ET a 
b —b ji. c, =c y em. 


But the area of such an ellipse is zx5,c, (see Example 3, Sec. 1). 
` Therefore, 


Q(x)=nbe (1—77) 


The volume of the ellipsoid will be 


a 
x? x? 
vu=mbc | (1-4) dx — nbc 3 
-a 


In the particular case, a=b =c, the ellipsoid turns into a sphere, and we 
have 


a 


-a 


The Volume of a Solid of Revolution 455 


SEC. 5. THE VOLUME OF A SOLID OF REVOLUTION 


Let us consider a solid generated by the revolulion, about the 
x-axis, of a curvilinear trapezoid a4Bb bounded by the curve 
y=f(x), the x-axis, and the 
lines x —a, x-b. 

In this case, an arbitrary 
section of the solid made by a 
plane perpendicular to the x-axis 
is a circle of area 


Q = ny? =n [Ff (x)). 
Applying the general formula 
for computing volume [(1), Sec. 


4], we get a formula for calcu- 


lating the volume of a solid of -l A eh 
revolution: y z(e d 


| 


b 
v= n | y! da= n È (f COT dx. Fig. 239. 


a 


Example. Find the volume of a solid generated by the revolution of the 


catenary 
x x 
a = wee 
y -s(^ SEC ) 


about the x-axis on the interval from x 20 to x=b (Fig. 239). 
Solution. 


A 2x 2x " : 2b j 
na^|a @ a ^a na "a Ta natb 
9 


SEC. 6. THE SURFACE OF A SOLID OF REVOLUTION 


Suppose we have a surface generated by the revolution of a 
curve y=/(x) about the x-axis. Let us determine the area of this 
surface on the interval a «x «5. We take the function f(x) to 
be continuous and to have a continuous derivative at all ‘points 
of the interval [a, 5]. 

As in Sec. 3, draw the chords AM,, M,M,, ..., M 
lengths are denoted by As,, As,, ..., As, (Fig. 240). 


ne 12, Whose 
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Each chord of length As, (é=1, 2, ..., n) describes (in the 
process of revolution) a truncated cone whose surface AP, is 
AP, — 2n Hic EH As, 
But 


As, y anit i y 1e (24) Ax, 


M Applying Lagrange's theorem, we get 

m Ayi f(x)—f(xi-) p 

! [V mE o = F (5j) 

| 

t where 

d 

4 Xi- < E< Xi 

| 

hence, 

i pee 

i As,=V1-+f? (E) Ax, 

_ on Fier t Uiq/ 1 FEE 
Fig. 240. AP = 2n SLE] + FE) Ax, 


The surface described by the broken line will be equal to the sum 
p, =a Y fs VETE) Ax; 
or the sum = 
Pe «X [f (x;-,) + 
E FOGIVTTP E) Ax, (1) 


extended to all segments of the broken, line. The limit of this 
sum, when the largest segment As, approaches zero is called the 
area of the surface of revolution under consideration. The sum (1) 
is not the integral sum of the function 


2nf (x) V I+ f (x)? (2) 


because the term corresponding to the interval [x;.,, x;] involves 
several points of this interval x; ,, x; E, But it is possible to 
prove that the limit of the sum (1) is equal to the limit of the 
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integral sum of function (2); that is, 


P= limn Y Uf (x; )FGQIV IHF (E) Ax, = 


max Ax; > 0 fay 


= limx SAVIE EF Ax, 


max Ax, > 0 = 


OT 
b 


P= 2x | f(x) VIFF? Q0 dx. (3) 


Example. Determine the surface of a paraboloid generated by revolution 
about the x-axis of an arc of the parabola y?=2px, which pone ponds ta the 
variation of x from x=0 to x=a: 


os. r V 2p (2 yi oe 
y = V 2px, ETF Ylryi- RT m 

Solution. By (3) we have 

a a 

tu 9 —- ORNA 

9 
a Qn ania 
TN 


=a V5 Z rto a |= [(2a +p) —p'l. 


SEC. 7. COMPUTING WORK BY THE DEFINITE INTEGRAL 


Suppose a material point M is moving in a straight line Os 
under a force F, and the direction of the force coincides with 
the direction of motion. It is required to find the work performed 
by the force F as the point M is moved from s=a to s= 

1) If the force F is constant, then the work A is expressed 
by the product of the force F by the path length: 


A =F (b — a). 
2) Let us assume that the force F is constantly varying, depend- 
ing on the position of the material point; that is to say, it is 


a function F(s) continuous on the interval a «s «b. 
Divide the interval (a, b] into n arbitrary parts of length 


AS DS: xp IS 


then in each subinterval [s;_,, s;] choose an arbitrary point E, 
and replace the work of the force F(s) along the path 


1? 
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As, (i1, 2, ..., n) by the product 
F (&) As. 


This means that within the limits of each subinterval we take 
the force F to be constant: we assume F=F(&,).. Here, the ex- 
pression F(E)As; will yield an approximate value of the work 
done by the force F over the path As, (for a sufficiently small 
As;), and the sum 


A, = $ F (£j) As; 


will be the approximate expression of the work of the force F 

over the interval [a, b]. 
Obviously, A, is an integral sum of the funclion F=F(s) on 
ihe interval [a, b). The limit of this sum as max (As;) — 0 exists 
and expresses the work of the force F(s) 


Fl | over the path from sea to s— ^: 
2 $ b 
ES A = VF (s) ds. (1) 
S 
22 ° | 
rs 2 Example 1. The compression S of a helical 
Ble spring is proportional to the applied force F. 
S^ Compute the work of the force F when the spring 
i Z is compressed 5 cm, if a force of one kilogram 
: ^ is required to compress it 1 cm (Fig. 241). 
Fig. 241. Solution. It is given that the force F and the 


distance covered S are connected by the relation 
F=kS, where k is a constant. 
Let us express S in metres and F in kilograms. When S=0.01, F=1, 
that is, 12 £0.01, whence &:2100, F=100S. 
By (1) we have 


0,05 


S? | 0.05 
A= | 1008 dS — 10075 : 20.125 kilogram-metre. 
o 


Example 2. The force F with which an electric charge e, repulses another 
charge e, (of the same sign) at a distance of r is expressed by the formula 


F=k 2f: 
PM 
where & is a constant, 

Determine the work done by a force F in moving the charge e, from the 
point A, (at a distance of r, from e,) to A, (at a distance of r, from ej) 
assuming that e, is located at the point A, as the origin. 

Solution. From formula (1) we have 
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When r,— o», we have 


a 
Ree, ,. — Rege, 
A- oen crum " 
Fi 


When e,— 1, A-—kTL. This quantity is called the potential of the field 
generated by the charge e,. 


SEC. 8. COORDINATES OF THE CENTRE OF GRAVITY 
Suppose on an xy-plane we have a system of material points 
P, (X yu Pa (Xar puso Pa (ns Yn) 


with masses m,, m,, ..., Mp 

The products x,m; and y,m, are called the static moments of 
the mass m; relative to the y- and x-axes. 

We denote by x, and y, the coordinates of the centre of gravity 
of the given system. Then, as we know from mechanics, the 
coordinates of the centre of gravity of this material system will be 
defined by the formulas 


LXI b xm, p... x,m, — (01 P (1) 


m, mo... +My č i 
dm 


x, 


YM HYM t... HYnMn T=) di 
Jc = mtm. HM o 3 (2) 


We shall use these formulas in finding the centres of gravity of 
various figures and solids. 

1. The centre of gravity of a plane line. Let there be a curve 
AB given by the equation y=f(x), axcx<b, and let this curve 
be a material line. 

Let the linear density *) of such a material curve be y. Divide 
the line into n parts of length As,, As,, ..., As,. The masses of 
these parts will be equal to the product of their lengths by the 
(constant) density: Am; = yAs;. On each part of the arc As; take 


*) Linear density is the mass of unit length of a given line. We assume 
that the linear density is the same in all portions of the curve. 
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an arbitrary point with abscissa Ej. Now representing each part 
of the arc As; by the material point p;[E;, F(E] with mass yAs; 
and substituting into (1) and (2) & in place of x;, f(E;) in place 
of y;, and the value of yAs; (the mass of the parts As,) in place 
of m;, we obtain approximate formulas for determining the centre 
of gravity of the arc: 


"T 2 f (Ej) VAS; . 


X, fd ba EiY AS; 
2 YASi 


YAS ' ^ 
If the function y=f(x) is continuous and has a continuous deri- 
vative, the sums in the numerator and denominator of each frac- 
tion have, as max As; — 0, limits equal to the limits of the cor- 
responding integral sums. Thus, the coordinates of the centre of 
gravity of the arc are expressed by definite integrals: 


Pd 


b b 
| x ds E V1-cF5 dx 
xmi SEIS, q^ 


b 
{as | VIF max 


a 


b b 
| Rods Èf VIFF O dx 
v= =. (2^) 
; { ds | y 1+f'? (x) dx 
= a 


a 


Example t. Find the coordinates of the centre of gravity of the semi-circle 
x*4- y?— a? situated above the x-axis. 
Solution. Determine the abscissa of the centre of gravity: 


—— 2.— 2 — DT — = Be pod = — », 
y= Va x dx V ex’ as diz dx dx Vee ax 


xdx 
a y 
2 2 
a*—x 2 dis 
a iV e—¥ li, o 
467g DS À ta 
dx aarcsin—| | 
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Find the ordinate of the centre of gravity: 


2. The centre of gravity of a plane figure. Given a figure 
bounded by the lines y =f, (x), y=f, (x), xa, x—b, which is a 
material plane figure. We con- 
sider constant the surface JY 
density, which is the mass 
of unit area of the surface. 
It is equal to 6 for all parts 
of the figure. 

Divide the given figure by. 
straight lines x—a, x—x,, 

m x, = b into strips of width 

| Ax, ..-, Ax,. The mass 
of each strip will be equal to 
the product of its area by 
the density 6. If each strip 
is replaced by a rectangle Fig. 242. 
(Fig. 242) with base Ax, 


and altitude f, (5) —f, (Ej), where Bp TA, then the mass of a 
strip will be approximately equal to 


Am; = ô [F, (E) — F, (5;))] Ax; (i— 1, 2, s.. 1). 


The centre of gravity of this strip will be situated approxi- 
mately in the centre of the appropriate rectangle: 


X-a &, X, 5 Xp 


(x;) = Es (yj), = LELEN (D 


Now replacing each strip by a material point, whose mass is 
equal to the mass of the corresponding strip and is concentrated 
at the centre of gravily of this strip, we find the approximate 
value of. ihe coordinates of the centre of gravity of the entire 
figure [by formulas (1) and (2)]: 
wy 2280 [fe ED — h (Ed) Ax, 

S IU. G2 —f, Gl Ax; 


7 2. Us (5) +f; (5)] ô [fz (£) — f, (Ep Axi 
YN Othe Ay 


Xe 
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Passing to the limit as Ax; — 0, we obtain the exact coordinates 
o! the centre of gravity of the given figure: 


b b 
l 
| x lf, (x) — f, (x)] dx DI | Us (4) + f 091 TA (4) — f, (x)] dx 
x = 5; 9, = 


~~ b 
| AE Q1 dx 


i 
{ [fa (x) — f, (x)] dx 


. These formulas hold for any homo- 
geneous (that is, having constant 
density at all points) plane figure. 
We see that the coordinates of the 
centre of gravity are independent of 
the density 6 of the figure (6 was 
cancelled out in the process of com- 
putation). 


Example 2. Determine the coordinates of 
| the centre of gravity of a segment of the 
Fig. 243. parabola y*--ax cut off by the straight line 
i ~= x=a (Fig. 243) — 
Solution. In this case f, (x)= y ax, hox—-— V ax; therefore 


: = 
2 | V ax dx 
0 
y,=0 (since the segment is symmetric about the x-axis). 


Exercises on Chapter XII 
Computing Areas 


i. Find the area of afigure bounded by the lines y*—9x, y =3x. Ans. > " 


2. Find the area of a figure bounded by the equilateral hyperbola xy —a?*, 
ihe x-axis, and the lines x 2a, b —2a. Ans. a? ìn 2. 
3. Find the area of a figure lying between the curve y--4—x? and the 


x-axis. Ans. 10 ; 


2 2 2 
4. Find the area of a figure bounded by the hypocycloid x? py? =a, 


3 
Ans. $8 na’, 
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x x 
.9. Find the area of a figure bounded by the catenary y (eve ý ) 
2 
the x-axis, the y-axis, and the straight line x--a. Ans. 5; (€— 1). 


6. Find the area of a figure bounded by the curve y =x}, the line y —8, 


and the y-axis. Ans. 12. 
7. Find the area of a region bounded by one loop of a sine wave and the 


x-axis. Ans. 2. 
8. Find the area. of a region lying between the parabolas y*— 2px, x?= 2py. 


Ans. ze 
9. Find the total area of a figure bounded by the lines y —x*, y —2x, y =x. 
Ans. T 


10. Find the area of a region bounded by one arc of the cycloid x =a (t — sin f£), 
y =a (l —cos t) and the x-axis. Ans. 3na?. 
11. Find the area of a figure bounded by the hypocycloid x =a cos? t, y= 


=d sin? t. Ans. 8 a’, 


12. Find the area of the entire region bounded by the lemniscate 0? =a? cos 29. 


Ans. a’, 
13. Compute the area of a region bounded by one loop of the curve o =a sin 29. 


Ans. E na’. | 
14. Compute the total area of a region bounded by the cardioid o =a (1— cos 9). 
Ans. ? na?, | | 


2 
15. Find the area of the region bounded by the curve. ọ =a cos q. Ans. ae . 


16. Find the area of the region bounded by the curve ọ=a cos 29. 


2 
Ans. > i 


17. Find the area of the region bounded by the curve ọ = cos 3g. Ans. = : 


; 2 
18. Find the area of the region bounded by the curve Q =a cos 4q. Ans. > : 


Computing Volumes 
2 2 
19. The ellipse tthe! revolves about the x-axis. Find the volume of 
a* b 


the solid of revolution. Ans. 4 nab. . 
20. The segment of a line connecting the origin with the point (a, 5) re- 
volves about the y-axis. Find the volume of the resulting cone. Ans. - natb ! 


21. Find the volume of a torus generated by the revolution of the circle 
x? 4-(y — b)! —a* about the x-axis (it is assumed that 5b =a). Ans. 2zt'a*b. 

92. The area bounded by the lines jy*—2px and x=a revolves about the 
x-axis. Find the volume of the solid of revolution. Ans. npa’. 
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2 2 2 
23. A figure bounded by the hypocycloid x 3 +y’ =a? is revol ved about 
the x-axis. Find the volume of the solid of revolution. Ans. ae 


24. A figure bounded by one arc of the sine wave y —sinx and the x-axis 
is revolved about the x-axis, Find the volume of the solid of revolution. 


A 
Ans. 9 * 

25. A figure bounded by the parabola y?—4x and the straight line x—4is 
revolved about the x-axis. Find the volume of the solid of revolution. Ans. 327. 


26. A figure bounded by the curve y = xe* and the straight lines y —0, x — 1, 
is dde about the x-axis. Find the volume of the solid of revolution. 


Ans. = (e* — 1). 


27. A figure bounded by one arc of a cycloid x =a (t — sin f), y =a (1 — cos t) 
and the x-axis is revol ved about the x-axis. Find the volume of the solid of 
revolution. Ans. 5z?a? 

28. The same figure as in Problem 27 is revolved about the y-axis. Find 
the volume of the solid of revolution. Ans. 63a? 

29. The same figure as in Problem 27 is revolved about a straight line that 
is parallel to the y- axis and passes ee the vertex of a cycloid. Find the 


a? 
volume of the solid of revolution. Ans. T (9? — 16). 


30. The same figure as in Problem 27 is revolved about a straight line pa- 
rallel to the.x-axis and passing through the vertex of a cycloid. Find the vo- 
lume of the solid of revolution. Ans. 7a". 

3l. A cylinder of radius R is cut by a plane that passes through the dia- 
meter of the base at an.angle a to the plane of the base. Find the volume of 


the cut-off part. Ans. GR tan a. 
:32. Find a yi gs that is common to the two cylinders: x?+ y? — R*, y* 4- 
--2!--R*. Ans. = Re. 


33. The saint of intersection of the diagonals of asquareis in motion along 
the diameter of a circle of radius a; the plane in which the square lies remains 
perpendicular to the plane of the circle, while the two opposite vertices of the 
square move along the circle (as a result of this motion, the size of the 
square obviously varies). Find the volume of the solid generated by this moving 


square. Ans. $a. 

34. „Compute the volume of a segment cut off the elliptical paraboloid 
y" ee =x by the plane x—a. Ans. na? V pq. 
Y 35. Compute the volume of a solid bounded by the planes z=0, y=0, the 


a? V 2a 


7Y p 
(in first octant). 
36. A straight line ij in motion parallel to the yz-plane, and cuts two el-. 


cylindrical surfaces x?^—2py and 2?—2px and the plane «=a. Ans. 


2 2 
lipses AL t wae Ed lying in the xy- and xz-planes. Compute the vo- 


lume of the solid thus obtained. Ans. 3 abc. 
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Computing Arc Lengths 


E 2 2 
37. Find the entire length of the hypocycloid x? +y’ =a? . Ans. 6a. 
38, Compute the arc length of the semicubical parabola a 2— x? from the 
origin to a point with abscissa x —5a. Ans. 7 2 
x x 


39. Find the are length of the catenary y=5 e °) from the origin 
"i 
to the point (x, y). Ans. Set —e ?)— V pæ. 
40. Find the length of one arc of the cycloid x =a (t —sin t), y =a (1—cos t). 


s. 8a. 

4l. Find the length oi an B of the curve y —1nx within the limits from 
x=V 3to x=ẸŅ 8. Ans. Ic jin. 

42. Find the arc length of a E y =l — In cosx between x-0 and 

T 3m 

x=. Ans. In tan F 

43. Find the length of the spiral of Archimedes 9 —aq from the pole tothe 
end of the first loop. Ans. za Vic anit ln (20 + V 1+ 4x). 


44, Find the length of the spiral =e? from the pole to the point (o, q). 
Ans. Pita ga =£ VI Fa? +a’. 


3 
45. Find the entire length of the curve ọ =q sin 2. Ans. > na. 
2 | 2 
46. Find the length of the evolute of the ellipse xm cos? £, y —7 sint. 
_ fy? 
Ans. 4 (ai— 6°) 
ab 


47. Find the length of the cardioid ọ =a (1 4- cos ọ). Ans. 8a. 
48. Find the arc length of the involute of the circle x =a (cos p+ 9 sin 9); 


y —a(sinp—qcosq) fron p=0 to p=q,.. Ans. lagi. 


Computing Areas of Surfaces of Solids of Revolution 
49. Find the area of a surface obtained by revolving the parabola y?=4ax 
about the x-axis, from the origin Oto a point with abscissa x =3a. Ans. 3. 


50. Find the area of the surface of a cone generated by the revolution of 
a line segment y —2x from x—0 to x —2: a) About the x-axis. Ans: 8x V 5. 
b) About the y-axis. Ans. 4n V 5. 

ol. Find the. area of the surface of a torus obtained by revolving the circle 
x? -+ (y —b)*—a* about the x-axis. Ans. 4x?ab. 

52. Find the area of the surface of a solid generated by revolving a car- 
dioid about the x-axis. The cardioid is represented by the parametric equations 


x—a(2cosq—cos 29), y =a (2 sin p — sin 2p). Ans. 1 nat 
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ary 


93. Find the area of the surface of a solid obtained by revolving one arc 
64a? . 


of a cycloid x=a(t—sia t), y =a (1— cos t) about the x-axis. Ans. 


54. The arc of a cycloid (see Problem 53) is revolved about the y-axis. 
Find the surface of the solid of revolution. Ans. 16m*a?. 

59. The arc of a cycloid (see Problem 53) is revolved about a tangent line 
parallel to the x-axis and passing through the vertex. Find the suríace of the 


solid of revolution. Ans. 32na! : j 


56. The astroid x =a sin? t, y =a cos? t is revolved about the x-axis. Find 


2 
the surface of the solid of revolution. Ans. 125a 


57. An arc of the sine wave y=sinx from x —Otox-2z is revolved about 
the x-axis. Find the surface of the solid of revolution. Ans. 4r [V 2+ 
-In(Y340D. | , 

58. The ellipse —+ AE (a > b) revolves about the x-axis. Find the sur- 


b? 
PIENE 
face of the solid of revolution. Ans. 2n b? 4- 2nab ELE, where e — Fem 
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99. Find the centre. of graviy of the area of one-fourth of the ellipse. 

x p 1 (x20, yO). Ans. 2s 

60. Find the centre of gravity of the area of a figure bounded by the pa- 
rabola x?-- 4y— 16— 0 and the x-axis. Ans. | 0, 5 

6l. Find the centre of gravity of the volume of a hemisphere. Ans. On the 
axis of symmetry at a distance gk from the base. 

62. Find the centre of gravity of the: surface of a hemisphere. Ans. On the 
axis of symmetry at a distance 5 from the base. 


63. Find the centre of gravity of the surface of a circular right cone, the 
radius of the base of which is R and the altitude h. Ans. On the axis of sym- 


metry at a distance i from the base. 
64. The figure is bounded by the lines y — sin x (0 x « a), y=0. Find the 


centre of gravity of the area of this figure. Ans. > : 2 

65. Find the centre of gravity of the area of a figure bounded by tbe pa- 
rabolas y*= 20x, x*-20y. Ans. (9, 9). 

66. Find the centre of gravity of the area of a circular sector with central 
angle 2a and radius R. Ans. On the axis of symmetry at a distance = R SES 
from the vertex of the sector. 

67. Find the pressure of water on a rectangle vertically submerged In wa- 
ter at a depth of 5m if it is known that the base is 8 metres, the altitude, 12 
"ps and the upper base is parallel to the free surface of the water. Ans. 
1,056 m. 
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:68. The upper edge of a canal lock has the shape of a square with a side 
of 8:m lying on the surface of the water. Determine the pressure on each part 
of the lock formed by dividing the square by one of its diagonals. 
Ans. 85,333.33 kg, 170,666.67 kg. 

69. Compute the work needed to pump the water out of a hemispherical 
vessel of diameter 20 metres. Ans. 2.5x10°x kg-m. 

70. A body is in rectilinear motion according to the law x=ct’, where x 
is the path length traversed in time ¢, c=const. The resistance of the medium 
is proportional to the square of the velocity, and k is the constant of pro- 
portionality. Find the work done by the resistance when the body moves from 


9 Tas 
fhe point x 20 to the point x—a. Ans. 2 k y ca". 


71. Compute the work that has to be done in order to pump a liquid of 
density y from a reservoir having tbe shape of a cone with vertex pointing 
nyR*H? 

l | 12 

72. A wooden float of cylindrical shape whose basal area S — 4,000 cm? and 
altitude H — 50 cm is floating on the surface of the water. What work must be 
done to pul! the float up to the surface? (Specific weight of the wood, 0.8). 

2 à 


2 
Ans. YAS 32 kg-m. 
73. Compute the force with which the water presses on a dam in the form 
of an equilateral trapezoid (upper base a=6.4 m, lower base 6=4.2 m, alti- 
tude H —3 m). Ans. 22.2 m. 


74. Find the axial component P kg of total pressure of steam on the sphe- 
rical bottom of a boiler. The diameter of the cylindrical part of the boiler is 


2 
D mm, the pressure of the steam in the boiler is P kg/em*. Ans. pate 


75. The end of a vertical shaft of radius r is supported by a flat thrust 
anie The weight of the shaft P is distributed equally over the entire sur- 
face of the support. Compute the total work of friction in one rotation ofthe 


down, aititude H and radius of base R. Ans. 


shaft. Coefficient of friction is p. Ans. $ mar. 


76. A vertical shaft ends in a thrust pin having the shape of a truncated 
cone. The specific pressure of the pin on the thrust bearing is constant and 
equal to P. The upper diameter of the pin is D, the lower, d, and the angle 
at the vertex of the cone is 2a. Coefficient of friction, p. : 

Pu 


A 3. 43 
ono e 


77. A prismatic rod of length / is slowly extended by a force increasing 
from 0 to P so that at each moment the tensile force is balanced by the for- 
ces of elasticity of the rod. Compute the work A expended by the force on 
lension, assuming that the tension occurred within the limits of elasticity. F 
is the cross-sectional area of thé rod, and E is the modulus of elasticity of 
ihe material. 

Hint. If x is the elongation of the rod and f is the corresponding force, 


` Find the work of friction for one rotation of the shaft. Ans. 


then j= r. The elongation due to the force P is equa! to Al— gp: 


Ans, A= 


1 78. A prismatic beam is suspended vertically and a tensile force P is ap- 
plied to its lower end. Compute the elongation of the beam due to the force 
of its weight and to the force P if it is given that the original length. of the 
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beam is 4, the cross-sectional area F, the weight Q and the modulus of elas- 


licity of the material E. Ans. Py ran TM. 

79. Determine the time during which a liquid will flow out of a prismatic 
vessel filled to a height H. The cross-sectional area of the vessel is F. the 
area of the aperture f, the exit velocity is computed from the formula 
U—pu V 2gh, where p is the coefficient of viscosity, g is the acceleration of 
gravity, and A is the distance from the aperture to the level of the liquid. 
Ans. T= 2FH _ _E 2H . 

uf V gH Bf g | 

80. Determine the discharge Q (the quantity of water flowing in unit time) 

over a spillway of rectangular cross section. Height of spillway, k, width, b. 


Ans. Q -4 ubh V 2gh. 


81. Determine the discharge of water Q flowing from a side rectangular 
opening of height a and width b, if the height of the open surface of the wa- 
3 


_ 3 
ter above the lower side of the opening is 7. Ans. Q - 2m V% [H ? —(H —a)? ]. 


CHAPTER XIII 


DIFFERENTIAL EQUATIONS 


SEC. 1. STATEMENT OF THE PROBLEM. 
THE EQUATION OF MOTION OF A BODY WITH RESISTANC 
OF THE MEDIUM PROPORTIONAL TO THE VELOCITY. THE EQUATION 
OF A CATENARY 


Let the function y=f(x) reflect the quantitative aspect of some 
phenomenon. Frequently, it is not possible to establish directly the | 
type of dependence of .y on x, but it is possible to give the rela- 
tionship between x and y and the derivatives of y with respect to 
x: y, y',..., y". That is, we are able to write a differential 
equation. — B 

From the relationship established between the variable x, y and 
the derivatives it is required to determine the direct dependence 
of y on x; that is, to find y =f (x) or, as we say, to integrate the 
differential equation. 


Let us consider two examples. ; 

Example 1. A body of mass m is dropped from some height. It is required 
to establish that law according to which the velocity v will vary as the body 
falls, if, in addition to the force of gravity, the body is acted upon by the 
decelerating force of the air, which is proportional to the velocity (with con- 
stant of proportionality &); in other words, it is required to find v =f (t). 

Solution. By Newton's second law 


where É is the acceleration of a moving body (the derivative of the velocity 


with respect to time) and F is the force acting on the body in the direction 

of motion. This force is the resultant of two forces: the force of 

gravity mg and the force of air resistance, — kv, which has the minus sign be- 

cause it is in the opposite direction to that of the velocity. And so we have 
du 


m— = mg — ko. (1) 


This relation connects the unknown function v and its derivative F, which 
is a differential equation in the unknown function v. To solve the differen- 
tial equation is to find a function v =f (t) such that identically satisfies the 
given differential equation. There is an infinitude of such functions. The stu- 
dent can easily verify that any function of the form 

k 


ET 
v= Ce ” +3 (2) 


satisfies equation (1) no matter what the constant C is. Which one of these 
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functions yields the sought-for dependence of v on £? To find it we take ad- 
vantage of a supplementary condition: when the body was dropped it was im- 
parted an initial velocity v, (which may be zero as a particular case); we as- 
sume this initial velocity to be known. But then the unknown function v= 
—f(t) must be such that when ¢=0 (when motion begins) the condition v = v, 
is fulfilled. Substituting £ —0, v— v, into formula (2), we find 


m 
v, C4 78, 
whence 
C—w— E. 
Thus, the constant C is found, and the sought-for dependence of v on f is 
kt 
T cin 


It will be noted that if &—0 (the air resistance is absent or negligibly 
small so that we can disregard it), then we have a result familiar from phys- 


ics *); 
U — Uu, - gt. (2^) 


This function satisfies the differential equation 
(1) and the initial condition: v =v, when £—90. 

Example 2. A flexible homogeneous thread 
is suspended at two ends. Find the equation 
of the curve that it describes under ts- own 
weight (it is the same as any suspended ropes, 
wires, chains, asfor instance the caterpillar track 
of a tank between two supporting rollers). 

Solution, Let M,(0, b) be the lowest point 
of the thread, and M an arbitrary point 
(Fig. 244). Let us consider a part of the thread, 
M,M. This part is in equilibrium, the resultant 
of three forces: 

1) the tension T, acting along the tangent 
to the point M and forming an angle @ with 
the x-axis; 

2) the tension H at M, acting horizontally; 

3) the weight of the thread ys acting vertically downwards, where sis the 
length of the arc M,M and y is the linear specific weight of the thread. 

Breaking up the tension 7 into horizontal and vertical components, we get 
the equations of equilibrium: 


Tcosp-H, Tsing=ys. 


Fig. 244. 


Dividing the terms of the second equation by the corresponding terms of 
the first, we obtain 


tan p= M s. (3) 


*) Formula (2 can be obtained from (2’) by passing to the limit: 
ki 
lim |( v.32) "ET —Ug. 
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Now suppese that the equation of the sought-for curve may be written in 
the form y=f(x). Here, f(x) is an unknown function that has to be found. 
lt will be noted that - 


Hence, 
dy 


where the ratio at is denoted in terms of a. 
Differentiate both sides of (4) with respect to x: 


d'y 1 ds 
dx* a dx (5) 
But, as we know (see Sec. 1, Ch. VT), 


ds — dy \? 
f= 1+ (a 

Substituting this expression into equation (5), we get the differential equa- 
tion of the sought-for curve: 


liL 1+(54). (6) 


dx? a dx 


It expresses the relationship between the first and second derivatives of 
the unknown function y. 

Without going into the methods of solving the equations, we shall note 
that any function of the form 


i-e CÓ +e vere) tC, (7) 


satisfies equation (6) for any values that C, and C, may assume. This is evi- 
dent if we put the first and second derivatives of the given function into (6). 
We shall indicate, without proof, that these functions (for different C, and 
C,) exhaust all possible solutions of equation (6). 

The graphs of al] the functions thus obtained are called catenaries. 

Let us now find out how one should choose the constants C, and C, so as 
to obtain precisely that catenary whose lowest point M has coordinates (0, 5). 
Since for x 20 the point of the catenary occupies the lowest possible position, 
the tangent here is horizontal, =O. Also, it is given that at this point 
the ordinate is equal to b, y — b. 


From (7) we find " d 
c/o Coy (ate) 


y =o 


Putting x=0 here, we obtain 0— 5 (^ - 6705. Hence, C, — 0. 
If the ordinate of the point M, is b, then y— 5 when x=0. 
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From equation (7) we get b= DC, assuming x=0 and C,=0, 
whence C,—b —a. Finally we have 


2E. SEA 
A +-¢ era 


Equation (7) assumes a very simple form if we take the ordinate-of M, equal 
to a. Then the equation of the catenary is 


SEC. 2. DEFINITIONS 


Definition 1. A differential equation is one which connects an 
independent variable, x, an unknown function, y=f(x), and its 
derivatives y', Y”, ..., y". 

Symbolically, a differential equation may be written as follows: 


F(x, y, y, y, wae, ym) 0 
Or 
dy dy d'yYN — 
F (x, y, dx’ dx? eesy a5 ) =0. 

If the sought-for function y=f(x) is a function of one indepen- 
dent variable, then the differential equation is called ordinary. 
We shall deal only with ordinary differential equations *). 

Definition 2. The order of a differential equation is the order 
of the highest derivative which appears. 

For example, the equation 


y'—2xy* 4-5 «0 
is an equation of the first order. 


*) In addition to ordinary differential equations, mathematical analysis 
makes a study of partial differential equations. Such an equation is a relation 
between an unknown function z (that is, dependent upon two or several 
variables x, y, .. .), these variables x, y, .. ., and the partial derivatives 
dz dz dz 
Ox’ Oy’ dx?’ 

The following is an example of a partial differential equation with 
unknown function z (x, y): à 5 

; z 2 


ka Sy. 
Ox Oy 
It is easy to verify that this equation is satisfied by the function 2 = xy? 
(and also by a multitude of other functions). 
In this course we shall have little to do with partial differential equa- 
tions. 


of z: etc. 
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The equation 
y" + ky’ — by—sinx=0 


is an equation of the second order, etc. 

The equation considered in the preceding section in Example 1 
is an equation of the first order, in Example 2, one of the second 
order. 

Definition 3. The solution or integral of a differential equation 
is any function y=f (x), which, when put into the equation, 
converts it into an identity. 


Example 1. Let there be an equation 
d*y 
ee 
The functions y=sinx, y=2cos x, y=3sinx—cosx and, in general, 
functions of the form y=C,sinx, y= C,cos x ' 


Or 
y =C, sin x + C, cos x 


are solutions of the given equation for any choice of constants C, and C,; 
this is evident if we put these functions into the equation. 
Example 2. Let us consider the equation 


y'x —xt!— y — Q0. 
lts solutions are all functions of the form 
y —x*--Cx 
Mir: C is any constant. Indeed, differentiating the functions y=x?+ Cx, we 


fin 
y' =2x+C. 


Putting the expressions for y and y’ into the initial equation, we get the 
identity 
(2x +C) x — x* —x* — Cx = 0. 


Each of the equations considered in Examples 1 and 2 has an infinitude of 
solutions. 


SEC. 3. FIRST-ORDER DIFFERENTIAL EQUATIONS 
(GENERAL NOTIONS) 


1. A differential equation of the first order is of the form 


F (x, y, y)-—90. (1) 
If this equation can be solved. for y’, it can be written in the form 
y =f (x, y). (1^) 


In this case we say that the differential equation is solved for 
the derivative. For such an equation the following theorem, called 
the theorem of the unique existence of solution of a differential 
equation, holds. 
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Theorem. /f in the equation 
y =f (x, y) 
the function f(x, y) and its partial derivative with respect to y, 


ð ; ; : ; rcs 
A are continuous in some region D .in an xy-plane containing 


some point (x,, y,), then there is only one solution to this equation 
y= (x) which stis tes the condition x —x,, y=y,. The geometric 
meaning of the theorem consists in the fact that there exists one 
and only one such function y=q(x), the graph of which passes 
through the point (x, y,). 

It follows from this theorem that equation (1^) has an infinitude 
of various solutions [for example, a solution the graph of which 
passes through (x,, y,); another solution whose graph passes through 
(x,, Y,);_ through "» y,), etc., provided these points lie in the 
region D]. 

The condition that for x —x, the function y must be equal to 
the given number y, is called the initial condition. It is frequent- 
ly written in the form 


y| x=x 77 Yy 


Definition 1. The general solution of a first-order differential 
equation is the function 


y= (x, C), (2) 


which depends on a single arbitrary constant C and satisfies the 
following conditions: 

a) It satisfies the differential equation for any specific value of 
the constant C. 

b) No matter what the initial condition y =y, for x —x,, that 
is, (Y)x=x =Y, it is possible to find a value C=C, such that the 
function y—qQ(x, C,) satisfies the given initial condition. It is 
assumed bere that the values x, and y, belong to the range of 
the variables x and y in which the conditions of the existence 
theorem are fulfilled. 

2. In searching for the general solution of a diflerential equation 
we often arrive at a relation like 


D(x, Y, C)=0, (2°) 


which is not solved for y. Solving this relationship for y, we get 
the general solution. However, it is not always possible fo express 
. y from (2’) in terms of elementary functions; in such cases, the 
general solution is left in implicit form. ELT 
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An equation of the form ® (x, y, C)=0 which gives an implicit 
general solution is called the complete integral of the differential 
equation. 

Definition 2. A particular solution is any function y=@(x, C,) 
which is obtained from the general solution y= q(x, C), if in the 
latter we assign to the arbitrary constant C a definite value C=C, 
In this case, the relation M(x, y, C,)=0 is called a particular 
integral of the equation. g 


Example 1. For the first-order equation 
dy — Uy 


dx x 
the general solution is a family of functions y=, this can be checked by 
simple substitution in the equation. l 
Let us find a particular solution that will satisfy the following initial 
condition: y,=1 when x,—2. 


Putting these values into the formula y=<, we have I=% or C=2. 


Consequently, the function y== will be the particular solution we are 


seeking. 


From the geometric viewpoint, the general solution (complete 
integral) is a family of curves in a coordinate plane, which family 
depends on a single arbitrary constant C (or, as it is common 
to say, on a single parameter C). These curves are called integral 
curves of the given differential equation. A particular integral is 
associated with one curve of this family that passes through a 
certain given point of the plane. 

Thus, in the latter example, the complete integral is geometri- 


cally depicted by a family of hyperbolas y- c while the partic- 


ular integral defined by the given initial condition is depicted 
by one of these hyperbolas passing through the point M,(2, 1). 
Fig. 245 shows the curves of a family that are associated with 


certain values of the parameter: C=}, C=1,C=2, C =— l, etc. 


To make the reasoning still more pictorial, we shall from now 
on say that not only the function y=@(x, C,) that satisfies the 
equation but also the associated integral curve is a solution of 
the equation. We will therefore speak of a solution passing through 
the point (x, y,). 

Note. The equation Yot has no solution passing through a 
point lying on the y-axis (see Fig. 245). This is because the right 
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side of the equation is not defined for x —0 and consequently is 
not continuous. 

To solve (or as we frequently say, to integrate) a differential 
equation means: 

a) to find its general solution or complete integral (if the initial 
conditions are not specified) or 

b) to find a particular solution of the equation that will satisfy 
the given initial conditions (if such exist). 


i] 
| 
~ 


C-f 
cfs [^ 


Fig. 245. 


3. Let us now give a geometric interpretation of a first-order 
diferential equation. 
Let there be a differential equation solved for the derivative 


d fos y) (1^) 


and let y =ọ (x, C) be the general solution of this equation. This 
general solution determines the family of integral curves in the 
xy-plane. | 

For each point M with coordinates x and y, equation (1^) 


defines the value of the derivative a or the slope of the tangent 


line to the integral curve passing through this point. Thus, the 
differential equation (1’) yields a collection of directions or, as 
we say, defines a direction-field in the xy-plane. 
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=a 


Consequently, from the geometric point of view, the problem 
of integrating a differential equation consists in finding the curves, 


— EN NEED o NND o NP — Ge ~~ A 


Fig. 246. 


the direction of the tangents to which coincides with the direc- 
tion-field at the corresponding points. 

Fig. 246 shows a direction-field defined by the diflerential 
equation 


ss ENIMS A 
x 


4. Let us now consider the following problem. 
Let there be given a family of functions that depends on a 
single parameter C: 


Y= (x, C), (2) 


and let only one curve of this family pass through each point of 
the plane (or some region in the plane). 

For what differential equation is this family of functions a com- 
plete integral? 

From relation (2), diflerentiating with respect to x, we find 


4-9. (x, C). (3) 


Since only one curve of the family passes through each. point 
of the plane, for every number pair x and y, a unique value of 
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C is determined from equation (2). Putting this value of C "into 
(3) we find a as a function of x and y. This is what yields 


y the diferential equation that is 
c m satisfied by every function of 
C-13 | C=% | Hence, to establish a rela- 
tionship between .x, y and SL , 
C= | C=% that is, to write a differential 
| equation whose general solution 
C=0 (complete integral) is given by 
0 * formula (2), one has to eli- 
minate C from relations (2) 
and (3). 
Cat fe paf 
i Example 2. Find the differential 
Fig. 247. equation of the family of paranoia 
y = Cx? (Fig. 247). : 
Differentiating the equation of the family with respect to x, we get 
dy 
"ri 
y 


Putting the value C=- into this equation from the equation of the fam- 
ily, we obtain a differentiable equation of the given family: 


This differential equation is meaningful when x0; which is to say, in 
any region not containing points on the y-axis. 


SEC. 4. EQUATIONS WITH SEPARATED AND SEPARABLE 
VARIABLES. THE PROBLEM OF THE DISINTEGRATION 
OF RADIUM 


Let us consider a differential equation of the form 
e ef (x) f, (Y), (1) 


where the right side is a product of a function dependent only 
on x by a'function dependent only on y. We transform it in the 
following manner — that f, (y) 0: 


L0 T" dy =f, (x) dx. (1^) 


Considering y a known function of x, equation (1’) may be regard- 
ed as the equality of two differentials, while- the : indefinite 
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integrals of them will differ by a constant term. Integrating the 
left side with respect to y and the right with respect to x, we 
obtain © 


Izd M. (x) dx +C 


which is a relationship connecting 
the solution of y, the independent 
variable x, and an arbitrary con- 
stant C; we have thus obtained a 
general solution (complete integral) 
of equation (1). 

1, A type (1) differential equa- 
n 


tio 
M (x) dx -- N (y) dy=0 (2) Fig. 248. 


is called an equation with separated variables. From what has 
been proved, its complete integral is i 


M (x) dx +- È N (y)dy =C. 


-Example 1. Given an equation with separated variables: 
x dx ]-y dy =Q. 

Integrating we get the general solution: 
x? 2 
att 

Since the left side of this equation is nonnegative, the right side is also 

nonnegative. Denoting 2C, in terms of C?, we will have 

x24 y! — C?. 
This is the equation of a family of concentric circles (Fig. 248) with 

centre at the coordinate origin and radius C 


2. An equation of the form 
M, (x) N, (y) dx + M, (x) N, (y) dy =0 (3) 


is called an equation with variables separable. It can be reduced *) 
to an equation with separated variables by dividing both sides 
by the expression N, (y) M, (x): 


M, (x) N, (y) 


M, (x) Na (9) 
N, (y) M, (x) 


ax A No) Ms GO 


dy —0 


‘*) These transformations are permissible only in a region where neither 
N, (y) nor M, (x) vanish. 
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Or 
M, (x) 
M, (x) 


ihat is, to an equation like (2). 


Na (Y) 4, — 
Pr ad m 


Example 2. Given the equation 


dy dx 
y «x 
Integrating we find 
dy — dx 
eae eae 


which is 


Injy|=—Injx|-+in|C{*) or Inl] in |£] 


whence we get the general solution: y- c. i 
Example 3. Given the equation 


(1 x) y dx -- (1 — y) x dy=0. 
Separating variables we have 


1— C MES 
CES da pL dy nt; (x 1] 1x3 (71) dy=0, 


Integrating we obtain 
In |x |3- x -- In j| —g2C or In |xy|43-x —9— C. 


This relation is the complete integral of the given equation. 

Example 4. It is known that the decay rate of radium is directly propor- 
tional to its quantity at each given instant. Find the law of variation of a 
mass of radium as a function of the time if at t=0 the mass of radium was m,. 

The decay rate is determined as follows. Let there be mass m at time f, 
and mass m+Am at time ¢+ Af. During At mass Am decays. The ratio 


AE is the mean rate of decay. The limit of this ratio as At — 0 


; Am dm 
lim —=>—— 
At 9 AC dt 


is the rate of decay of radium at time t. 
*) Having in view subsequent transformations, we denoted the arbitrary 


constant by !In| Cl, which is permissible since In|]C| (when C; 0) can take 
on any value from — œ to +0. 
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It is given that 
dm — 
ut 
where k is the constant of proportionality (k>0). We use the minus sign 
ae the mass of radium diminishes with increasing time and therefore 
y^ : 
<0. m 


dt 
Equation (4) is an equation with 
variables separable. Let us separate the 


— km, (4) 


variables: 
an = — k dt. Mo 
Solving the equation we obtain 0 t 
In m -— kt—InC Fig. 249. 
whence 
In = — ki, 
m-Ce ^. (5) 

Since at £ —0 the mass of. radium was Mo, C must satisfy the relationship 

| m,— Ce —C. 


Putting the value of C into (5) we get the desired mass of radium as a fun- 
ction of time (Fig. 249): 
-kt 
m = Moe . (6) 


The constant k is determined from observations as follows. During time f, 
let a% of the original mass of radium decay. Hence, the following relatione 


ship is fulfilled: 
| — ioo) my, = Moe 


— kt,— In i 
0 ( 100, 


l a 
am In (1— 155) : 
Thus, it has been determined that for radium k= 0.00044 (the unit of 


measure of time is one year). 
Putting this value of k into (6) we obtain 


—0.00044£ 


-kto 


whence 


or 


m = Moe 
=~ Let us find the radium half-life, which is the interval of time during 
which half of the original mass of radium decays. Putting D in place of m 


2 


`~ 


16 3388 
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in the latter formula, we get an equation for determining the half-life Ti 


Ing -- 0,000447 
"9 Me 
whence 
—0.00044T = — 1n2 
Or 
In 2 
T= 0.00044 =] ,590 years. 


Note. The simplest differential equation with separated variables is one 
of the form 
d 


a2 =f (x) or dy=f (x) dx. 


Its complete integral is of the form 
y= \ f(x)de +0. 


We dealt with the solution of equations of this kind in Ch. X. 


SEC. 5. HOMOGENEOUS FIRST-ORDER EQUATIONS 


Definition 1. The function f(x, y) is called a homogeneous 
function of degree n in the variables x and y, if for any A the 
following identity is true: 


jx, M) — M F(x, y). 


Example 1. The function f(x, y) — EET. is a homogeneous function 
of degree one, since 


f (Ax, M) = y (Ax) Ey m y x + y= M(x, y) 


Example 2. f(x, y) —xy — y* is a homogeneous function of degree two, 
since (Ax) (My) — (ky)! — À* [xy — p]. 
x*— y? 


Example 3. f (x, y) — 
(Ax)—(Ayy x'—y' 


(Ax) (Ay) xy 
e Af (x, y). 


is a homogeneous function of zero degree, 


since , that is, /(Ax, =e. y or [f(Ax Ay)= 


Definition 2. An equation of the first order 
So es f(x, y) , (1) 


is called homogeneous in x and y if the function f(x, y) is a ho- 
mogeneous function of zero degree in x and y. 
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Solution of a homogeneous equation. It is given that f (Ax, Ay) = 
=f(x, y). Putting A == in this identity, we have 


fœ o - (1, £). 
Thus, a homogeneous function of zero degree is dependent only 
on the ratio of the arguments. 
In this case, equation (1) takes the form 


dy _ Uy ’ 
Making the substitution 
u = 2 , Or g-ux, 
we get 
dy du 
dx UT qy* 


Putting this expression of the derivative into equation (1^), we 
obtain 


d 
ud x f, u). 
This is an equation with variables separable: 


du du dx 
xy =F, u)—u or Pd us on 


Integrating we find 
` du dx - 
Toen 


Putting the ratio " in place of u after integration, we get 


the integral of equation (1^). 


Example 4. Given the equation 


dy_ xy 
dx xi—y*^ 


On the right is a zero-degree homogeneous function, which means that wa 
have a homogeneous equation. Making the substitution zu we have 


dy du , 
y= Ux; a: T 


“+ du —u * 2". u’ 
“Txi =u’ dx |—ui* 


16* 
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Separating variables we obtain 


(lI—u*)du dx, ( 


l l 
u? x 21) MS 


u 


Whence, integrating, we find 


— S. A E EEE eT or TR 


PL zy In | ux C]. 


Substituting um D, we pet the general solution of the original equation: 
| a : 


It is impossible here to get y as an explicit function of x in terms of ele- 
mentary functions. Incidentally, it is very easy to express x in terms of y: 


x=yV —2C ìn | Cyl. 


Note. An equation of the type 
M (x, y)dx +N (x, y)dy =0 


will be homogeneous if, and only if, M(x, y) and N(x, y)are 
homogeneous functions of the same degree. This follows from the 
fact that the ratio of two homogeneous functions of the same de- 
gree is a homogeneous function of degree zero. 


Example 5. The equations 
^ (2x +3y) d x - (x —2y) dy —0, 


(x* -F y?) dx —2x y dy =0 
are homogeneous. 


SEC. 6. EQUATIONS REDUCIBLE TO HOMOGENEOUS 
EQUATIONS 


Equations of the following type are reducible to homogeneous 
equations: 
dy — ax A- by+c (1) 
dx ayx-r6,y do 


If c, —c- 0, then equation (1) is obviously homogeneous. Now let 
c and c, (or one of them) be different from zero. Change the va- 
riables: 


x=x,-+h, y=Y, +k. 
Then 


dy dy 2 
dx —— e) 
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Putting into (2) the expressions x, y, and A we obtain 
dy, — ax, + by, tah -- bR -- 6 (3) 
dx, ax, 4-6, taht b, kte C 
Choose h and k so that the following equalities are fulfilled: 
ah -- bh -- c 20, (4) 
a,h -- b,R 4- c, 2: O. 
In other words, define A and & as solutions of a system of equa- 
tions (4). Equation (3) then becomes homogeneous: 
dy, — ax, + by, 
dx, aX, by, ° 
Solving this equation and passing once again to x and y by 


formulas (2), we obtain the solution of equation (1). 
The system (4) has no solution if 


p p |=0 
ab,—a,b. But if E E EA that is, a, — Aa, b, —Àb,. and, 
enm K a (1) Bis be Gea to 
| PNE CELER (5) 
A (ax + by) +c, ` 
Then by —"*. | 
z=ax+ by (6) 


and the equation is reduced to one with variables separable. 
Indeed, 


whence 


ax b dx b^ aU 


| dz a z+e 


—_—— eee = 


bdx b MtG? 


which is an equation with variables separable. 
The device applied to integrating equation (1) is also sonic 
to the integration of the equation 
i-r (esate) 
ax + 6,9 0, 7? 
where f is an arbilrary continuous function. 
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Example 1, Given the equation 


dy x+y—3 
dx x—y—' 


To convert it into a homogeneous equation, make the substitution x=x,+A; 


y=y,+. Then 

dy, x, y, +h+k—3 

dx,  xy,—y,Hh—&—l1'"' 
Solving the set of two equations 

h+k—3=0; h—k—1=0, 


we find 
h=2, k=l. 
As a result we get the homogeneous equation 
dy X +h : 


dx,  X,—J 
which we solve by substitution: 


=U; 
Xi 
then 
dy, ~ du 
= ux; q—-udx, -— 
: Yı P^ dx, T ! dx, 
du l-u 
** dx, |l—u*' 
and we get an equation with variables separable: 
du lu! 


Separating the variables, we have 
1—u dx, 
Tea 
Integrating we find 
arc tan u— In (1 +4’ dn x, 4- 1n C, 


arc tan u = lIn (V 1-p-u*x, C) 
Cx, V1Fu =e": tan u : 


Putting 41 in place of u, we obtain 


OT 


X1 
Hi 


E E arc tan z 
Cy B+yi=e G 


Passing to the variables x and y, we finally get 


arc tan “2 : 


CY -F y=} =e If 
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Example 2. The equation 
, 2x4 y—1 
Y =x} 294-8 
cannot be solved by the substitution x =x, +A, y =y, +k, since in this case 
the set of equations that serves to determine A and k is insolvable (here, the 
determinant : ; of the coefficients of the variables is equal to zero). 


This equation may be reduced to one with variables separable by the 
substitution 
2x +y — 2. 
Then y'—2'—2 and the equation is reduced to the form 
z—]1 


ding un rure. 


, 92419 
~ 92--5- 


or 


2 
Solving it we find 
2 7 
5? St ad ed aa 
Since z=2x-+y, we obtain the final solution of the initial equation in the 
form 
2 x+y) gg In| 10x+5y+9/=x+C 


or 
10g —5x +7 In] 10x+5y+9/=C,, 


that is, as an implicit function y of x. 


SEC. 7. FIRST-ORDER LINEAR EQUATIONS 


Definition. A first-order linear equation is an equation that 
is linear in the unknown function and its derivative. It is of the 
form 


dz +P (x) y=Q (x), (1) 


where P(x) and Q(x) are given continuous functions of x (or are 
constants). 

" Solution of linear equation (1). Let us seek the solution of 
equation (1) in the form of a product of two functions of x: 


y =u (x) v (x). (2) 
One of these functions may be arbitrary, while the other will 


be determined from equation (1). 
Differentiating both sides of (2), we find 
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Putting the expression obtained of the derivative into (1), we 
have 


du , du 
u iz tg V Puv—Q 


or 
d d 
a (+ Po)-+o —=Q. (3) 
Let us choose the function v such that 
4 Pv=0. (4) 


Separating the variables in this differential equation in the func- 
tion v, we find 


go es —P dx. 
U 


Integrating we obtain 
| —In C, -- Inv — —Í P dx 
Or 


U = cel i 


Since for us it is sufficient to have some nonzero solution of 
equation (4), we take,.as the function v (x), 


u (x) copre (5) 


where ( P dx is some antiderivative. Obviously, v (x) 40. 
Putting the value of v (x) which we have found into (3), we 
get (noting that 4 Pu =0): 


v(x) F= Q (9), 


or 
du: Q(x) 


dx u(x)’ 


whence 


dd (TH dx-4- C. 


u (x) 
Substituting. into formula (2), we finally get 
y=v (x) | Q (x) dx C| 


u (x) 
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or 


y=v (x) | i dx -- Cu (x). (6) 


Note. It is obvious that expression (6) will not change if in 
place of the function v (x) defined by (5) we take some function 
v, (x) - Cu (x). Indeed, putting v, (x) in (6) in place of u(x), we 
get 

y — Co (x) ia dx — CCv (x). 
Cv (x) 


The C's in the first term cancel out; in the second term the product 
CC is an arbitrary constant, which we shall denote by C, and we 


-again arrive at expression (6). If we denote IE dx = q (x), then 
expression (6) will take the form 
y= 0 (x) p(x) + Cv (x). (6^) 


It is obvious that this is a complete integral, since C may be 
chosen in such manner that the initial condition will be fulfilled: 


when x-—x,, Y=}, 


The value of C is determined from the equation 
y, = 0 (,) P (x) + Cv (x,). 
Example. Solve the equation 
dy 2 
dil y= (x +1)’. 
Solution. Putting 


we have 


Putting the expression oy into the original equation, we obtain 


dx 
du , du 2 3 
adx de” xl uv = (x + 1) " 
du 2 du j 
(zu JE CET (7) 
To determine v we get the equation 
do 2 


dx xpi? 
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that is, 


whence 
Inv=2In(x+1) or v—(x-4-1)*. 


Putting the expression of the function v into equation (7), we get the 
fatlowing equation for ui 


(x + 1? d e 1l? or at 1), 


whence 


u= aA 


Thus, the complete integral of the given equation will be of the form 


yo XD ecu. 


The family obtained is the general solution. No matter what the initial 
condition (x, y, where x, z:— 1, it is always possible to choose C so that 
the corresponding particular solution should satisfy the given initial condi- 
tion. For example, the particular solution that satisfies the condition y,=3 
when x,=0 is found as follows: 


4 
12 Chis. "ES. 

2 2 
Consequently, the desired particular solution is 

Qr ,5 2 
However, if the initial condition (x,, yy) is chosen so that x,— — 1, we will 
not find the particular solution that satisfies this condition. This is due to 
the fact that when x,— — 1 the function P()——— is discontinuous 


and, hence, the conditions of the theorem of the existence of a solution are 
not observed. 


SEC. 8. BERNOULLI’S EQUATION 
We consider an equation of the form * 


SY EP Q)y- QUO V, (1) 


* This equation results from the problem of the motion of a body 
provided the resistance of medium F depends on the velocity: F —2,7-4-A,v 


The equation of motion will then assume the form mo = — Àu — À, v” or 
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where P (x) and Q(x) are continuous functions of x (or constants), 
and n 40 and n+ 1 (otherwise we would have a linear equation). 
This equation is called Bernoulli’s equation and reduces to 
a linear equation by the following transformation. 
Dividing all terms of the equation by y”, we get 


-nd -n 
y" T Py =Q, (2) 
Making the substitution 


=R 4+1 


we have 


dz -n dy 
i fo antly se. 


Substituting into (2), we get 
Se C n4 D Pz- (—n4-1)Q. 


This is a linear equation. 
Finding its complete integral and substituting the expression 
y^"^*' for z, we get the complete integral of the Bernoulli equation. 


Example. Solve the equation 

dy | syry 

dc Xy. (3) 
Solution. Dividing all terms by y*, we have 


y y xy Fax, (4) 
Introducing the new function 


zy", 
we get 
dz _ -s49 
dx OY dx' 
Substituting into equation (4), we obtain 
dz 
d; NE a (5) 
This is a linear equation. 
Let us find its complete integral: 
z= UU; LANDE ILI ai 
= dx "ux da 


Put expressions z and z into (5): 


dv du $ 
Ux T dx v—2xuv = — 2x 
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Or 
du du š 
s (a5 2 ) +o = 2x 
Equate to zero the expression in the brackets; 
du 


——2xv=0; OV, dx; 
dx U 


Ino —x*; v=”, 
For u we get the equation 
CL oy 
P : 
Separating variables, we have 
du = — 2e -** x? dx, u=—2\ e-? à dx C. 
Integrating by parts, we find 
u = xem 4 e-V hC; 
z=uv — x*--1-4-Ce-**. 
Consequently, the complete integral of the given equation is 
ETT — 
V 414+Ce-* 


Note. Just as was done for linear equations, it may be shown 
that the solution of the Bernoulli equation may be sought in the 
form of a product of two functions: 

y = u (x) v (x), 
where v (x) is some nonzero function that -satisfies the equation 
v’ -F Pu=0. | 


SEC. 9. EXACT DIFFERENTIAL EQUATIONS 


Definition. The equation 
M (x, y)dx-- N (x, y)dy=0 (1) 


is called an exact differential equation if M (x, y) and N(x, y) are 
continuous differentiable functions for which the following rela- 
tionship is fulfilled 
ðM ƏN o 
Or oe (2) 


ðM ON l ; : 
and oU and z are continuous in some region. 


Integrating exact differential equations. We shall prove that if 
the left side of equation (1) is an exact differential, then condi- 
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tion (2) is fulfilled, and, conversely, if condition (2) is fulfilled 
the left side of equation (1) is an exact differential of some fun- 
ction u(x, y). That is, equation (1) is an equation of the form 


du (x, y)=0 (3) 
and, consequently, its complete integral is 
u(x, y) -C. 


Let us first assume that the left side of (1) is an exact diffe- 
rential of some function u(x, y); that is, 


M(x, y) dx 4- N (x, y)dy=du=Z dx +$ dy; 
then 
N=, (4) 


Differentiating the first relationship with respect to y, and the 
second with respect to x, we obtain 


OM _ ðu , ON — Fu 
Oy  OxOy' Ox  OyOx^ 


Assuming.continuity of the second derivatives, we have 


3M ON 
dy ox’ 


that is, (2) is a necessary condition for the left side of (1) to be 
an exact differential of some ‘function u(x, y). We shall show that 
this condition is also sufficient: if (2) is fulfilled then the left 
side of (1) is an exact differential of some function u(x, y). 
From the relation | 

ð 

3; = M (x, y) 
we find 


u=\ M(x, y) dx +9 (p), 


Xo 


where x, is the abscissa of any point of the domain of existence 
of the solution. 
When integrating with respect to x we consider y constant, and 
therefore the arbitrary constant of integration may be dependent 
on y.. Let us choose a function p(y) so that the second of the 
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relations (4) is fulfilled. To do this, we differentiate *) both sides 


ME latter equation with respect to y and equate the result to 
X, gy 


rake dx +’ (y)=N (x, y) 


but since "TH we can write 
y | Ox 
N , 
3, AX +9 (Y= 
that is, N(x, y)|z +p W=N&, y) 
or ae 
N (x, y)—N(x,, y+’ (y) - N (x, y). 
Hence, 


P (Y)=N (xs y) 
or 


y 
e) - VN (n y) dy - C,. 


l Yo 
Thus, the function u(x, y) will have the form 


} 


x i 
= | M (x, y)dx-- VN (x, y) dy 4- C,. 


Xp Yo 


Here P (x, y,) is a point: in the neighbourhood of which there 
is a solution of the differential equation (1). 

Equating this expression to an arbitrary constant C, we get the 
complete integral of equation (1): 


(M(x, y) dx-- V N (x, y) du C. (B) 
Uo 


Xo 


X 


*) The integral M (x, y) dx is dependent on y. To find the derivative of 
mis integral with respect to y, differentiate the integrand with respect to y: 
ay 5; js y) tra | Ha This follows from Leibniz’ theorem for differen- 


tiating a definite integral with respect to a parameter (see Sec. 10, Ch. XI), 
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Example. Given the equation 


2x y? —3x? 

"S + y dy =Q. 
Let us check 1o see whether this is an exact differential equation. 

Denoting 
2x. y? —3x? 
= 3? N= yt! 

we have 

OM 6x, ƏN — 6x 

ðy yi Ox y 


For y #0, condition (2) is fulfilled. Hence, the left side of this equation is 
an exact differential of some unknown function u(x, y). Let us find this 
function. 


Since ES it follows that 


Óx 
2x x? 
= — d = — ^ 
m IE x+@ (y) get PY) 


where @(y) is an as yet undefined function of y. 
Differentiating this relation with respect to y and noting that 


ðu ^O gi—3x 
oy ut ' 
we find : ] 
x — 3x 
— e y=" po 
hence 
RENS | 1 
P () = Ta» 9 (y) — men 
to ol 
u (x, e a Te 
Thus the complete integral of the initial equation is 
x? ] 
= =C. 
y y 


SEC. 10. INTEGRATING FACTOR 


Let the left side of the equation 
M (x, y)dx+N (x, y) dy =0 (1) 


not be an exact differential. It is sometimes possible to choose 
a function p(x, y) such that after multiplying all terms of the 
equation by it the left side of the equation is converted into an 
exact diflerential. The general solution of the equation thus ob- 
tained colncides with the general solution of the original equation; 
the function p (x, y) is called the integrating factor of equation (1). 
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In order to find the integrating factor p, do as follows. Mul- 
tiply both sides of the given equation by the as yet unknown 
inlegrating factor p: 

uM dx -- uN dy — 0. 
For this equation to be an exact differential equation, it is neces- 
sary and sufficient that the following relationship be fulfilled: 
9(uM)  O(uN), 


Oy ox ? 
that is, 


aM ðu ON, Op 
Ou ðu ON OM 
My Nam) 
After dividing both sides of the latter equation by p, we get 


Gln p ðlny ON OM l 
Mea Aa a Er 7 (2) 


or 


It is obvious that any function p(x, y) that satisfies this equa- 
tion is the integrating factor of equation (1). Equation (2) is 
a partial differential equation in the unknown function p depen- 
dent on the two variables x and y. It can be proved that under 
definite conditions it has an infinitude of solutions and that, con- 
sequently, equation (1) has an integrating factor. But in the gene- 
ral case, the problem of finding w(x, y) from equation (2) is har- 
der than the original problem of integrating equation (1). Only 
in certain particular cases does one manage to find the function 
u(x, p). | l 

For instance let equation (1) admit an integrating factor depen- 
dent only on y. Then i 

dnu o 
dx — 


and to find p we obtain an ordinary differential equation 


On 0M 
Olin Ox Oy 
dy —1M > 


from which we determine (by a single quadrature) Inu, and, hence, 
p as well. It is clear that this may be done only. if the expression 
.0N OM 
Ox Oy 


i is not dependent on x. 
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ON OM 


Similarly, if the expression ox OY is not dependent on y but 


only on x, then it is easy to find an integrating factor that 
depends only on wx. - 


Example. Solve the equation 
(y 4- xy?) dx —x dy =0. 
Solution. Here, M=y-+-xy?; N—— x; 
OM . ON . 0M , ON 
ay AH sro dv 7 ag" 


Thus, the left side of the equation is not an exact differential. Let us sce 
whether this equation allows for an integrating factor dependent only on y or 
not. Noting that 


aN 0M 
Ox Oy  —1—1—2xy 
M — y+xy? 


we conclude that the equation permits of an integrating factor dependent 
only on y. We find it: 


_ 2 
y ? 


whence 


Inup=—2Iny, i. e., hs 
After multiplying through by the integrating factor p, we obtain the equation 
(s Lx )ax—— dy =0 


| ! ~. (9M. 0M | 1 "t E 
as an exact differential equation =F) . Solving this equation, 
we find its complete integral: 

X Xx 
or 
u 2x 
I=- EOC 


SEC. 11. THE ENVELOPE OF A FAMILY OF CURVES 
Let there be an equation of the form 
M(x, y, C) 50, (1) 


where x and y are variable Cartesian coordinates and C is a para- 
meter that can take on a variety of fixed values. 
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For each given value of the parameter C, equation (1) defines 
some curve in the xy-plane. Assigning to C all possible values, 
we obtain a family of curves dependent on a single parameter, 

or using the more common term, a one- 

4 ` parameter family of curves. Thus, 

equation (1) is the equation of a one- 
parameter family of curves (because it 
contains only one arbitrary constant). 


AXR AKKA 
Se Des e e 


Fig. 250. Fig. 251. 


Definition. The line L is called the envelope of a one-parameter 
family of lines if at each point it touches some line of the family, 
and different lines of the given family touch the line L at differ- 
ent points (Fig. 250). 


Example 1. Consider the family of lines 
(x —C) T y! = R3, 
where R is a constant and C is a parameter. 
This is a family of circles of radius R with centres on the x-axis. This 


tu hd obviously have as envelopes the straight lines y — R and y — — R 
Ig 


Finding the equation of the envelope of a given family. Let 
there be given a family of curves, 


D(x, y, C) —0, (1) 


that depend on the parameter C. 

Let.us assume that this family has an envelope whose equation 
may be written in the form y= (x), where (x) is a continuous 
and differentiable function of x. We consider some point M (x, y) 
lying on the envelope. This point also lies on some curve of the 
family (1). To this curve there corresponds a definite value of the 
parameter C, which value is determined from equation (1), for 
given (x, y): C=C (x, y). Thus, for all points of the envelope the 
following equality is fulfilled: 


D(x, y, C(x, y) —-0. (2) 
Suppose that C(x, y) is a differentiable function that is not con- 
stant in any interval of the values of x and y under consideration. 
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From equation (2) of the envelope we find the slope of the tan- 
gent to the envelope at the point M(x, y). Differentiate (2) with 
respect to x considering that y is a function of x: 
| aD , 0DOC , [aM , ODAC) , 

atacar [ay + 3c 5, | = 
OF 


, t ý ðC ðC f 
@, + Oy + Oo [EHE] =o (3) 


The slope of the tangent to the curve of the family (1) at the 
point M(x, y) is found from 


D. 4- Dy’ =0 (4) 


(on this curve, C is constant). 

We assume that D'y 4& 0, otherwise we would consider x as the 
function and y as the argument. Since the slope & of the envelope 
is equal to the slope & of the curve of the family, from (3) and 


(4) we obtain 


Ox Oy 
But since on the envelope C (x, y) # const, it follows that 
oC 


ðC , 
prx dez 0, | 
and so for its points the following equation holds: 
De (x, y, C) «0. (b) 


Thus, the following two equations serve to determine the envelope: 


D (x, y, C) =0, 
De (x, y, C)=0. | (6) 


Conversely, if, by eliminating C from these equations, we get an 
equation y=q@(x), where q(x) is a differentiable function, and 
C + const on this curve, then g-q(x) is the equation of the 
envelope. 

Note 1. If for the family (1) a certain function y= ọ (x) is the 
equation of the locus of singular points, that is, of points where 
Q, — 0 and D, — 0, then the coordinates of these points also satisfy 
equations (6). | 

Indeed, the coordinates of singular points may be expressed 
in terms of the parameter C that enters into equation (1): 


x=A (C), y=p(C). (7) 
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If these expressions are substituted in equation (1), we get an 
identity in C: 
D [A (C), u (C), C] — 


Differentiating this — with respect to C, we obtain 
D, 4 qr goo. 


, 


z 


since lor any points the dd Q,—0, 0O,—0, are fulfilled, 
it follows that for them the equality Dc —0 is also fulfilled. 

We have thus proved that the coordinate of singular points 
satisfy equations (6). 

Summarising, equations (6) define either the envelope or the 
locus of singular points of the curves of the family (1), or a 
combination of both. Thus, after obtaining a curve that satisfies 
equations (6), one has further to find out whether it is an envelope 
or {he locus of singular points. 


-Example 2. Find the envelope of the family of circles 
(x — C)* - y! — R?=0, 


that are dependent on the single parameter C. 
core Differentiating the equation of the family with respect to C, 
we ge 


2 (x —C) — 0. 
Eliminating C from these two equations, we obtain the equation 
y?—R?=0 or y= R. 
It is clear, by geometric reasoning, that the pair of straight lines is the 
envelope (and not the locus of singular points, since the circies of a family 


do not have singular points). 
Example 3. Find the envelope of the family of straight lines 


x cos a + y sin a— p =0 (a) 
where a is a parameter. 


Solution. Differentiating the given equation of the family with respect 
to a, we have 


—x sina + y cos a =0. (b) 


To eliminate the parameter a from equations (a) and (b), multiply the 
terms of the first by cosa, and of the second, by sina, and then subtract 
the second akon the first; we will then have 


X — p cos a. 
Putting this expression into (b), we find 
jy —p sina. 
Squaring the terms of the two latter equations and adding termwise, we get 
x^ yt =p’. 
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This is a circle. It is the envelope of the family (and not the' locus of singu- 
lar points, since straight lines do not have singular points) (Fig. 252). 
Example 4. Find the envelope of the trajectories. of shells fired from a gun 
' with velocity v, at different angles of incli- 
nation of the barrel to the horizon. We shall 
consider that the gun is located at the 


Fig. 252. 


coordinate origin and that the trajectories of the shells lie in the xy-plane 
(air resistance is disregarded). 

Solution. First find the equation of the trajectory of the shell for the case 
when the barrel makes an angle a with the positive x-axis. In flight, the 
shell participates simultaneously in two motions: a uniform motion with 
velocity v, in the direction of the barrel and a falling motion due to the 
force of gravity. Therefore, at each instant of time the position of the shell M 
(Fig. 253) will be defined by the equations 


= Vof COS Q, 


2 
y = vÉ sin ae. 


These are parametric equations of the trajectory (the parameter is the time f). 
Eliminating ¢, we get the equation of the trajectory in.the form 


gx 
TWO © 50. 25 ? 
20: cos a 


PA 
y=x tana— 


Finally, introducing the notation tana —£ =a, we get 


E 
' 2v? 
y = kx — ax* (1 +R’). (8) 


This equation defines a parabola with vertical axis passing through the origin 
and with branches downwards. We obtain a variety of trajectories for the 
differerit values of & Consequently, equation (8) is the ‘equation of a one- 
paramieter family of parabolas, which are the trajectories of a shell for 
different angles a and for a given initial velocity v, (Fig. 254). | 

Let us find the envelope oi this family of parabolas. Differentiating with 
respect to & both sides of (8), we have 


x—-2akx?=0. (9) 


Eliminating & from equations (8) and (9), we get 


i aham 
J —1a : 
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This is the equation of a parabola with vertex at the point [ 0, aa) the 
axis of which coincides with the y-axis. It is not a locus of singular points 
[since parabolas (8) do not have singular points]. Thus, the parabola 


E M 
I= Ta 
is the envelope of the family of trajectories. It is called a safety parabola 
because no point outside it is in reach of a shell fired from a given gun with 
a given initial velocity v, 


0 
Fig. 254. 


Example 5. Find the envelope of a family of semicubical parabolas 
y —(x—C)?=0. 


_ Solution. Differentiate the given equation of the family with respect to 
ihe parameter C 


2 (x —C) «0. 
Eliminating the parameter C from the two equations, we get 
' y =Q. 


The x-axis is a locus of singular points— a cusp of the first kind (Fig. 255). 
Indeed, let us find the singular points of the curve l 


y —(x—C)*=0 
for a fixed value of C. Differentiating with respect to x and y, we find 
F ,=— 2(x—C) =0; 
/ 
F =3y* =0. 


Sone the three foregoing equations simultaneously, we find the coordi- 

nates of the singular point: x=C, y=0; thus, each curve of the given 

family has a singular point on the 

y x-axis. 

. For continuous variation of the 

parameter C, the singular points will 
fill the entire x-axis. 

Example 6. Find the envelope and 

locus of singular points of the family 


X 


Locus of singular points 


2 
Fig. 255. Uc eae q:9 
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Solution. Differentiating both sides of (10) with respect to C, we find 
—2(y—C) +23 (x—C)*=0 


or 
y—C—(x—C)?=0. (11) 
dd eliminate the parameter C from (11) and from the equation (10) of the 
amily: 
y —C —(x—Cy. 
Putting the expression y —C into the equation of the family, we get 
(x—C)'— 2-6 —0y —0 
or 


(x— C) |«— e| =0, 


whence we obtain two possible values of C and two solutions of the problem 
corresponding to them. 


First Solution: Second Solution: 
G X, C—x— 
and so from (11) we find and so from (11) we find 
3 2 
y—x—(*x—x)?=0 y—xt oa LEE =0 
or or 
2 
y=. y—x—- 
We have obtained two straight lines: y =x and yar. The first is a locus 


of singular points, the second is an envelope (Fig. 256). 


g 


Fig. 256. Fig. 257. 


G 
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Note 2. In Sec. 7, Ch. VI, it was proved that the normal to a 
curve serves as a tangent to its evolute. Hence, the family of 
normals to a given curve is at the same time a family of tangents 
to its evolute. Thus, the evolute of the curve is the envelope of 
the family of normals of this curve (Fig. 257). 

This remark enables us to point out another method for finding 
evolutes: to obtain the equation of an evolute, first find the family 
of all normals of the given curve and then find the envelope of 
this family. | 


SEC. 12. SINGULAR SOLUTIONS OF A FIRST-ORDER 
DIFFERENTIAL EQUATION 


Let the differential equation 
d 
F(x, y, A. )-0 (1) 
have a complete integral 
D(x, y, C)=0. (2) 


Let us assume that the family of integral curves that corresponds 
to equation (2) has an envelope. We shall prove that this envelope 
is also an integral curve of the differential equation (1). 

Indeed, at each point the envelope touches some curve of the: 
lamily; that is, it has a common tangent with it. Thus, at each 
common point the envelope and the curve of the family have the 
same values of x, y, y'. 

But for a curve of the family, the numbers x, y, and y’ satisfy 
equation (1). Consequently, the very same equation is satisfied by 
the abscissa, the ordinate and the slope of each point of the 
envelope. But this means that the envelope is an integral curve 
and its equation is a solution .of the given differential equation. 

Since, generally speaking, the envelope is not the curve of the 
family, its equation cannot be obtained from the complete inte- 
grál (2) for any particular value of C. The solution of the differential 
equation which is not obtained from the complete integral for any 
value of C and which has as its graph the envelope of a family 
of integral curves entering into the general. solution, is called a 
singular solution of the differential equation. 

Let the complete integral be known: 


(b (x,. Y, C) —0; 
eliminating C from this equation and from the equation (Dc (x, y, C) — 0 
we get (x, y)=0. If this function satisfies the differential equation 
[and does not belong to the family (2)], then it is a singular integral. 
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It should be noted that at least two integral curves pass through 
each point of the curve that describes a singular solution; that is, 
uniqueness of solution is violated at each point of a singular 
solution. 


Example. Find a singular solution of the equation 
y? (1E y) =R. 
Solution. Let us find its complete integral. We solve the equation for y’: 


d R?— y 
= $ ME L, (*) 
lee y 
Separating variables, we obtain : 
ydy say 
+ VRR—y 
Whence, integrating, we find the complete integral: 
(x —C) 4- g! — R?. 


lt is easy to see that the family of integral lines is a family of circles of 
radius R with centres on the x-axis. The pair of straight lines y=+R will 
be the envelope of the family of curves. 

The functions y = +R satisfy the differential equation (1). This, conses 
quently, is a singular integral. 


SEC. 13. CLAIRAUT'S EQUATION 
Let us consider the so-called Clairaut equation: 
dy l 
yt g v ar) (1) 
It is integrated by introducing an auxiliary parameter. Put C p; 
then equation (1) will take the form 
y —xp +4 (p). (1°) 


Differentiate, with respect to x, all the terms of this equation, 


bearing in mind that p is a function of x: 


pax t pty’ (p) $E 
or 4 
[x 4-9 (pI = 


Equating each factor to zero, we get 


dp 
aT (2) 
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and 
x 4- ' (p) =0. (3) 
1) Integrating (2) we obtain p=C (C-const) Putting this 
value of p into (1°), we find its complete integral: 
jy — xC +4 (C), (4) 


which, geometrically, is a family of straight lines. 
2) If from (3) we find p as a function of x and put it into 
(1) we obtain the function 


y — xp (x) +Y [p (91, (1) 


which may be readily shown to be the solution of equation (1). 
Indeed, by virtue of (3) we have 


cpt (p)] E=. 


And so, by substituting the function (1^) into equation (1) we get 
the identity 


J 


xp A- b (p) — xp 4- b (p). 


The solution of (1^) is not obtained from the complete integral (4) 
for any value of C. This is a singular solution; it is obtained by 
elimination of the parameter p from the equations 


y — xp +} (p), l 
x+ (p)=0, 
or, which is the same thing, by eliminating C from the equations 
y — xC +-p(C), 
x -F tho (C) — 0. 


Thus, the singular solution of Clairaut's equation defines the 
envelope of a family of straight lines represented by the complete 
integral (4). 


Example. Find the general and singular solutions of the equation 


dy 
ao 
|, dy dx 
Jy —* dx T dy \? 
+(e) 
Solution. The general solution is obtained by substituting C for A 
C 
y—xC- Lm 


y IFC 


Lagrange's Equation 907 


To obtain the singular solution, differentiate 

the latter equation with respect to C: 
(14%)? 

The singular solution (the equation of the 


envelope) is obtained in parametric form (where 
the parameter is C): 


a x 


X = — "2L 


| a +C)? 
aC? 


Partícular 
olutions 


(1+ C?)* 
Eliminating C, we get a direct relationship Fig. 258. 
between x and y. Raising both sides of each 


2 
equation to the power — and adding the resultant equations termwise, we 
get the singular solution in the following form: 


ONES EE. 
x? +y? =a’. 
This is an astroid. However, the envelope of the family (and, hence, the 


singular solution} is not the entire astroid, but only its left half (since it is 
evident from the parametric equations that x «< 0) (Fig. 258). 


SEC. 14. LAGRANGE'S EQUATION 


The Lagrange equation is an equation of the form 
y — xq (y) d (4°) (1) 


where ọ and «p are known functions of LA 


This equation is linear in y and x. Clairaut's equation, which 
was considered in the preceding section, is a particular case of 
the Lagrange equation when q(gy')zsy'. The Lagrange equation, 
like Clairaut's, is integrated by means of introducing an auxiliary 
parameter p. Put 


y =p; 
then the initial equation is written in the form ` y 
y = xe (p) +4 (p). (1^) 


Diflerentiating with respect to x, we obtain 


p — 9 (p) -- Exe" (p) 4- V (p) EE 
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OT 
p— q (p) — [xe" (p) +P" (9)1 3 £P. . (1°) 


From this equation we can straightway ' find certain solutions: 
namely, it becomes an identity for any constant value p=p, 
that satisfies the condition 

p,— q (Pa) = 9. 
Indeed, for a constant value p the derivative £P. E20, and both 
sides of equation (1”) vanish. 


The solution corresponding to each value p = p,, that is, e = p, 


is a linear function of x (since the derivative oy is constant only 


in the case of linear functions]. To find. this function it is suf- 
ficient to put into (1’) the value p— p,: 


Uy = x9 (Po) +p (p,). 


If it turns out that this solution is not obtainable from the gener- 
al solution for any value of the arbitrary constant, it will be a 
singular solution. 

Let us now find the general solution. Write (1" in the form 


dx p) wü) 
dp p—*t (p) p— (p) 


and regard x as a function of p. Then the equation obtained 
will be a linear differential equation in the function x of p. 
Solving it, we find 


x= (p, C). (2) 


Eliminating the parameter p from equations z ) and (2), we 
get the complete integral (1) in the form D(x, y, C)=0. 


Example. Given the equation 


yxy? + y^. (I) 
Putting y’ =p we have 
y — xp’ - pt. (1) 
Differentiating with respect to x, we get - 
. a 
p —p* d [2xp 2p E. (I") 


Let us find the singular solutions. Since p — p* for p, —0 and p,=1, the 
solutions will be linear functions [see (1’)]: 


y=x-0?+0?, that is, y =0, 
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and 
y—x-4l. 


When we find the complete integral, we will see whether these functions arc 
particular or singular solutions. To find it, write equation (l) in the form 


and we shall regard x as a function of the independent variable p. Integrating 
this linear (in x) equation, we find 
7 C? 
x= — |+—— . I] 
to-» En 


Eliminating p from equations (l') and (1l), we get the complete integral 
y=(C+V x4- 14 
The singular integral of the initial equation is 
y=0 
d this solution is not obtainable from the general solution for any value 
of C. 


However, the function y=x-+1 is not a singular but a particular solution; 
it is obtained from the general solution when C=O. 


SEC. 15. ORTHOGONAL AND ISOGONAL TRAJECTORIES 


Suppose we have a one-parameter family of curves 
Q(x, Y, C) — 0. (1) 


Lines intersecting all the curves of the given family (1) at a 
constant angle are called isogonal: trajectories. If this angle is 
a right angle, they are orthogonal trajectories. 

Orthegonal trajectories. Let us find the equation of orthogonal 
trajectories. Write the differential equalion of the given family ol 
curves, eliminating the parameler C from the equations 


D(x, y, C) 20 
and 
A a 
Let this differentia! uds be 
F (x, y, d) -—Q. (1^) 


Here, a is the slope of the tangent to some member of the 


family at the point M (x, y). Since an orthogonal trajectory pass- 


ing through the point M (x, y) is perpendicular to the icd 
ing curve of the family, the slope of the tangent to it, zT , is 


i 
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connected with 7 by the relationship (Fig. 259) 
] 
dx ^ T dyr’ (2) 


Putting this expression into equation (1' and dropping the 
subscript 7, we get a relationship between the coordinates of an 
arbitrary point (x,y) and the slope of the orthogonal trajectory 
at this point, that is, a differential 
equation of orthogonal trajectories: 


ane 
i E (3) 
dx 

The complete integral of this equa- 

tion 

DM, (x, y, C) 20 
yields a family of orthogonal trajec- 
tories. 

A consideration of the plane flow 
of a fluid involves orthogonal traiec- 
tories. 

Let us suppose that the fluid flow 
in a plane takes place in such man- 
ner that at each point of the xy-plane the velocity vector, 
v(x, y), of motion is defined. If this vector depends solely on 
the position of the point in the plane, but is.independent of the 
time, the motion is called stationary or steady-state. We shall 
consider such motion. In addition, we shall assume that there 
exists a potential of velocities, that is, a function w(x, y) such 
that the projections of the vector v (x, y) on the coordinate axis 
v, (x, y) and v, (x, y) are its partial derivatives with respect to x 
and y: 


Fig. 259. 


—=U, 57 =U, / (4) 


The lines of the family 
u(x, y)=C (5) 


are called equipotential lines (lines of equal potential). 

The lines, the tangents to which at all points coincide with the 
vector v(x, y) in direction, are called flow lines and yield the 
irajectories of moving points. 
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We shall show that the flow lines are the orthogonal trajectories 
of a family of equipolential lines (Fig. 260). 

Let ọ be an angle formed by the velocity vector v with the 
x-axis, Then by relation (4) 


ðu (x, Ou (x, : 
e 9) — iv cos Q; TERM 5: 19] sin q, 
whence: we find the slope of the tangent to the flow line 
Ou (x, y) 
__ 9% 
tan (p = au (x. y) . (6) 
Ox 


We obtain the slope of the tangent to the equipotential line by 
differentiating, with respect to x, relation y 


(5): 


A 5 3 di 
whence 
Qu 
dy — Ox 
qu eU (7) 
dy 
—————— 
Thus, in magnitude and sign, the slope ° x 
of the tangent to the equipotential line is Fig. 260. 


the inverse of the slope of the tangent to 
the flow line. Whence it follows that equipotential Jines and flow 
lines are mutually orthogonal. 

In the case of an electric or magnetic field, the lines of force 
of the field serve as the orthogonal trajectories of the family of 
equipotential lines. 


Example 1. Find the orthogonal trajectories of the family of parabolas 


y —Cx*. 
Solution. Write the differential equation of the family 
y’ = 2Cx. 
Eliminating C, we get 
ge 
y x’ 


Substituting -> for y’, we obtain a differential equation of the family of 
orthogonal trajectories 


| 2 
yy x 
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or 
Its complete integral is 
x? 2 
113-70 


Hence, the orthogonal trajectories of the given family of parabolas will be 


represented by a certain family of ellipses with semi-axes a=2C, 6 —C V3 
(Fig. 261). 


Fig. 261. 


Isogonal trajectories. Let the trajectories cut the curves of a 
given family at an angle a, where tana=R. 


The slope 54 — tan ọ (Fig. 262) of the tan- 
gent to a member of the family and the slope 
707 — tan to the isogonal trajectory are con- 


nected by the relationship 


tan p—tana . 


tan ọ = tan (p—a) = 1+tanatanp’ 
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that is, - 
dyT , 
La (2) 
dx /— a a 
dx 


Substituting this expression into 
equation (1') and, dropping the sub- 
script 7, we obtain the differential 
equation of isogonal trajectories. 


Example 2. Find the isogonal trajec- 
tories of a family of straight lines, 


y =Cx, (8) 
that cut the lines of the given family " 
at an angle a, the tangent of which Fig. 268. 


equals $: tan a=k.. : 
Solution. Let us write the differential equation of the given family. Diffe. 
rentiating equation (8) with respect to x, we find 


dy _ 
2:6 
‘On the other hand, from the same equation we have 
Cat. 
x 
Consequently, the differential equation of the given family is of the form 
CURES 
dx x` 


Utilising relationship (2) we get the differential equation of isogonal 
trajectories 


dyr 
dx ^ | 
dyr E x 
dx i 
Whence, dropping the subscript T, we find 
EA 
dy t. 


dx 1—5 4. 
X 


Integrating this homogeneous equation, we get the complete integral: 
In y 3 ui arctan Jin C, (9) 


which defines the family of isogonal trajectories. To find out precisely which 


17— 3388 
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curves enter into this family, let us change to polar coordinates: 
7 = tan Q; y x? Fy’ =g. 
Substituting these expressions into (9) we obtain 


In TEES In C 
Or 
m. 
p — Ce es 
Consequently, the family of isogonal trajectories is a family of logarithmic 
spirals (Fig. 263). 


SEC. 16. HIGHER-ORDER DIFFERENTIAL EQUATIONS 
(FUNDAMENTALS) 


As has already been indicated above (see Sec. 2), a differential 
equation of the nth order may be writter symbolically in the form 


| F (x, y, y ys se., ymo ..Q) 
or, if it can be solved for the nth derivative, = 
| y T, y, yis ss umm. (l^) 


In this chapter we shall consider: only such equations of higher 
order that may be solved for a higher derivative. For these 
equations we have a theorem on the existence and uniqueness of 
a solution, similar to the corresponding theorem on the solution 
of first-order equations. 

Theorem. /f in the equation 


y^ =| (x, Y, Y, csay y^") 


the function f (x, y, y', ..., y^^") and its partial derivatives with 

respect to the arguments y, y', ..., y"! are continuous in some 

region containing the values x-x, Y=Yu Y =Y sees 

y^"? =y”), then there is one and only one solution, y =y (x), of 

the equation that satisfies the conditions 
Yx=xo 77 Yo: 

Yra x = Yor 


TER T ye») = y"), 
ae 0 


Xm X, 


(2) 


These conditions are called initial conditions.. The proof is beyond 
the scope of this book. — 


Higher-Order Differential Equations: 515. 


If we consider a second-order equation 4'—f(x, y, y"), then the 
initial conditions for the solution, when x--x,, will be 


y=Y,, Y =Y, 


where x, 5, y, are given numbers, which have the following 
geometric meaning: only one curve passes through a given point 
of the plane (x,, y,) with given tangent of the angle of inclination 
of the tangent line y,. From this it follows that if we want to 
assign different -values of y; for constant x, and y,, we get an 
infinitude of integral curves with diflerent angles of inclination 
passing through the given point. 

We now introduce the concept of a general solution of an equa- 
tion of the nth order. 

Definition. The general solution of a differential equation of the 
nth order is the function 


y-—9(x, C,, C,, Ton m 


which is dependent on n arbitrary constants C,, C,, ..., C, and 
such that: | 
a) it satisfies the equation for any values of the constants 


J? $ . œ 


b) for specified initial conditions 


Yran TH” 

the constants C,, C, ..., C, may be chosen so that the func- 
tion y=@(x,C,,C,,...,C,) will satisfy these conditions (on the 
assumption that the initial values x,, y,, Y, ..-, y^^? belong 
to the region where the conditions of the existence of a solution 
are fulfilled). 

A relationship of the form @M(x, y, C,, C,, ..., C,) 0, which 
implicitly defines the general solution, is called the complete 
integral oi the differential equation. 
‘Any function obtained from the general solution for specific 
values of the constants C,, C,, ..., C, is called a particular 
solution. The graph of a particular solution is called an integral 
curve of the given differential equation. | 
"To solve (integrate) a diflerential equation of the nth order 
means: | 


17* 
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1) to find its general solution (if the initial conditions are not 
given) or 

2) to find a particular solution of the equation that satisfies 
the given initial conditions (if there are such). 

In the following sections we shall present methods of solving 
Various equations of the nth order. 


SEC. 17. AN EQUATION OF THE FORM y — f (x) 


The simplest type of equation of the nth order is of the form 
y™ =f (x). (1) 


Let us find the complete integral of this equation. 
Integrating the left and right sides with respect to x, and 
taking into account that y™ = (gy"7'?»', we obtain 


y^ = | f (x) dx 4-C,, 


where XV is any fixed value of x, and C, is the constant of 
integration. | j 
Integrating once more we get 


yo Boreae) det C, =) +C, 


Xo Ka 


Continuing, we finally get (after n integrations) the expression of 
the comipigie integral: 


C. (X—x)"-! 


(x—x,)" 
umf. Ê Fax.. dr + CAAT ec EET E Lu Cp 


Xo Xp 


In order to find a particular solution satisfying the initial eer 
tions 


Yeso = Yor Yren Uy oo Way’, 
it is sufficient to put 
C ms Cyay= Yp veer Cm 
Example I. Find the complete integral of the equation 
= sin (Rx) 
and a particular solution satisfying the initial conditions 


9x9 =9, Y, =g=l. 
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Solution. | 


= | sin kx PC ec, Oe 
0 


k 

x x 

cos kx — | 
y=- (SE) a e aee, 
o o 
or 
k 
ya — T HE HOC 


This is the complete integral. To find a particular solution satisfying the 
given initial conditions, it is sufficient to determine the corresponding values 
of C, and C,. 

From the condition Yx= ¿=0, we find C,=0. 


From the condition y.- o7 b we find C,=0. 
Thus, the desired particular solution is of the form 


pa ZU +1). 


Differential equations of this kind are encountered in the theory of the 
bending of girders. 

Example 2. Let us consider an elastie permeate girder bending under the 
action of external forces both continuously distributed (weight, _ lead), and 
concentrated. Let the x-axis be horizontal 
along the axis of the girder in its underformed 
state and let the y-axis be directed vertically . 
downwards (Fig. 264). 

Each force acting on the girder (the load 
of the girder, and the reaction of the supports, 
for instance) has a moment, relative to some 
cross section of the girder, equal to the prod- 
uct of the force by the distance of the point 
of application of the force from the given 
cross section. The sum, M (x), of the moments Fig. 264 
of all the forces applied to that part of the &- i 
girder situated tọ one side of the given cross 
section with abscissa x is called the bending moment of the girder relative 
to the given cross section. In courses of strength of materials, it is proved that 
the bending moment of the girder is 


EJ 

R » 
where E is the so-called modulus of elasticity which depends on the material 
of the girder, J is the moment of inertia of the cross-sectional area of the 
girder relative to the horizontal line passing through the centre of gravity of 


the cross-seclional area, and R is the radius of curvature ol the axis of the 
bent girder, which radius is expressed by the formula (Sec. 6, Ch. VI) 


VE 
ee y 


y 
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Thus, the differential equation of the bent axis of a girder has the form 
y M (x) mM 

3 zx 2 

pyh E > 

If we consider that the deformations are small and that the tangents to 


ihe axis of the girder, when bent, form a small angle with the x-axis, we can 
disregard the square of the small quantity y’* and consider | 


m 
"d 
Then the differential equation of the bent girder will have the form 
"M (x) , 
Y=- (2°) 


but this equation is of the form of (1). 

Example 3. A girder is fixed in place at the extremity O and is subjected 
to the action of a concentrated vertical force P applied to the end of the 
girder L at a distance J from O (Fig. 264). The weight of the girder is ignored. 

We consider a cross section at the point N (x). The bending moment rela- 
tive to section N is, in the given case, equal to 


M (x)= (l—x) P. 
The differential equation (2^) has the form 
ee 
diari 


The initial conditions are: for x=0 the deflection y is equal to zero and the 
langent to the bent axis of the girder coincides with the x-axis; that is, 


Jyzo 70, Urs =0. 
Integrating the equation, we find 


v= 567 (! 7). (3) 


In particular, from formula (3) we determine the deflection A at the extre- 
mity of the girder L: pi 
l 


h= Yrs 53E: 


SEC. 18. SOME TYPES OF SECOND-ORDER DIFFERENTIAL 
EQUATIONS REDUCIBLE TO FIRST-ORDER EQUATIONS 


I. An equation of the type 


ee | gent (x98) (1) 


does not explicitly contain the unknown function -y. 
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— Let us denote the derivative E in terms of p, that 
; ^d 
is, we set ZZ =p. Then ed oe 


Putting thee expressions of the derivatives into equation (1), 
we get a first-order equation, 


P f(x, p), 


in the unknown function p of x. Integrating this equation, we 
find its general solution: 


p -— p (x, C,), 
and then from the relation oY = p we get the complete integral 
of equation (1): 
y= (p (x, C) dx 4- C,. 


Example 1. Let us consider the differential equation of a catenary (see 


Sec. ] 
oy 1 Vi +(2 Jy 
473 
Set 
dy 
dx P 
then 
d'y dp 
dx? dx’ 
and we get a first-order ice TRU in the auxiliary function p of x: 
el Yir +p’. 
Separating variables, we have 
dp _ dx 
Vite a 


whence 


In (p + VIP) —4 C, 


1 (e? r2 C7) 


p—wy 


But since p=% , the latter relation is a differential equation in the sought- 
for junction y. Integrating it, we obtain the equation of a ‘catenary {see 
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Sec. ly 
qe. ^B Z C, 
v=% (¢ a +e C m 


Let us find the particular solution that satisfies the following initial con- 
ditions: 
Y t =0 70 
Y x= =0. 


. The first condition yields C,=0, the second, C,-— 0. 
We finally obtain 


Note. We can similarly integrate the equation 


y™ = f(x, yo). 
-Setting y"-9 =p, we get for a. determination of p the first- 
order- equation 


: di : i puso p tes 
ac HG p). 
From here we get p as a function of x, and from the relation 


n-0-—9p we find y (see Sec. 17). 
Il. An equation of the type. 


T (v. 23 (2) 


does not contain the independent variable x explicitly. To solve 
it, we again set 


dy 


but now we shall consider p as a function of y (and not of x, 
as before). Then 
d'y dp dpdy dp 


See ee — s 


dx! dx dydx dy 


2 
Putting into (2) the expressions T and EN we get a first- 


order equation in the auxiliary function p: 
d 
pa; iY p). (4) 


Integrating it, we find p as a function of y and the arbitrary 
constant C,: | ʻi 


p=ply, Cy. 
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Substituting this value in (3), we get a first-order differential 
equation for the function y of x | 


dy _ 
ic P, C). 


Separating variables, we have 
dy 
p (y, Ci) 
Integrating this equation, we get the complete integral of the 
initial equation: 


= dX. 


Q (x, y, C,, C,)=0 


Example 2. Find the complete integral of the equation 


9g" = y. 3° 
Solution. Put p=% atid consider p'as a function of y. Then y" =p: r 


and we get a first-order equation for the auxiliary function p: 


Integrating this equation, we find 


2 
p-Cc—y °? or p= V c,—y-" 
But- p=; consequently, for a determination of y we get the equation 


nh 
=dx, or ee duc ee 


$ V Cy eel 


dy 
+ yc y 
C, —y 
whence . 
y ^dy 


c+C,= + ee 
V Cy mel 
To compute the latter integrai we make the substitution 


Cy" CT: | = t, 
Then 


i 
2 144 
dy =3t (t* --1) ei dt. 
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Consequently, 


| yh dy 
y c, i-i 


— 
— 


Finally we get 


_ 1 ECF 34m 
E je amc (7+ )= 


] ~~ hy  —— 3 
"3 V C h—1 (0, 4-2. 


2 
1 


*+C,=+ ar V c, —1 (Cy hg 2). 


1 


Example 3. Let a point move along the x-axis under the action of a force 
that depends solely on the 


of motion will be 


At t=0 let x—x, Sa 


Multiplying both sides of the equation by 


to f, we have 


Or 


=m 
2 


( 


position of the point. The differential equation 


d*x 
m di F (x). 
Ug. 


dx 


di dt and integrating from 0 


x 
2 
T) = moi = | F (x) dx 


Xo 


jm (z)* -f F (x) dx =- mv? = const, 


The first term of this equation is the kinetic energy, the second term, 
the potential energy of the moving point. From this equation if follows that 


y 


Fig. 265, 


the sum of the kinetic and potential energy re- 
mains constant throughout the time of motion. 

The problem of a simple pendulum. Let there 
be a material point of mass m, which is in 
motion (by the force of gravity) along the circle L 
lying in the vertical plane. Let us find the equa- 
tion of motion of the point neglecting resistance 
forces (friction, air resistance, etc.). 

Putting the origin at the lowest point of the 
circle, we put the x-axis along the tangent to 
the circle (Fig. 265). 

Denote by I the radius of the circle, by s the 
arc length from the origin O to the variable point 
M where the mass m is located; this length is 
taken with the appropriate sign (s>0, if the 
point M is on the right of O; s «O0 if M is on 
ihe left of O). 

Our problem consists in establishing 5 as a 
function of the time f. 

Let us decompose the force of gravity mg into 
tangential and normal components. The former, 


Some Types of Second-Order Differential. Equations 523: 


equal to —mg sing, produces motion, the latter is cancelled by the reaction 
of the curve along which the mass m is moving. 
Thus, the equation of motion is of the form 


Since the angle 9-7 for a circle, we get the equation 


dts _ sin Ż 
dii ^ 8$. 


This is a Type II differential equation (since it does not contain the inde- 
pendent variable £ explicitly). 
Let us integrate it in the appropriate fashion: 


ds | d's dp 
| ai.” ded P 


Hence, 
! dp. c; s 
Pig ee | 
or , . 
p dp —g sin -7- ds, 
whence 


p* — 2gl cos : +C, 


Let us denote by s, the greatest arc length to which the point M swings, 
For s=s, the velocity of the point is zero: 


ds 
dt 


S =S 


This enables us to determine Cj! 
0 = 2g! cos T C, 
whence 


C,= —2gl cos T . 


Therefore, 


ds\? $ S 
LS — | =. — ama Nui, 2 
p - 2g! ( cos T cos- ) 


or, applying to the latter expression the formula for the difference of cosines, 
2 


NE (F) ‘= 4gl sin SF o sin © mnis (9) 


XA dt 2l 2 MS 
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cr *) 
ds — — . S+S. Sg—S : 
437? V gi y sia a Sin. (6) 
This is an equation with variables separable. Separating the variables, we get 
d - 
ee V gi dí. (7) 
| V sin ET Se gig S 5 l 
2l 2l 


We shall assume, for the time. being, that s Æ Sẹ, then the denominator of 
the fraction is different from zero. If we consider that »—0 for £—0, then 
irom (7) we get 


0 of SI aj 


This is the equation that yields s as-a function of t. The integral on the 
left cannot be expressed in terms of elementary functions; neither can 
the function s of ¢. Let us consider this problem approximately. We shall 


d 
y si 8 ama 


assume that the angles I and T are small. The angles : 3 and M 
will not exceed ©”. In (6) let us replace, approximately, the sines of the 


angles by the angles 


ds _ — SF Sa S —S 
g5? Vael y 2| — 29i 


ds _ £y Gs : ; 
jr" y 5 (s; — s^). (6^) 
oeparating variables, we get (assuming, for the time being, that s X Sa) 
E" Mes y £ qt. (7) 
y sts 


Again we consider that s=0 when ¢=0. Integrating the latter equation, we get 


S 
ds g 
) Jin y 4 e 


2 
S 
Ü 0 


arc sin > = y En 
Sy l 


*) We put the plus sign in front of the root. From the note at the end of 
the solution it follows that there is no need to consider the case with the 
‘minus sign. 


or 


Or 


Some T ypes of Second -Order Differential Equations 525 


whence 


s — $, sin yz t. (9) 


Note. When solving, we assumed that s Æ s, But it is clear, by direct 
substitution, that the function (9) is the solution of equation (6') for any 
value of ¢. 

Let it be recalled that the solution (9) is an approximate solution of 
equation (5), since equation (6) was replaced by the approximate equation (6’). 

Equation (9) shows that the point M (which may be regarded as the 
extremity of the pendulum) performs harmonic oscillations with a period 


T—2x y i This period is independent of the amplitude s,. 


Example 4. Escape-velocity problem. 

Determine the smallest velocity with which a body must be thrown ver- 
tically upwards so that it will not return to the earth. Air resistance is 
neglected. 

Solution. Denote the mass of the earth and the mass of the body by M 
and m respectively. By Newton’s law of gravitation, the force of attraction f 
acting on the body m is 


r? 


where r is the distance between the centre of the earth and the centre of 
gravity of the body, and &.is the gravitational constant. 
The differential equation of motion of this body with mass m will be 


d'r ,M-m 
m qe 7p 
or : " 
d?r t 
qm 8 ar (10) 


The minus sign indicates that the acceleration is negative. The differen- 
tial equation (10) is an equation of type (2. We shall solve it for the fol- 
lowing initia! conditions: 


dr 
for (£20 r=R, qi 7 Uo 


Here, R is the radius of the earth and o, is the launching velocity. We denot? 
dr dr du dvu dr du 


=U, — mM — i — 


dt di3 ^ dt dr'di "dr 
where v is the velocity of motion. Putting this into (10), we get 
do M 
U dr ky - 
Separating variables, we obtain 
vdv = —kM ce 
r 


Integrating this equation, we find 


>= tem yter (11) 
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From the condition that v=v, at the earth's surface (for r=), we deter- 
mine C,: 


or 


u? 1 kM % 
Zur eR T 
or 
v? 1 -(% kRMYV 
jM uc m ). (12) 


It is given that the body should move so that the velocity is always positive; 
hence, = 5 > 0. Since for a boundless increase of z the quantity —— becomes ` 


arbitrarily small, the condition So will be fulfilled for any r Sd for 


the case 

2 

0, kM 
or 


wa p M 
a UR 


Hence, the lowest velocity will be determined by. the equation 


2kM 
=y a (14) 


k =6.66-10-° cm*/gm-sec?, 
R = 63-10" cm. 


At the earth's surface, for r — R, the acceleration of gravity i is g (g —981 cm/sec’). 
For this reason, from (10) we obtain 


where 


M 
g—hy 


or 
Eris 
a cm 
Putting this value of M into (14) we obtain 


n ,km 
v, — V 2gR = V 2-981-63-10 = 11.2- 10 zT = 11.2 T 
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SEC. 19. GRAPHICAL METHOD OF INTEGRATING 
SECOND-ORDER DIFFERENTIAL EQUATIONS 


Let us find out the geometric meaning of a second-order differ- 
' ential equation. Suppose we have an equation 


y =f (x,y,y’). (1) 


Denote by « the angle formed by the positive x-axis and the 
tangent to a curve; then 


7, = lang. (2) 
To find the geometric significance of the second derivative, 


recall the formula that determines the radius of curvature of a 
curve at a given point *) : 


a Gb : 

Whence | TOP eM 
/2 3s p 

y’ = (1 t4 ) l 

But 
y^—tan Q; I+y?= 1+ tan’ 9 = sec’ gq; (1 Mytyh- 
l 
= | sec? 9| == [cos o] " 
therefore 
um (3) 
Y —gRicosg|' 


Now putting into (1) the expressions obtained for y and y”, we 
have 
i 
Rosp] | (* 9. tang) 
Or 
1 


| cos? gi- f (x,y, tan Q) ° (4) 


It is thus evident that a second-order differential equation detet- 
mines the magnitude of the radius of curvature of an integral 
curve if the coordinates of the point and the direction of the 
tangent to this point are specified. 


R= 


*) Up till now we have always considered the radius of curvature positive; 
in this section we shall consider it a number that can take on both positive 
and negative values: if the curve is convex (g"«0), we consider the -radius 
T curvature negative (R<0); Hi the curve is concave (y >). it is positive 
(R>0). 
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From the foregoing there follows a method of approximate con- 
struction of an integral curve by means of a smooth curve com- 
posed of arcs of circles. *) 

To illustrate, let it be required to find the solution of equation 
(1) that satisfies the following initial conditions: 


Ux2x, — Uy Yran a 


Through the point M, (x,, Y.) draw a ray M,T, with slope y'= 

= tang, = f» (Fig. 266). From equation (4) we find the magnitude 
of R=R,. Lay off a segment M,C,, equal to R,, perpendicular 
to M.T., and from the point C, (as centre) strike an arc MM 


0 o? 


with radius R,. It should be noted 
that if R,<0, then the segment M,C, 
must be drawn in that direction so 
that the arc of the circle is convex 
upwards, and for R,>0, convex down 
(see footnote on page 527). 

' Then let.x,, y, be the coordinates 
of the .point M, which lies on the 
constructed arc and is sufficiently 
close to the point M, while tan 9, is 
the slope of the tangent M,T, to the 

Fig. 266. circle drawn at M,. From equation (4) 

we find the value of R=R, that cor- 

responds to' M,. Draw the segment M,C,, perpendicular to MT, 
equal to R,, agd from C,(as centre) strike an are M, iM, with 

radius R,. Then on this arc take a point M,(x,, y,) close to M, 

and continue construction as before until we get a sufficiently 

large piece of the curve consisting of the arcs of circles. From 
the foregoing it is clear that this curve is approximately an integral 

curve that passes throught the point M,. 

Obviously, the smaller the arcs M; `M., M, M,,..., the closer 
the constructed curve will be to the integral curve. 


SEC. 20. HOMOGENEOUS LINEAR EQUATIONS. 
DEFINITIONS AND GENERAL PROPERTIES 


Definition 1. An nth-order differential equation is called linear 
if it is of the first degree in the unknown function y and its 


*) A curve is called smooth if it has tangents at all points and the angle 
of inclination of the tangent is a continuous function of the arc length s. 
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derivatives y’,...,y"-", gy; that is, if it is of the torm 
ay +ay"- nt, . tay — f(x), = (1) 
where a,,a,,@,,...,a@, and f(x) are given functions of x or 


constants, and a VEO for all values of x from the domain in which 
we consider equation (1). From now on we shall presume that 
the functions a,,a,,...,a, and f(x) are continuous for all values 
of x and that the coefficient a,-] (if it is not equal to | we 
can divide all terms of the equation by it). The function f(x) 
on the right side of the equation is called the right-hand member 
of the equation. 

If f(x)250, then the equation is called nonhomogeneous linear 
or an equation with a right-hand member. But if /(x)z»0 then 
the equation has the form 

y? J-a,y^-" -E...- Fay —0 (2) 
and is called homogeneous linear or an equation without. a right- 
hand member (the left. side of this , equation is a homogeneous 
function of the first degree in y, y', y^, ..., y). 

Let us determine some of the basic properties of homogeneous 
linear equations,confining our proof to second-order equations. 

Theorem 1. /f y,.and y, are two particular solutions of a homo- 
geneous linear equation of the second order 

y’+ay'+a,y=0, (3) 
then Yy, +4, is also a solution of this equation. 

Proof. Since y, and y, are solutions of the equation, we have 


Y, tay, Tay, —0 
and . (4) 
Yz +a, Y: 4- a,y, — 0. 
Putting into equation (3) the sum y,+y, and taking into account 
the identities (4), we will have 
(Y, +9)" +a, U, t9) +a, (Y, +4.) = 
= (Yı +4, Y: + 4,Y,) + (Y2 +4,Y2: +4,4) —0 +0 — 0. 

Thus, y, ty, is a solution of the equation. 

Theorem 2. If y, is a solution of equation (3) and C is a cone 
stant, then Cy, is also a solution of (3). 

Proof. Substituting into (3) the expression Cy,, we get 

(Cy,)” +a, (Cy,)’ +4, (Cy) =C [y, + ayy, +4,y,] =C-0 =0; 


and the theorem is thus proved. 
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Definition 2. The two solutions of equation (3), y, and y,, 
are called linearly independent on an interval [a, b] if their ratio 
on this interval is not a constant; that is, if 


A + const. 
Js 


Otherwise the solutions are called linearly dependent. In other 
words, two solutions, y, and y,, are called linearly dependent on 
= interval [a, b] if there exists a constant number A such that 
=A when axx<b. In this case, y, =Ay,. 


^ 


Example 1. Let there be an equation ; y’—y=0. It is easy to verify that 
the functions e*, e~*, 3e*, 5be-* are solutions of this equation. : Here, the 


functions e* and e-* are linearly independent on any interval because the 
x 


e oe ; . 
ratio "Ein nd does not remain constant as x varies. But the functions e* 


and 3Je* are linearly dependent, since 3E 3 = const. 


Definition 3. If y, and y, are functions of x, the determinant 


V (YY) = " 


is called the Wronskian oi the given functions. 

Theorem 3. /f the functions y, and y, are linearly dependent on 
an interval [a, b], then the Wronskian on this interval is identi- 
cally zero. 


Indeed, if y,— Ay, where à= const, then y, — Ay, and 
À 
Wye) =| |= A g |= cs 


—J.U,— YY, 


=). 


UP y, Ay, Y, Y, 


Theorem 4. /f the Wronskian W (y,,y,), formed for the solutions 
y, and y, of the homogeneous linear equation (3), is not zero for 
some value x —x, on an interval [a, b] where the coefficients of 
the equation are continuous, then it does not vanish for any value 
of x whatsoever on this interval. 

Proof. Since y, and y, are two solutions of equation (3), we 
have 


Atay T ay, — 0, y: J- aJ: d- ay, =0. 


Multiplying the terms of the first equation by y, the terms of 
the second equation by —y,, and adding, we get 


(YY, — 9,4) +4, (YY, — JJ.) — 0. (5) 
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The difference in the second brackets is the Wronskian W (y,, y.). 
The expression in the first brackets is a derivative of the Wrons- 
kian W’ (y,, y,): 


W’ (9,92) = (YY —U.U,)' — UU. + YI — I — YY = Us YY, 


Thus, equation (5) assumes the form 


W' =—a,W. (6) 
Separating variables (for W 0), we obtain | 

W' 

[2 = — aA,’ 


Integrating, we find 


In V =— fa, dx J- n C 


or 


x 
In 7 = —{ a, dx, 
Xo 
whence 
x 
— \ adx 


W =Ce “os (7) 
it is given that 
W pax, =C = C +0, 


But then from (7) it follows that W+0O for any values of x, 
because the exponential function does not vanish for any finite 
value of the argument. 

Note 1. If the Wronskian is zero for some value x-x,, then 
it is also zero for any value x in the interval under consideration. 
This follows directly from (7): if W =0 when x=x,, then 


(W) rx, =C =0; 


consequently, W 20, no matter what the value of the upper limit 
of x in formula (7). | | 

Theorem 5. /f the solutions y, and y, of equation (3) are linearly 
independent on an interval |a, b], then the Wronskian W, formed 
for these solutions, does not vanish at any point of the given 
interval. . Bas mns 

We shall hint at the proof of this theorem without giving it 
completely. 
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Suppose that W =Q at some point of the interval; then, by 
Theorem 3, the Wronskian will be zero at all. points of [a, 5]: 


W —0 

or 

YY — 9,9, =9. 
Let us first consider those subintervals in (a, b] where y, <0. 
Then 

YY V Ye 

a ea 
Ji 


(2) =0 


Consequently, on each of these subintervals ^: is a constant 


or 


Taking advantage of the existence and uniqueness theorem, it- 
may be shown that 5g,-- Ag, for all points of the interval [a, b] 
including those where y,=0; but this is impossible since it is 
given that y, and y, are linearly independent. Thus, the Wrons- 
kian does not vanish for any single point of [a, 5]. 
' Theorem 6. /f y, and y, are two linearly independent solutions 
of equation (3), then 
g — C, TCU. (8) 


where C, and C, are arbitrary constants, is tts general solution. 
Proof. From Theorems | and 2 it follows that the function 


C, T Cu, 
is a solution of equation (3) for any values of C, and C,. 
We shall now prove that no matter what the initial conditions 


lex, = Uy Ux = Yo, it is possible to choose the values of the arbit- 

rary constants C, and C, so that the corresponding particular 

solution Ciy, 4- C,y, should satisfy the given initial conditions. 
Substituting the initial conditions into (8), we have 


Yo =C Yo T CU, (9) 
| UJ, =C Yo t O 
where we put 


(Yi) =xo == Yio (Ya)x=xo = 1o Ore = ju (s) cux, = Yao. 
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From the system (9) we can determine C, and C, since the deter- 
minant'of this system 

Ui, Yao f d 

is the Wronskian for x=x, and, hence, is not equal to 0 (by 
virtue of. the linear independence of the solutions y, and y,). 
The particular solution obtained from the family (8) for the 
found values of C, and C, satisfies the given initial conditions. 
Thus, the theorem is proved. 


Example 2. The equation 
Ly —uy-0 


i l ; ; 
whose coefficients a=- and a, = -z are continuous on any interval that does 


not contain the point x=0, permits of the particular, solutions 

i : 

Wee dH — 

en is readily verified by substitution). Hence, its general solution is of 
the form " CM 


l 
yeC el. 


. Note 2. There are no general methods for finding (in finite 
form) the general solution of a linear equation with variable coef- 
ficients. However, such a method exists for an equation with 
constant coefficients. It will be given in the«next section. For 
the case of equations with variable coefficients, certain devices 
will be given in Chapter XVI (Series) that will enable us to find 
approximate solutions satisfying definite initial conditions. 

Here we shall prove a theorem that will enable us to find the 
general solution of a second-order diflerential equation with variable 
coefficients if one of its particular solutions is known. Since it 
is sometimes possible to find or guess oné partícular solution 
directly, this theorem will prove useful in many cases. 

Theorem 7. If we know one particular solution of a second-order 
homogeneous linear equation, the finding. of the general solution 
reduces to integrating the functions. 

Proof. Let y, be some known particular solution of the equation 


y" ay +a,y=0. 


We find another particular solution of the. given equation so that 
y, and y, are linearly independent. Then the general solution 
will be expressed by the formula y= C,y,--C,u,, where C, and 
C, are arbitrary constants. By virtue of formula (7) (see proof of 
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Theorem 4), we can write 


— \a,dx 
J,U,— YY, = Ce " 


Thus, for a determination of y, we obtain a first- order linear 
equation. Integrate it as follows. Divide all terms by y?: 


y, — YY, = ios dx 
Jj, yi 
Or 
4 (ut) Lc jue 
| dx Ng, n d 
whence 
"ELI 
Ys E dx -- C 
Yı y; res 


Since we are seeking a particular solution, we get (by putting 
C,=0 and C=1) 
—f adx 


n=n |. y! dx. (10) 


It is oe that Y, and y, are linearly independent solutions 
since * = ^: const. 
Thus, the general solution of the initial equation is of the Tont 


y — Cu, CY, Ie ps 


Example 3. Find the general solution of the equation 
(1 — x?) y — 2xg' + 2y — 0. 


Solution. It is evident, by direct verification, that this equation has a 
particular solution y, =x. Let us find the second particular solution y, so 
that y, and y, should be linearly independent. 


we have, by (10), 


dx. (11) 


Noting that in our case q= (75, 


| zdr 
1 =x? —in(1- x?) 
s=: | a x? dems (dear | 


=: (Ataste e[—t+y hn n| 


Consequently, the general solution is of the form 
-1). dp Te, 


y= Cx C, c m 
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SEC. 21. SECOND-0RDER HOMOGENEOUS LINEAR 
EQUATIONS WITH CONSTANT COEFFICIENTS 


We have a second-order homogeneous linear equation 


y + py + 4qy —0, (1) 
where p and q are real constants. To find the complete integral 
of this equation, it is sufficient (as has already been proved) to 
find two linearly independent particular solutions. 

Let us look for the particular solutions in the form 
y=e**, where k = const; (2) 
then 
y! = ke**: y ' — he Rx 


Substituting the expressions of the derivatives into equation (1), 


we find 
e** (k* + pk-+q)=0. 
Since e^* 4:0, it means that 
Kk* 4- pk+q=0. (3) 
Thus, if k satisfies equation (3), then e"* will be a. solution 
of (1). Equation (3) is called an auxiliary equation with respect 
to equation (1). 


The auxiliary equation is a quadralic equation with two roots; 
let us denote them by k, and &,. Then 


p po. _ P po 
pne y £-« RO——.3— V 7-4 

The following cases are possible: 

I. k, and k, are real numbers and not equal (k,#&,); 

II. k and k, are complex numbers; 

III. k, and b, are real and equal numbers (k, =k,). 

Let us consider each case separately. 

I. The roots of the auxiliary equation are real and distinct, 
kig3&Kk;. Here, the particular solutions are the functions 


y, =e"; y, — eh*, 
These solutions are linearly independent because 


eh 
ia EX. = es-*) * const, 
1 


Hence, the complete integral has the form 
y — C,e^* +C,e%* 
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Example 1. Given the equation 


y" +y’ — 29 =0. 
The auxiliary equation is of the form 
k?t+k—2=—0. 


We find the roots of the auxiliary equation: 


Can 
ki = = E y Irz 


R,—]l, k,=—2. 


The complete integral is 
y =G e” +C. 


Il. The roots of the auxiliary equation are complex. Since complex 
roots are conjugate in pairs, we write 


k,=a+ip; &,—a—iD, 
where | 


; : p! 
a=—5; B= y 4- f 
The particular solutions may be- written in the form 

y,= == plat iĝ) te ` Y, = glt- (B)x. (4) 
These are complex functions of a real argument that satisfy the 

differential equation (1) (see Sec. 4, Ch. VII). 
It is obvious that if some complex function of a real argument 
y =u (x) + £u (x) (5) 
satisfies (1), then this equation is satisfied by the functions u (x) 


and u(x). 
Indeed, putting expression (5) into (1), we have 


[u (x) + iv (x)]" + p [u (x) + io GO] +q [u (x) + £o (x)] 0 


(u^ + pu’ + qu) +i (v" + pu +qv) =0. 
But a complex function is equal to zero if, and only if, the real 
part and the imaginary part are equal to zero; that is, 
u” + pu' + qu =0, 
u” + pu’ + qu =Q. 
Thus we have proved that u(x) and v(x) are ‘solutions of the 
equation. 
Let us rewrite the complex solutions (4) in the form o à Sur 
of the real part and the imaginary part: 
y, =e% cos Bx + ie** sin Bx, 
y, = 6% cos Bx — ia** sin px. 


or 
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From what has been proved, the particular Solutions of (I) are 
the real functions 


y, =e™ cos fx, (6^) 
y, =e™ sin x. (6^) 
The functions y, and y, are linearly independent, since 
y, | e" cospe _ 
P = e** sin Bx = cot Bx ze const. 


Consequently, the general solution of equation (1) in the case of 
complex roots of the auxiliary equation is of the form 


y= Ay, + By, = Ae™* cos Bx + Be™ sin Bx 
OI 
y = e'* (A cos Bx + B sin Bx), (7) 
where A and B are arbitrary constants. 


Example 2. Given the equation 
y+ 2y' + 5y =0. T 
Find the complete integral and a particular solution that satisfies the initial 
conditions y,.»=0, y, ,-1. Construct the graph. 
Solution. 1) We write the auxiliary equation 


k*-- 2k 4-5—0 
k= —1--F2, k,—-—1— 2i. 
Thus, the complete integral is 

` y =e7* (A cos 2x + Bsin 2x). 


and find its roots: 


2) We find a particular solution that satisfies the given initial conditions 
and determine the corresponding values of A and 
From the first condition we find 
Q—e-7*(A cos 2-0+ 8 sin 2-0), whence A —Q. 
Noting that 
y’ =27*2B cos 2x —e~*B sin 2x 


we obtain from the second condition 


l=2B, so B= 


to| — 


Thus, the desired particular solution is 
al ska 
| y—-,*' sin 2x. 
Its graph is shown in Fig. 267. 


Ill. The roots of the auxiliary equation are real and ‘equal. 
Here, £, =k, 


538 Differential Equations 


One particular solution, y,=e"*, is obtained from earlier 
reasoning. We must find the second particular solution, which is 


Fig. 267. 


linearly independent of the first (the function e^* is identically 
equal to e^* and therefore cannot be regarded as s second par- 


ticular solution). 
We shall seek the second panne cotton in the form 


y, u (x) e^ 


where u(x) is the unknown function to be determined. 
Diflerentiating, we find 


y, — u'e^* + kue^* =e iuga u), 
y, = u"e^* + 2k u'e^* + Rtueh* = e^ (u^ + 2k,u’ + kè). 
Putting the expressions of the derivatives into (1), we obtain 
e^* [u" + (2h, +p) u’ + (E + ph, -- q) u] = | 
Since k, is a multiple root of the auxiliary equation, we have 


ki pf, +q=0. 


In addition, k, =k,=— or 2£, — —p, 2k, -- p — 0. 


Hence, in order to find u(x) we must solve the equation 
e^*u' —0 or u'—0. Integrating, we get u= Ax + B. In particulars 
we can set A=1 and B —0; then 


ux, 
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Thus, for.the second particular solution we can take 

l Y, — xe^*, 
This solution is linearly independent of the first, since A cxx const. 
Therefore, the following function is the complete integral: 


y = C,eh* + C,xe^i* = e^* (C, 4- C,x). 


Example 3. Given the equation 
y —Ay' + 4y —0. 


Write the auxiliary equation k—4k+4=0. Find its roots: kh. —2. 
The complete integral is then 
y = C,e* + C,xe**, 


SEC. 22. HOMOGENEOUS LINEAR EQUATIONS OF THE 
NTH ORDER WITH CONSTANT COEFFICIENTS 


Let us consider a homogeneous linear equation of the nth order: 
y^ +a Yorn + -+a,y=0. (1) 


We shall assume that 00,5 x a, are constants. Before-giving 
a method for solving equation (1), we introduce a definition that 
will be needed later on. 
Definition 1. If for all x of the interval [a, b] we have the 
equality 
Pn (x) =A i, (x) + A,0, (x)+.. a2 posi ; (x), 


where A,, A,, ..., A, are constants, not all equal to zero, then 
we say that q,(x) is expressed linearly in terms of the functions 
p, (x), e, (x), -> Pay 09. 

Definition 2. n functions Pp, (x), Pa (X), .... Pn (xX), Q, (x) are 
called linearly independent if not one of the functions is expressed 
linearly in terms of the rest. 

Note 1. From the definitions it follows that if the functions 
p, (x), e, (x), .... e, (x) are linearly dependent, there will be 
found constants C,, C,, ..., C,, not all equal to zero, such that 
for all x of the interval Ta, b] the following identity will be ful- 


filled: 
CQ, (x) Ex C.P, (x) zs wee E C 9, (x) = 0. 
Examples: 
l. The functions | quoe : gue, y= 3e* are linearly dependent, ‘since » for 
C,=1, C,—0, C= —— we have the identity 


3 
Ce“ + C,e?** + C,3e* ex 0. 
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2. The functions y, —1, y,=x, y,—x* are linearly independent, since the 

expression 
Cil 4 C,x4-C,c 

will not be identically zero for any C,, C,, C, that are not simultaneously 
equal to zero. 

3. The functions y, — e^*, y, — e**, ..., y,==e"n® ..., where R,, ka, m 
are different numbers which are linearly independent. (This assertion is given 
without proof.) 


Let us now solve equation (1). For this equation, the following 
theorem holds. 


Theorem. /f the functions y,, y,, ..., y, are linearly independent 
solutions of equation (1), then its general solution is 
y — Cy, T Cy, Jesse FOL, | (2) 
where C,, . C, are arbitrary constants. 


If the coefficients of equation (1) are constant, the general so- 
lution is found in the same way as ‘in zu cdse of second-order 
re 

1) We form the auxiliary equation 


k” + a, k"! E a, R77 5 ae sta, E 


2) We find the roots of the aima equation ' t 
usse ae 


3) From the character of the roots we write out the particular 
linearly independent solutions, taking note of the fact that: 

a) to every real root & of order one there corresponds a parti- 
cular solution e** 

b) to every pair of complex conjugate roots k“’=a-+iB and 
k^ =a— ip there correspond two particular solutions e** cos Bx 
and e"* sin Bx; 

c) to every real root k of multiplicity r there correspond r 
linearly independent particular solutions 


gp. cou meee 


d) to each pair of complex conjugate roots  &'""-—a-4- i, 
k® =-a—iB of multiplicity u there correspond 2p particular so- 
lutions: 


n° 


e"* cos fix, ai cos Bx, ..., XPE cos Bx, 

e** sin fix, e&* sin Bx, ..., xP e sin fx. 
The number of these adios solutions, is exactly equal to the 
degree of the auxiliary equation (that is, to the order. of the given 


linear differential equation). It may be proved miar these solutions 
are linearly independent. 
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4) After finding n linearly independent particular solutions 
U, Up e, Y, We construct the general solution of the given 
linear equation: 

| Y =C Y T C, -+ C, 


where C,, C,, ..., C, are arbitrary constants. 


Example 4. Find the general solution of the equation 


y —y-Q0. 
Solution. Form the auxiliary equation 
k* — 1 — 0. 


Find the roots of the auxiliary equation: 
k=l, k=—l, ky =i, Rk,——l. 
Write the complete integral 
y — C,e* 4-C,e7*-LA cos x -+ B sin x, 


where C,, C,, A, B are arbitrary constants. 


Note 2. From the foregoing it follows that the whole difficulty 
in solving homogeneous linear differential equations with constant 
coefficients lies in the solution of the auxiliary equation. 
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Let there be a nonhomogeneous second-order linear equation 
yay + a,y =f (x). (1) 
The structure of the general solution of such an equation is 
determined by the following theorem. 
Theorem 1. The general solution of the nonhomogeneous equation 
(1) is represented as the sum of some particular solution of the 


equation y* and the general solution y of the corresponding homo- 
geneous equation 


y +ay +a,y=0. (2) 
Proof. We need to prove that the sum 
y=yty* (3) 


is the general solution of equation (1). Let us first prove that the 
function (3) is a solution of (1). 


Substituting the sum y+y* into (1) in place of y, we get 
yty*y +a, (y ty) +a,(y ry) PG) 
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or 
(y"+-a,y +a,y) + (y*" + ay” +a,y*)= f (x). (4) 


Since y is a solution of (2), the expression in the first brackets 
is identically zero. Since y* is a solution of (1), the expression 
in the second brackets is equal to f(x). Consequently, (4) is an 
identity. Thus, the first part of the theorem is proved. 

We shall now prove that expression (3) is the general solution 
of equation (1); in other words, we shall prove that the arbitrary 
constants that enter into the expression may be chosen so that 
the following initial conditions are satisfied: 


Uxzx, = UJ, 
, , 5 
Yx=x, = Yo, | | (9) 
no matter what the numbers x,, y, and y» [provided that x, is 
taken from the region where the functions a,, a, and f(x) are 
continuous]. —— 
Noting that y may be given in the form 


y — Cu, - Cy, 
where y, and y, are linearly independent solutions of equation (2), 
and C, and C, are arbitrary constants, we can rewrite (3) in the 
form 
y=Cy,+Cy,+y*. (3) 
Then, by the conditions (5), we will have *) 
Cu d Can T m Yo 
C ju HCY Hy? = Yo. 


From this system of equations we have to determine C, and C,. 
Rewriting the system in the form 


Cyy,, + C, = Ya — Yo» | (6) 
Cito EE CU» = lo — Ys , 


we note that the determinant of this system is the Wronskian 
for the functions y, and y, at the point x= x,. Since it is given 
that these functions are linearly independent, the Wronskian is 
not zéro; consequently, system (6) has a definite solution, C 


*) Here, gio Yeo: Yor Yio Yoo. Yo denote the numérical values ‘oT the 


Junctions y,, Ya y", y; Yas y 


4? 


when -x = x,. 
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and C,; in other words, there exist values C, and C, such that 
formula (3) defines the solution of equation (1) which satisfies 
tlie given initial conditions. The theorem is completely proved. 

Thus, if we know the general solution y of the homogeneous 
equation (2), the basic difficulty, when integrating the nonhomo- 
geneous equation (1), lies in finding some particular solution y*. 

We shall give a general method for finding the particular so- 
lutions of a nonhomogeneous equation. 

The method of variation of arbitrary constants (parameters). 
We write the general solution of the homogeneous equation (2): 


y Cy, T C,. (7) 


We shall seek a particular solution of the nonhomogeneous 
equation (1) in the form (7), considering C, and C, as some (as 
yet) undetermined functions of x. 

_Diffetentiate’ (7): 


y = Cu, + Cyt Ciy, T E 


Now choose the needed functions C, and C, so that the following 
equation is fulfilled: 


Cy, + Cry; — 0. (8) 

If we take note of this additional condition, the first derivative y’ 
will take thé form 

y =C, t Cy. 
Differentiating this expression, we find y”: 

y =C, C, d Cia + Ciya 
Putting y, y and y” into (1), we get 
Ci - C Ji +Ciys + Ciys+ a, (Cyyit Cus) + 
+a, (Cy, + CU) =F (x) 

or 

C, (Y; +a, d 2,4) +C, (Y+ a, Ya + a,Y,) + Cry; + Cu =f (x). 


The expressions in the first two brackets vanish, since y, and y 
are solutions of the homogeneous equation. Hence, the latter equa: 
tion takes" on the form 


Ciy T Crys =] (x). (9) 
Thus, the function (7) will be a solution of the nonhomogeneous 


equation (1) provided the functions C, and C, satisfy the system 
of equations (8) and (9); that is, if 


Ciy, + Cy, =9, Cui Cu =f (x). 
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Since the determinant of this system is the Wronskian for the 
linearly independent functions y, and y,, it is not equal to zero. 


Hence, in solving the system we will find C, and C, as definite 
functions of x: l 
C= (x) C= Q, (x). 
Integrating, we obtain 


C,— Ve adrt; C,— fp, (œ) dx +0, 


where C, and C, are constants of integration. 

Substituting the expressions obtained of C, and C, into (7), we 
find an integral that is dependent on the two arbitrary constants 
C, and C,; that is, we find the general solution of the nonhomo- 
geneous equation *). | 


Example. Find the general solution of the equation 


; 


^y 
y — = = x. 


Solution. Let us find the general solution of the homogeneous equation 


, 
g 


yg —— 
Since 
£=- we have Iny’=Inx+inC; y’ =Cx; 


and so 
y=C,x?+C,. 


For the latter expression to be a solution of the given equation, we have 
io define C, and C, as functions of x from the system 


Cix? +C, 1=0, 2Cx+C,-0=x. 
Solving this system, we find 
C = 
whence, alter integration, we get 
Du Conte 
179 L pce 2° 


Putting the functions obtained into the formula y=C,x?+-C,, we get the 
general solution of the nonhomogeneous equation 


x* x 
— — a — — 
or y C EC, where C, and C, are arbitrary constants. 


*) If we put C,— C,—0, we get a particular solution of equation (1). 
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When seeking particular solutions, it is useful the take advan- 
tage of the resulls of the following theorem. 
Theorem 2. Let the nonhomogeneous equation 


y" t ay +a, =f (x) +f (x) (10) 


be such that the right side is a sum of two functions, f (x) and f, (x). 
If y, is a particular solution of the equation 


Jy "Fay +a,y =f, (x), (11) 
and y, is a particular solution of the equation 
y" 4- ay +a,y=Ff, (x), (12) 


then y,-- y, is a particular solution *) of equation (10). 
Proof. Substituting the expression y, +y, into (10), we get 


(, HY) Ha, 0, +4.) Fa. (4, +92) =F, (&) T (X) 


or 
(ys +a, y +4,Y,) + (Ja + a,Y2 + a,y,) =F, (x) + f, CO). (13) 


From equations (11) and (12) it follows that equality (13) is an 
. identity. And the theorem is proved. 


SEC, 24. NONHOMOGENEOUS SECOND-ORDER LINEAR 
EQUATIONS WITH CONSTANT COEFFICIENTS 


Suppose we have the equation 
y' + py’ + qy =f (x) (1) 
where p and q are real numbers. 

A general method for finding tlie solution of a nonhomogeneous 
equation was given in the preceding section. In the case of an 
equation with constant coefficients, it is sometimes easier to find 
a particular solution without resorting to integration. Let us consi- 
der several such possibilities for equation (1). 

[. Let the right side of (1) be the product of an exponential 
function by a polynomial; that is, of the form 


f(x) = Pa (x) e", (2) 
where P,(x).is a polynomial of degree n. Then the following par- 
ticular cases are possible: 


*) Obviously, the appropriate theorem remains true for any number of 
lerms on the right side. 


18— 3388 
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a) The number a is not a root of the auxiliary equation 
k* + pk 4- q — 0. 


In this case, the particular solution must be sought for in the 
form 


y* = (A x" HA x H... H A= Rp Qe". (3) 


Indeed, substituting y* into equation (1) and cancelling e**out 
of all terms, we will have 


Qn (x) + (2a +p) Qn (X) + (a? + pa +g) Q,(X) P, (x). (4) 


Q, (x) is a polynomial of degree n, Qa (x) is a polynomial of de- 
gree r—1, and Q,(x) is a polynomial of degree n—2. Thus, 
n-degree polynomials are found on the left and right of the equa- 
lity sign. Equating the coefficients of the same degrees. of x (the 
number of unknown coefficients is n -- 1), we get a system of n+1 
equations for determining the unknown coefficients A,, A,, 
"b) The number a is a simple (single) root of the auxiliary equa- 
tion. 

If in this case we should seek the particular solution in the 
form (3), then on the left side of (4) we would have a polynomial 
of degree n—1, since the coefficient of Q, (x), that is, a?+ pa +q 
is equal.to zero, and the polynomials Q,(x) and Q,(x) have deg- 
rees less than n. Hence, (4) would not be an identity, no: matter 
what the A,, A,,...,A,. For this reason, the particular solution 
in this case has to be taken in the form of a polynomial of degree 
n+1, but without the absolute term (since the absolute term of 
this polynomial vanishes upon differentiation) *): 


y* = xQ, (x) e*™. 


c) The number a is a double root of the auxiliary equation. 
Then, as a result of the substitution of the function Q, (x) e** into 
the differential equation, the degree of the polynomial is diminished 
by two units. Indeed, if a is the root of the auxiliary equation, 
then a*--pa-4-q-0; moreover, since a is a double root, it follows 
that 2a = — p (since by a familiar theorem of elementary algebra, 
the sum of the roots of a reduced quadratic equation is equal to 
the coefficient of the unknown in the first degree with sign rever- 
sed). And so 2a+p=0. ; 


*) We remark that all the results given above also hold for the case 
when a is a complex number (this follows from the rules of differentiation of 
the function e"*, where m is any complex number; see Sec. 4, Ch. VII). 
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Consequently, on the left side of (4) there remains Q, (x), that 
js, a polynomial of degree n—2. To obtain a polynomial of 
degree n as a result of substitution, one should seek the particular 
solution in the form of a product of e* by the (n-- 2) nd degree 
polynomial. Then the absolute term of this polynomial and the 
first-degree term will vanish upon differentiation; for this reason, 
they need not be included in the particular solution. 

Thus, when a is a double root of the auxiliary equation, the 
particular ‘solution may be taken in the form 


y* = x'Q, (x) e™. 
Example 1. Find the general solution of the equation 
y +4y’ +3y =x. 
Solution. The general solution of the corresponding homogeneous equation is 
y=C,e-* J- Cet". 
‘Since the right-hand side of the given nonhomogeneous equation is of the 
form xe* [that is, of the form P, (x)e°*], and O is not a root of the auxiliary 


equation k*-4-4& -- 3-0, it follows that we should seek the particular solution 
in the form y* =Q, (x)e; in other words, we put 


y* =A,x+ Ay. 
Substituting this expression into the given equation, we will have 
4A, +3 (Ax + Aj) =x. 


Equating the coefficients of identical degrees of x, we get 
3A,=1, 4A,+3A,=0, 


whence 
4 
A= zi A;=— 9° 
Consequently, 
ag 

| E En 

The general solution of y=y-+y* will be 
l 4 
y —C,.7* OC, r1. 


Example 2. Find the general solution of the equation 
y + 9y = o + 1) e°". 


oo uoi; The general solution of the homogeneous equation is readily 
ound: B 


y =C, cos 3x 4- C, sin 3x. 
The right side of the given equation (x*-4- 1) e'** has the form 
P, (x) e?*, 


18* 
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Since the coefficient 3 in the exponent is not a root of the auxiliary equa- 
tion, we seek the particular solution in the form 


y*=Q,(x)e* or y*=(Ax*+ Bx —C)e'*. 
Substituting this expression in the differential equation, we will have 
[9 (Ax* -- Bx 4- C)+ 6 (2Àx + B) - 2A 4- 9 (Ax? 4- Bx -- C)J e” = (x? -- 1) e**. 
Conce HE out e** and equating the coefficients of identical degrees of x, we 
obtain 
18A—1, 124-4-188—0, 2A+6B-4-18C=1, 
l 1 5 y 
a B=— 53 C=: Consequently, the particular solution is 
l 1 5 
*— fo 2. ETT 3x 
y - (i atta)? 
and the general solution is 


y = C, cos 3x 4- C, sin 3x + (itor 3 e". 


whence A— 


81 
Example 3. To solve the equation 
y — Ty! + 6y = (x—2)e*. 


Solution. Here, the right side is of the form P, (x) e'* and the coefficient 1 
in the exponent is a simple root of the auxiliary polynomial. Hence, we seek 
the particular solution in the form y* — xQ, (x)e* or 


y* = x (Ax + B)e*; 
putting this expression in the equation, we get 
[((Ax?-+ Bx) +- (4Ax + 2B) 4+ 2A —7 (Ax* + Bx) —7 (2Ax-+ B) 4- 
-+6 (Ax? + Bx)] e* = (x —2)e* 
(—104x —5B 4-24) e* 2 (x —2)e*. 
Equating the coefficients of identical degrees of x, we gel 
—l10A=1, —5B+2A=>—2, 


Or 


whence A=— ip Bo. Consequently, the particular solution is 


l 
s= -0t 
and the general solution is 
t C EC" Ex ( — ips ge. 
II. Let the right side have the form 
1 (x) =P (x) e cos Bx-- Q (x) e sin fix, (5) 


where P (x) and Q(x) are polynomials. | TET 
This case may be considered by the technique used in the pre- 
ceding case, if we pass from trigonometric functions to exponential 


Ld 
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functions. Replacing cosfx and sinBx by exponential functions 
using Euler’s formulas (see Sec. 5, Ch. VII), we obtain 
I) - Poo es te Loue 


ax p ee ior 


or 
Fo) [gP Og | eo *4 perk Q " eis, (6) 


Here, the square brackets contain polynomials whose degrees are 
equal to the highest degree of the polynomials P (x) and Q (x). 
We have thus obtained the right side of the form considered in 
Case I. S 
` It is proved (we omit the proof) that it is possible to find par- 
ticular solutions which, do not contain complex numbers. 

Thus, if the right side of equation (1) is of the form 


f (x) = P (x) e** cos Bx -+Q (x) e** sin Bx, (7) 


where P (x) and Q(x) are polynomials in x, then the form of the 
particular solution is determined as follows: 

a) if the number a+ ip is not a root of the auxiliary equation, 
then the particular solution of equation (1) should be soughtinthe 
form 

y* = U (x) e* cos Bx +V (x) e” sin Bx, (8) 


where U(x) and V(x) are polynomials of degree equal to the high- 
est degree of the polynomials P (x) and Q (x); 

b) if the number a+iB is a root of the auxiliary equation, 
we then write the particular solution in the form 


y* = x [U (x) e'* cos Bx + V (x) e” sin px]. (9) 


Here, in order to avoid mistakes we must note that these forms 
of particular solutions, (8) and (9), are obviously retained when 
one of the polynomials P(x) and Q(x) on the right side of equa- 
tion (1) is identically zero; that is, when the right side is of the 
form 

P(x)e"cospx or Q(x) ** sin Bx. 


Let us further consider an important special case. Let the right 
side of a second-order linear equation have the form 
f (x) 2 M cos Bx -- N sin Bx, (77) 
where M and N are constants. 


a) If Bi is not a root of the auxiliary equation, the particular 
solution should be sought in the form 


y* = A cos fix + B sin fx. (8°) 
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b) If Bi is a root of the auxiliary equation, then the particular 
solution should be sought in the form 


y= x (A cos Bx + B sin px). (9^) 

We remark that the function (7') is a special case of the func- 

tion (7) [P(x) 2 M, (Q)x=N, a=0]; the functions (8’) and (97) 
are special cases of the functions (8) and (9). 

Example 4. Find the complete integral of the nonhomogeneous linear equa- 


tion 
y + 24’ 4-5y —2cos x. 


Solution. The auxiliary equation k?+2k+-5=0 has roots k&,——1--2í: 
k,-- — 1 —2i. Therefore, the complete integral of the corresponding homoge- 
neous equation is 


y=e-* (C, cos 2x + C, sin 2x). 
We seek the particular solution of the nonhomogeneous equation in the form 
y* = Á cos x 4- B sin x, 
where A and B are constant coefficients to be determined. 
Putting y* into the given equation, we will have 
— Å cos x — B sin x + 2 (— A sin x 4- B cos x) -À- 5 (A cos x + B sin x) =2 cos x. 


use the coefficients of cosx and sin x, we get two equations for de- 
termining A and B: 


—A+2B+5A=2; —B—24-rF5B —0, 
" l l " 
whence A—xi B= 
The general solution of the given equation is y=y-+y*, that is, 
y =e7* (C, cos 2x + C, sin Qn) += cos x4 sin x. 


Example 5. To solve the equation 
y" +4y = cos 2x. 
Solution. The auxiliary equation has roots k,=2i, k,— — 9i; therefore, 
ihe general solution of the homogeneous equation is of the form 
y — C, cos 2x +C, sin 2x. 
We seek the particular solution of the nonhomogeneous equation in the form 


y* =x (A cos 2x + B sin 2x). 
Then 
y*’ —2x (— A sin 2x 4- B cos 2x) +-(A cos 2x + B sin 2x), 


y* = — 4x (— A cos 2x — B sin 2x) -+ 4 (— A sin 2x + B cos 2x). 
Putting these expressions of the derivatives into the given equation and 


equating the coefficients of cos2x and sin2x, we get a system of equations 
for determining A and B: 
^^ 4B=1; —4A=0, 
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whence A=0 and B=. Thus, the complete integral of the given equation is 


y =C, cos 2x +C, sin 2x $7 x sin 2x. 
Example 6. To solve the equation 
y" — y —3e** cos x. 
Solution. The right side of the equation has the form 
f (x) =e?* (M cos x 4- N sin x), 


and M —3, N=0. The auxiliary equation &*—1-20 has roots k —1, &,—— 1. 
The general solution of the homogeneous equation is 


y — C,e* 4-C,e-*. 


Since the number a+ip = 24i: l is not a root of the auxiliary equation, we 
seek the particular solution in the form 


y* —e** (A cos x + B sin x). 
Putting this expression into the equation, we get (alter collecting like terms) 
(2A -+- 4B) e?” cos x -(—44 -+-2B) e?* sin x —3e** cos x. 
Equating the coefficients of cosx and sinx, we obtain 
2A+4B=3, —4A+2B=0. 


Whence Ase and B= . Consequently, the particular solution is 


y* =e" io cos x sinz), 
and the general solution is 


y — C,e* 4- C,e 7* pe (o cos x -+ — = sin x f 


SEC. 25. HIGHER-ORDER NONHOMOGENEOUS LINEAR EQUATIONS 


Let us consider the equation 
y^ ay"? TF... + ay =F (x), (1) 


where @,, Q, ..., Qn i (x) are continuous functions of x (or con- 
stants). 
Suppose we know the general solution 


y — Cy, E Cua Cu (2) 
of the corresponding homogeneous equation 
y" +a 4-99 E +, ..+a,y=0. (3) 


As in the case of a second-order equation, the following asser- 
tion holds for equation (1). 
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Theorem. /f y is the general solution: of. the homogeneous equa- 
tion (3) and y* is a particular solution of the nonhomogeneous 
equation (1), then B 

Y=y+y" 
is the general solution of the nonhomogeneous equation. 

Thus, the problem of integrating equation (1), as in the case 
of a second-order equation, reduces to finding a particular solution 
of the nonhomogeneous equation. 

As in the case of a second-order equation, the particular solution 
of equation (1) may be found by the method of variation of para- 
meters, considering C,, C,, ..., C, in expression (2) as functions 
of x. 

We form the system of equations (cf. Sec. 23): 


C, - Cy, T... Cs, =0, 
Cis +C: + dr Capa — 0, 
Cry + Cay +... + Cay =0, P 
Cu Gye abus Cu o = f (x). 
This system of equations with the unknown functions ee en 
C, has very definite solutions. (The determinant of the coef- 


ficients of C,, C,, ..., C4 is the Wronskian formed for the parti- 
cular solutions y,, Y, ..., y, of a homogeneous equation, and 
since these particular solutions are, by definition, linearly inde- 
pendent, the Wronskian is not zero.) 


Thus, the system (4) may be solved for the functions Ci, Ca, .. 
que Finding them and integrating, we obtain 
C,— VC dx PC, C, C dx Ca 5 Com FC dx C, 
where C,, C,, ..., C, are the constants of integration. 
We shall prove that in- such. a.case the expression 
y" =C 9, t C t On (5) 
is the general solution of the nonhomogeneous equation (1). 


Differentiate expression (5) n times, each time AKOE into account 
equations (4); this yields 


y* be FOYT OY, e. ere 
y*’ Ci +C.y: +Cya+.. AC Urs. 


yt a Caf LC, mma EC, 
y*^ CP + Cam H cC E. 


_— DÓ tà 
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Multiplying the terms of the first, second, ... and, finally, second 
to the last equation by a,, a,_,, ..., a,, respectively, and adding, 


we get | 
yt A 4- TP +a,y* =f (x), 


since Y,, Y, ..., y, are particular solutions of the homogeneous 
equation; for this reason, the sums of the terms obtained in adding 
vertical columns are equal to zero. 

Hence, the function y*=C,y,+...+C,y, [where C,, ..., C, 
are functions of x determined from equations (4)) is a solution of 
ihe nonhomogeneous equation (1), and since this solution depends 


on the ^ arbitrary constants C,, C,, ..., C,, il is the general 
solution. 

The proposition is thus proved. 

For the case of a higher-order nonhomogeneous equation with 
constant coefficients (cf. Sec. 24), the particular solutions are found 
more easily, namely: 

[. Let there be a function on the right side of the diflerential 
equation: f(x) - P(x)e'**, where P(x) is a polynomial in x; then 
we have to distinguish two cases: 

a) if œ is not a root of the auxiliary equation, then the parti- 
cular solution may be sought in the form 


y* —Q(x)e 


where Q(x) is a polynomial of the same degree as P (x), but with 
undetermined coefficients; 

b) if æ is a root of multiplicity p of the auxiliary equation, 
then the particular solution of the nonhomogeneous equation may 
be sought in the form 

y* —x'Q(x)e 


where Q(x) is a polynomial of the same degree as P (x). 
II. Let the right side of the equation have the form 


f(x) = M cos fx 4- N sin fx, 


where M and N are constants. Then the form of the particular 
solution will be: determined as follows: 

a) if the number Bi is not a root of the auxiliary.equation, then 
the particular solution has the form 


y* = A cos px + B sin Bx, 


where A and: B are constant undetermined coefficients; 
b) if the number fi is a root of the auxiliary Fon of mul- 
tiplicity p, then 
y* =x" (A cos Bx + B sin Bx). 
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III. Let 
f(x) = P (x) e* cosBx + Q (x) e" sin Bx, 


where P (x) and Q (x) are polynomials in x. Then: 
a) if the number «-4-fi is not a root of the auxiliary polynomial, 
then we seek the particular solution in the form 


y* =U (x) e'* cos Bx + V (x) e'* sin Bx, 


where U (x) and V (x) are polynomials of degree equal to the high- 
est degree of the polynomials P (x) and Q(x); 

b) if the number a+ Bi is a root of multiplicity p of the auxiliary 
polynomial, then we seek.the particular solution in the form 


y* = x* [U (x) e** cos Bx + V (x) e'* sin Bx], 


where U (x) and V (x) have. the same meaning as in Case a. 
General remarks on Cases Il and IIl. Even when the right side 
of the equation contains an expression with only cosBx or only 
sin Bx, we must seek the solution in the form indicated, that is, 
with sine and cosine. In other words, from the fact that the right 
side does not contain cosfx or sinBx, it does not in the least 
follow that the particular solution of the equation does not contain 
these functions. This was evident when we considered Examples 4, 


9, 6 of the preceding section, and also Example 2 of the present 
section. 


Example 1. Find the general solution of the equation 
yl! —y=x 4 l. 
Solution. The auxiliary equation &*—]-0 has the roots 
k=l, k=— l, ksi, k,——i. 


We find the general solution of the homogeneous equation (see Example 4, 
Sec. 22): 
‘y= Cye* 4- C,e7* 4- C, cos x 4- C, sin x. 


We seek the particular solution of the nonhomogeneous equation in the form 
y* = Aye) + Aux? + Aux + As. 
Differentiating y* four times and substituting the expressions obtained 
into the given equation, we pet 
— Ayx?— A,x?— Ax — A, x 4-1. 


Equating the coefficients of identical degrees of x, we have 
—A,=1; — A, =0; — A,=0; —A,=l. 
Hence 


y*==x—_l. 
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The complete integral of the nonhomogeneous equation is found from tho 
formula y —y-- g*: 
^ ^g — C,* +C, --C,cos x 4- C, sin x —x? — I. 


Example 2. To solve the equation 
yY —y-5 COS X. 
Solution. The auxiliary equation &*—1-20 has the roots &, —1, &,—— 1, 
k,=i, k,— — i. Hence, the general solution of the corresponding homogeneous 
equation is E 
y = C,e* 4- C,e -* 4C, cos x 4- C, sin x. 


Further, the right side of the given nonhomogeneous equation has the form 
F(x) 2 M cos x - N sinx, 
where M —5 and N=0. 
Since i is a simple root of the auxiliary equation, we seek the particular 
solution in the form 
y* =x (A cos x +- B sin x). 


Putting this expression into the equation, we find 
4A sin x —4B cos x =5 cos x, 


4A=0, —4B=5 


or A=0, B-—2. Consequently, the particular solution of the differential 


whence 


equation is 5 
*=— g x sinx 
and the general solution is 


y =C e” 4- C,e -* +C, cos x 4- C, sin x =e sin x. 


SEC. 26. THE DIFFERENTIAL EQUATION OF MECHANICAL 
VIBRATIONS 


In this and the following sections we shall consider a problem 
in applied mechanics, and investigate and solve it by means of 
linear differential equations. 

Let a load of mass Q be at rest on an elastic spring (Fig. 268). 
We denote by y. the deviation of the load from the equilibrium 
position. We shall consider deviation downwards as positive, 
upwards as negative. In the equilibrium position, the force of the 
weight is balanced by the elasticity of the spring. Let us suppose 
that the force that tends to return the load to equilibrium (the 
so-called restoring force) is proportional to the deflection, that is, 
equal to ky, where & is some constant for the given spring (the 
so-called “spring rigidity”)*). 


*) Springs whose restoring force is proportional to the deflection are called 
springs with a "linear characteristic". i 
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Let us suppose that the molion of the load Q is restricted by 
a resistance force operating in a direction opposite to that of 
motion and proportional to the velocity of motion of the load 
relative to the lower point of the spring; that is, a force — Av = 


-—AZ, where A= const œQ (shock absorber). Write the dif- 
ferential equation of the motion of the load on the spring. By 
Newton's second law we have 


d? d 
Q5 =—ky—1 (1) 


(here, k and X are positive numbers). We thus have a homoge- 
neous linear differential equation of the second order with con- 
stant coefficients. 


Fig. 268. Fig. 269. 


This equation may be rewritten as follows: 


d? d ; 
di d pz +qy=0, (1) 
where 


Let it further be assumed that the lower point of the spring A 
executes vertical motions under the law z—«(/). This will occur, 
for instance, if the lower end of the spring is attached to a rol- 
ler, which moves over an uneven spot together with the spring 
and the load (Fig. 269). 

In this case the restoring force will be equal not to — Ey, but 
to —&R[y4-«(/)], the force of resistance will be —42A[y' +¢ ($), 
and in place of equation (1) we will have the equation 


Q x1 x not + ky =— ko (0 — A (f): (2) 


Free Oscillations 557. 


or 


DU + pa 2 4. qy =F (t), (2°) 
where ; 
2 9 (0 +49" (0) 


We thus have a nonhomogeneous second-order differential 
equation. 

Equation (1') is called an equation of free oscillations, equation (2’) 
is an equation of forced oscillations. 


SEC. 27. FREE OSCILLATIONS 
Let us first consider the equation of free oscillations 
y. + py’ + qy =0. 
We write the corresponding auxiliary equation 


k* + pk+q=0 
and find its roots: 


k, =— $+ y £-—a; .R, ——$— ) Es. 


1) Let Z- Z >q. Then the roots k, and k, are real negative num- 


bers. The veneti solution is expressed in terms of exponential 
functions: 


y =C eft +C,” (k <0, &, <0). (1) 


From this formula it follows that the deviation of y for any 
initial conditions approaches zero asymptotically if / — oo. In the 
given case, there will be no oscillations, since the forces of resist- 
ance are great compared to the coefficient of rigidity of the 
spring &. 

2) Let =q; then the roots k, and k, are equal (and are 


also equal to the negative number —$)- Therefore, the general 


solution will be 
pt 


NE S gue am eee 
y=Ce* +Cyte? =(C,+C,te ?. . (2) 


Here the deviation also approaches zero as £— oo, but not so 
rapidly as in the preceding ‘case (due to the factor C, 4- C,r). 


558 Differential . Equations 


3) Let p=O (no resistance). The auxiliary equation is of the 


form 
ke -+q=0, 


and its roots are k, — i; &,— — pi, where B=Vq. The general 
solution is 
y=C, cos Rt +C, sin Bl. (3) 


In the latter formula, we replace the arbitrary constants C, 
and C, with others. We introduce the constants A and q,, which 
are connected with C, and C, by the relations 


C =À sinp, C,—4Acosq,. 


A and e, are defined as follows in terms of C, and C,: 
Amy C+} 9, — arctan ce. 


Substituting the values of C, and C, into formula (3), we get 


y = À sin g, cos B/ + A cos q, sin pt 
Or 
y= A Sin (Bf + 9). (3^) 


These oscillations are called harmonic. The integral curves are 
sine curves. The time interval T, during which the argument of 
the sine varies by 27, is 
called the period of oscil- 


lation; here, T -2*, The 


frequency is the number 
of oscillations during time 
2x; here, the frequency is 
p; A is the greatest de- 
viation from equilibrium 
and is called the amplitude; @, is the initial phase. The graph 
of the function (3) is shown in Fig. 270. 


4) Let p 4x 0 and P «cq. 


In this case, the roots of the auxiliary equation are complex 
numbers: 


k,=a+if, k,=a— ip, 
where a=— $ «0, Page. 


The complete integral has the form 
y =e" (C, cos Bt + C, sin Bt) (4) 
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or 
y = Ae" sin (Bt + 9;). (4’) 
Here, for the amplitude we have to consider the quantity Ae% 
which depends on the time. Since a «0, it approaches zero as 


Fig. 271. 


f—.oo, which means that here we are dealing with damped oscil- 
lations. The graph of damped oscillations is shown in Fig. 271. 


SEC. 28. FORCED OSCILLATIONS 
The equation of forced oscillations has the form 
y" + py’ t quy =f (£). 


Let us consider an important practical case when the disturb- 
ing external force is periodic and varies under the law 


F (0) 2a sin ot; 
then the equation will have the form 
y" + py’ +- qy =a sin ot. (1) 
1) Let us first presume that p zz 0 and P <q, that is, the 


roots of the auxiliary equation are the complex numbers a ip. 
In this case [see formulas (4) and (4') Sec. 27], the general 
solution of the homogeneous equation has the form 


y = Ae sin (Bt -- 9,). (2) 


We seek a particular solution of the nonhomogeneous equation 
in the form 
| y* = M cos ot + N sin ot. (3) 
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Putting this expression of y* into the original diflerential equa- 
tion, we find the values of M and N: 


_ 77p808 .,. (q—95a 
M= (g —w?)? + p?o? N= (q — 0?) -+ p*o ° 
Before putting these values of M and N into (3), let us introduce 
the new constants A* and ọ*, setting 
M = A* sing*, N= A*cosq*, 
that is 
At=VM4IN = tan ge” 


a 
Y Go EU No 


Then the particular solution of the nonhomogeneous equation may 
be written in the form 
y* = A* sin ọ* cos wt + A* cos g* sin o£ = A*® sin (wt + g*), 
or, finally, 
a 


 Vq—o + pw? 
The complete integral of equation (1) is y=y+y* or 


sin (of + 9*). 


y* sin (wf + q*). 


= Ae^" sin —ÓÁ— 
y= Ae~™ sin (B£ +P.) + Vases p 

The first term of the sum on the right side (the solution of the 
homogeneous equation) represents damped oscillations; it dimini- 
shes with increasing ¢ and, consequently, after some interval of 
time the second term (which determines the forced oscillations) 
will acquire prime importance. The frequency œ of these oscilla- 
tions is equal to the frequency of the external force f (f); the 
amplitude of the forced vibrations is the greater, the less p and 
the closer œ is to q. 

Let us investigate more closely the dependence of the amplitude 
of forced vibrations on the frequency œ for various values of p. 
For this, we denote the amplitude of forced vibrations by D(a): 

D (o) — 


a 
Vg — w*)? + p20? ° 


Putting q— B (for p=0, B, would be equal tọ its natural frequen- 


cy) we have 
D (0) = —— = — >. 
y (9 — e" + p70" "y (i EE 
P s 1 Jj. Pi ^ 
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gp fa G, 


Introducing the notation 


where A is the ratio of the frequency of the disturbing force to 
the frequency of free oscillations of the system, and the constant y 
is independent of the disturbing force, we find that the magnitude 
of the amplitude will be expressed by the formula 
D À = — n —— 4 
i 8; Y (0—Xy-ry?* m 
Let us find the maximum of this function. It will obviously be 
for that value of 4 for which the square of the denominator ha: 
a minimum. But the minimum of the function 


y (1—Xy ry» (5 


yii y -F | 
VTE 


Hence, the maximum amplitude is equal to 


E 
—_ 
ty y iX 


The graphs of the function D(A) for various values of y are shown 
in Fig. 272 (in constructing the graphs we put a— 1, B,=1 for 
the sake of definiteness). These curves are called resonance curves. 

From formula (5) it follows that for small y the maximum 
value of amplitude is attained for values of A close to unity, that 
is, when the frequency of the external force is close to the fre- 
quency of free oscillations. If y=0O (thus, p=0), that is, if there 
is no resistance to motion, the amplitude of forced vibrations 
increases without bound as A—+1 or as o — p, — V q: 


lim D (A) 2 oo. 
(y=) 


is reached when 


and is equal to 


— 


Dmax — 


At w?=@q we have resonance. 
q 
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2) Now let us suppose that p-0; that is, we consider the 
equation of elastic oscillations without resistance but with a 
periodic external force: 


y” + qy =a sin oft. 


025 05 075 10 125 15 175 20 225A 
Fig. 272. 


The general solution of the homogeneous equation is 
y=C,cosBt+C,sinBt (f'- 4). 


If 8 +o, that is, if the frequency of the external force is not 
equal to the natural írequency, then the particular solution of 
the nonhomogeneous equation will have the form 


y* = M cos ot +N sin ot. (6) 
Putting this expression into the original equation, we find 


M=0, N=— 
C= 


w?’ 
The general solution is 


" a . 
y = A sin (f£ + P.) Tg sin ot, 
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Thus, motion results from the ‘superposition of a.natural oscilla- 

tion with frequency B and a forced vibration with frequency o. 
If B=, that is, the natural frequency coincides with the 

frequency of the external force, then function (3) is not a solu- 

tion of equation (6). In this case, i 

in accord with the results of Sec. J 

24, we have to seek the particular 


solution in the form | "A dd 
y =-7g t 60s pf ge 
y* —t(M coswt+WN sinat). (7) Tenn 


Substituting this expression into B- const ,7 
the equation, we find M and N: 


a. C 
M = — do " N = 0. 
Consequently, 


y* — — gg 1 cos ot. 
The general solution will have 
the form 


y = A sin (Bt + Pa) — z- t cos pt. 


The second term on the right N 
side shows that in this case the Fig. 273. 
amplitude increases without bound | 
with the time f£. This phenomenon, which occurs when the 
natural frequency of the system coincides with the frequency of 
ihe external force, is called resonance. 

The graph of the function y* is shown in Fig. 273. 


SEC. 29. SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS 


In the solution of many problems it is required to find the 
functions y,=y, (x), y,=y,(x),..., Y =Y, (x), which satisfy a 
system of differential equations containing the argument x, the 
unknown functions y,, y,,..., y, and their derivatives. 

Consider the following system of first-order equations: 


dy, 
de mh His Wu Ya) 


dy, — 
4; (x, Yi Ys) e) Yn)» (1) 


du. et ss @® 09 *  @ oe € ' b . 
Ta = fa (x, Yir Un 55, Yn); j 
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where y,, Ya} +-+» y, are unknown functions and x is the argu- 
ment. 

A system of this kind, where the left sides of the equations 
contain first-order derivatives, while the right sides do not 
contain derivatives, is called normal. 
` To integrate the system means to determine the functions 


JU, Un» Yq, Which satisfy the system of equations (1) and the 
given initial conditions: 
(eos = Ua iem m Bu o dy = Yno (2) 


Integration of a system like (1) is performed as follows. Differen- 
tiate the first equation of (1) with respect to x: 


dy, _ Of, Of, dy, Of, dy 
+ A eH 
dx? Ox ' dy, dp Pedepa ET ' 


Replacing the derivatives a oes "DE Con with their ex- 
pressions f,, f, ..., f, from equations (1), we get the equation 
d*y, 
Ie =F, (X, Y -> Yn)- 
Differentiating this equation and then doing as before, we obtain 
d*y, 
dx? =F, (x, Yis Yar vers Yn): 
Continuing in the same fashion, we finally get the equation 
- = 
Ui ...} Yn). 
We thus get the TM hein 
d 
es =f, (x, Gis NA Yn), 
dy, 


dx? =F, (x, Uy Nom Yn)» 


. e. 9% s, è â è 0*0 PB S% ^*^ o 


d"g, 
dx" — F, (x, Gy wae ce Yn). 


(3) 


From the first n—1 equations we determine (if this is possible) 


Jn Up... y, aud expres them in terms of x, y, and the 
derivatives 24 , 49 d^ i. 
dx’ dx? perry dx? -! e 


Y, =F, (x, Yis J, ELLE yn 7), 
Y, =P, (X, Hv Ys T E 2) 


Ja 9.05 Yay Ju o Ya"). 


(4) 
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Putting these expressions into the last of the equations (3), we 
get an nth-order equation for determining y,: 


d Dy pus Y,» eo YEZ). (5) 

Solving this equation, we find y,: 
y, =), (x, C, C,.... Cy). (6) 
Differentiating the latter expression n—1 times, we find the 
derivatives n ; ae - oat as functions of x, C,, C,,..., Cu 


Substituting these functions into equations (4), we determine 
UP Ys Nem og Gye 


y, — v, (x, e C. idc Ca), 


"PITT (7) 
USE WU Osea D 

For this solution to satisfy the given initial conditions (2), it 
remains for us to find [from equations (6) and (7) the appro- 
priate values of the constants C,, C,,..., C, (like we did in the 
case of a single differential equation). 


Note 1. If the system (1) is linear in the unknown functions, 
then equation (5) is also linear. 


Example 1. Integrate the system 


d ay tots, oy — 324-28 (a) 
with the initial conditions 
(gy)gzo— 1; (2.290. . (b) 
Solution. 1) Differentiating the first n with. respect to x, we have 
rT dx RE e 
Putting the expressions ct and ed from equations (a) into this equation, 
we get 


e — =(y+2+4)+(— 4y— 32 4-2x) +1- 
OT d*i 
! duc Sy —22 43x 4-1. : (c) 


2) From the first equation of n (a) we find 


E —Jy—2x | (d) 
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and put it into the equation just obtained; we get 


dèy _ dy 
or ! 
d'y o dY o, 
TRE jx 4-9. (e) 
The general solution of this equation is 
y —- (C, +C) e7 * + 5x—9 (d 
and from (d) we have 
z—(C, —2C, —2C,x) e- * —6x 4-14. (g) 


Choosing the constants C, and C, so that the initial conditions (b) are 
satisfied, 
(Y)x=0= 1l. (2)x=0=0, 


we get, from equations (f) and (g), 
1 —C,—9, 0— C,—2C, + 14, 


whence C,—10 and C,—6. 
Thus, the solution that satisfles the given initial conditions (b) has the 
lorm Ex 


y —(10-4-6x)e-*--5x—9, z-—(—14—12x) e- * —6x 4-14. 


Note 2. In the foregoing we assumed that from the first n —1 
equations of the system (3) it is possible to determine the 
functions y,, Y, ..., y, It may happen that the variables 
Y, +++, Yn are eliminated not from n, but from a smaller number 
ol: equations. Then to determine y, we will have an equation 
of order less than n. 


Example 2. Integrate the system 
dx — .dy /|— , az _ 
ge IT? g re ae * ty: 


Solution. Differentiating the first equation with respect to /, we find 


d? d dz. 

ai ae tA 0 00») 
d? 
Tj ty T2. 


Eliminating the variables y and z from the equations 


dx d*x 
dong tt Geer ty tz 


we get a second-order equation in x: 
d*x dx 


qt ap —Ü. 
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Integrating this equation, we obtain its general solution: 


x-—C,e -! E Cet, (a) 
Whence we find 
oF ea — Ce“! + 20,08 and y= im Ce! Cez. (B) 


Paing into the third of the given equations the expressions that have been 
found for x and y, we get an equation for determining z: 


dz = of 


Integrating this equation, we find 
pecu Ce". (Y) 


But then, from -equation (B), we get 
l y=— (C 4 C2) e7! Ce? 
Equations (a), (B), and (y) give the general solution of the given system. 


The differential equations of the system can contain higher-order 
derivatives. This then yields a system of differential equations of 
higher order. | 


For instance, the problem of the motion of a material point under the 
action of a force F reduces to a system of three second-order differential 
equations. Let F4, F,, F, be the projections of the force F on the coordinate 
axes. The position of" the point at any instant of time t is determined by 
its coordinates x, y, and z. Hence, x, y, z are functions of t. The projections 

dx dy dz 
dt ' dt’ dt’ 

Suppose that the force F and, hence, its projections Fy, Fy, F, depend 
on the time /, the position x, y, z of the point, and on thé velocity of 

dx dy dz 
dt ' dt ' dt ' 
In this problem the following three functions are the sought-for functions; 


x=x (t) y=y(t) z-z(. 


of the velocity vector of ihe point on the axes will be 


motion of the point, that is, on 


These functions are determined from equations of dynamics (Newton's law): 


d*x dx dy dz 
nfi-n (nnn tt. dL E. 

dèy dx dy dz 
m P =F; Ü X, Y, 2, dt’ at’ ae 

d?z dx dy dz 
maf (4 X, 9,2, ai’ di ' a) J. 


We thus have a system of three second-order differential equations. In the 
case of plane motion, ihat is, motion in which the trajectory is a plane 


(8) 
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curve (lying, for example, in the xy-plane), we get a system of two equations 
for determining the functions x (f) and y (f): 


d*x — dx dy 

m qz fx (4 X, UJ, di ' it) (9) 
d'y — dx dy 

mA P, (t X, Uy di’ w) e (10) 


It is possible to solve a system of differential equations. of higher order 
by reducing it to a system of first-order equations. Using equations (9) and 
(10) as examples, we shall show how this is done. We introduce the notation 


Then 


The system of two second-order equations (9) and (10) with two unknown 
functions x (t) and y(t) is replaced by a system of four first-order equations 
with four unknown functions x, y, u, v: | 


ax - 

di 
mH F(t x, Y, U, V), 
m =F y(t, Xx, Y, U, U). 


We remark in conclusion that the general method that we have considered 
of solving the system may, in certain specific cases, be replaced by some 
artificial technique that gets the result faster. 

Example 3. To find the general solution of the following system of 
differential equations: 


d?y 
i dx? T? 
d?z 
dad 
Solution. Differentiate, with respect to x, both sides of the first equation 
lwice: 
d uit 
dx*  dx*" l 
2 . "En . 
But ay. and so we get a fourth-order equation: 
d* 
rr 


‘Integrating this equation, we obtain its general solution (see Sec. 22, 


Example 4): | `, 
y =Cye” + C,e7* ++ C, cosx+C, sx. ' 
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d*y 


Qu: from this equation and putting it into the first equation, we 


Finding 
find z: 
z = Ce” +C,e-*—C, cos x — C, sin x. 


SEC. 30. SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS 
WITH CONSTANT COEFFICIENTS 


Suppose we have the following system of differential equations: 


dx, 
— aX, SEE Nees T ats | 
dx 
ER OX, 3105444, F hd Fann (1) 


dx | 
di = AX, + nx, rea ei Annn ] 


where the coefficients a; y are constants. Here, ¢ is the argument, 
and x (£), x,(¢),..., %,(¢) are the unknown functions. The 
system (1) is a system of homogeneous linear differential equations 
with constant coefficients. 

As was pointed out in the preceding section, this system may 
be solved by reducing it to a single equation of order n, which 
in the given instance will be linear (this was indicated in Note 
l of the preceding section). But system (1) may be solved in 
another way, without reducing it to an equation of the nth order. 
This method makes it possible to analyse the character of the 
solutions more clearly. 

We seek a particular solution of the system in the following 
form: 


kt kt __ Rt 
X,7 0,07, X,—0,0,..., Xp = pe. (2) 
It is required to determine the constants a,, a,,..., a, and k 
in such a way that the functions a,e*, a,e", ... , ae" should 


satisfy the system of equations (1). Putting them into system (1), 

we get: E o ` 
ka,e* = (a,,a, 4-0,0, 4- . . . +a,,0,) e", 
ka e"! = (a a, 4- a,,a, +... FH a,,a,) e", 


(2) 
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Cancel out e", Transposing all terms to one side and collecting 


coefficients of a,, a,,..., a,, we get a system of equations: 
(a,,—)a, a oe 
a, a. + a,,—£R a. a pnn = 0, 


0,,0, Fant, +... + (a4, — k) a, =0. 


Choose a,, &,, ..., a, and k such that will satisfy the system (3). 
This is a 'system of linear algebraic equations in a,, a,,..., Q 
Let us form the determinant of the system (3): 


n" 


a, — k ai. Qin 
Qe a,,—k coe Arn 
BUD i ee RU qe (4) 
Qn, Qn; . (a4, — Rk) 
If k is such that the determinant A is different from zero, then 
the system (3) has only trivial solutions a, =a, = ...-—0,—0 
and, hence, formulas (2) yield only trivial solutions: 
x, (Dax, (j=... =x, (t) =0. 


Thus, we obtain nontrivial solutions (2) only for & such that 
the determinant (4) vanishes. We arrive at an equation of order 
n for determining k: 


Q,—R ay ... Ay 
a a —k s.. a 
21 22 2n 
TL (5) 
Ani Qn, eve Ann —R 


This equation is called the characteristic equation of the system (1), 
and its roots are the roots of the characteristic equation. 

Let us consider a few cases. 

l. The roots of the characteristic equation are real and distinct. 
Denote by £,, &,, ... , &, the roots of the characteristic equation. 
For each root k; write the system (3) and determine the 
coef ficients 

at), off, ..., ath, 


It may be shown that one of them is arbitrary; it may be 
considered equal to unity. Thus we obtain: 
for the root-&, the foliowing solution of the system (1) 


; R 
XD =at, x) Salles! ..., x e ae 
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for the root k, the solution of the system (1) 
xQ — aen, x = aet, T d = glè"; 


for the root &, the solution of the system (1) 
xi) — alet, x(t) afmekal, xl) — alek, 


By direct substitution into the equations we see that the system 
of functions 


y= Cane’! 4 Caer! +... HCAM etn, 
x, =C amet + C aet nnn - Calen, 


(6) 


5 = Cat veh Cate! +, .. | C, a fehl ; 
where C,, C, ..., C, are arbitrary constants, is likewise a 
solution of the system of differential equations (1). This is the 
general solution of system (1). It may readily be shown that one 


can find values of the constants such that the solution will 
satisfy the given initial conditions. 


Example 1. Find the general solution of the system of equations 
dx dx 
Fm eat 2x2 dr 38. 
Solution. Form the characteristic equation 
2—k 2 
1 3—R| 


or k?—5k+4=0. Find its roots: 
k,=1, k,—4. 
Seek the solution. of the system in the form 
x ma et, x0 g(t) of 
and 
x( gf?) git, G2) g(t) ett 
Form the system (3) for the root &, —1 and determine a(?) and a(? 


(2— 1) af) + 2a =0, 
laf”? + (3—1) af —0 
or 
a? 4+- 2g (7) =0, 
a!) + 29 —0, 
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l 


whence af? - yap. Putting a(? =1, we get af? — — J" Thus, we obtain 


the solution of the system: 


D. of gy lu 
xí =f, v= ze 


Now form the system (3) for the root &, —4 and determine a and al, 
— 2a!) + 2a/?) — 0, 


a{*) — 2a =0, 


whence a!) =a?) and a®=1, a(?.—1. We obtain the second solution of 
the system: 
x0 — ett, xt =e, 


The general solution of the system will be [see (6)] 
x, — C,e! 4- Cie, 


Xa = — > Cet + Cre. 


Il. The roots of the characteristic equation are distinct, but 
include complex roots. Among the roots of the characteristic equa- 
lion let there be two complex conjugate roots: 


,=atip, k,=a— ip. 
To these roots will correspond the solutions 


xp = aj” etti (j=1, 2,...,n), (7) 

xf? a? ge-ipt (j=l, 2,... , n). (8) 

The coefficients aj? and oj? are determined from the system of 

equations (3). 5 

Just as in Sec. 21, it may be shown that the real and imagi- 

nary parts of the complex solution are also solutions. We thus 
obtain two particular solutions: 


xj) = e (AP cos fix -- A? sin Bx), | 
x? = e (M sin fx J- A? cos Bx), 


(9) 


where AP, AP, Aj”, AP) are real numbers: determined in terms 


of af? and af. 


Appropriate combinations of functions (9) will enter into the 
general solution of the system. 
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Example 2. Find the general solution of the system 


dx 
Is 7x, +X, 
Ttr = 2n — 5i. 
Solution. Form the characteristic equation 
—7—k l 0 
—2 —5—R| 7 


ork? + 12k - 37 — 0 and find its roots: 
kuc6d4, Be 67. 
Substituting k,=—6-+i into the system (3), we find 
a —], a= +i 
We write the solution (7): 
x)= leteti (0L (a.p i) etc eet, (7^) 
Putting k, =— 6—i into system (3), we find 
asl, asli. 
We gef a second system of solutions (8): 
x ele Al xO) = (1 jy er-e- Di, (8’) 
Rewrite the solution (7’): 
x) —e-@ (cos t+ i sin t), 
x() = (1+ i) e7*! (cos t +i sin t) 
or 
x  e-*! cos t+ ie- *! sin t, 
xf!) — e-*! (cos t —sin t) + ie- " (cos t + sin f). 
Rewrite the solution (8'): 
x@) c e-'! cos t—te-" sin t, 


xe — e7*! (cos t — sin t) — ie-* (cos t -- sin t). 


For systems of particular solutions we can take the real parts and the imagi- 
nary parts separately: 


(9) 


x =e- cost, x) —e-'! (cos t —sin t), 
xQ) =e- sint, x2) —e-'! (cos t-+sin t), 


The general solution of the system is 
x, 7 C,e 7 * cos t+C,e-% sin t, 
X, — C,e 7"! (cos ( — sin t) + Cye ^ *! (cos t + sin 1). 
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By a similar method it is possible to find the solution of a system 
of linear differential equations of higher order with constant coef- 
ficients. 

For instance, in mechanics and electric-circuit theory a study 
is made of the solution of a system of second-order differential 
equations: 


" (10) 


d*x 
dpe Qux AY, 
ds 7 at T ayy. 


Again we seek the solution in the form 
x= 27 | y= pe**, 


Putting these expressions into system (10) and cancelling out e^ 
we get a system of equations for determining a, B and k: 
(a,,—k*)a+a,;p=0, | 
Q,,Q0.-- (0,, —k’*) p=0. 
Nonzero «a and f are determined only when the determinant of 
the system is equal to zero: 


(11) 


2 
Q,,—£R a 


12 
a 


a, kt =O (12) 


This is the characteristic equation of system (10); it is a fourth- 
order equation in k. Let &,, &,, k, and k, be its roots (we assume 
that the roots are distinct). For each root k; of system (11) we 
find the values of œ and p. The general solution, like (6), will 
have the form 


x — C,a e^! + Caen! + C ate! + C aet, 
y — C,p'e*t E C, poe! + C pre! E C pre. 


If there are complex roots, then to each pair of complex roots 
in the general solution there will correspond expressions of the 
form (9). ' 


Example 3. Find the general solution of the following system of 
differential equations 
d*x 
di 4 
d’! 
qa nti 
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Solution. Write the characteristic equation (12) and find its roots: 


|I—g —4 
—1 adq-—4|-79 


k =i, k=—i, ky= V3, k-—Va. 
We shall seek the solution in the form 
x) = gf) elt, y O = pe eit 
x) =a e-t, yd = p e- it 
MONS et y = po gist. 


-Vs. -Y;t 
x(9—a.962 7? A y® Z p*e . 


From system (11) we find a and f^: 


a) =l, ol. 

a=], po-.., 
» q0—], pe.lÉ-— T 

a =l, pe-— 1. 


We write out the complex solutions: 
x) —e-illL.cost-Lisint, y™® =5 (cos t+ i sin f), 


x — e7 il — cos t — i sin f, y =F (cos t—isin t). 


The real and imaginary parts separately form the solution: 
xü cost, 9 — — cos t, 
x» —sinft, y?= 


We can now write the general solution: 


x2C, cos +C, sin t 4- C, e? ! dC a et 
1 l ' l Yit 1 ~Vst 
y — C, y cos t C,sint—C, > e d —aAse f . 


Note. In this section we did not consider the case of multiple 
roots of the characteristic equation. This question is dealt with in 
detail in “Lectures on the Theory of Ordinary Differential Equations" 
by I. G. Petrovsky. 
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SEC. 31. ON LYAPUNOV’S THEORY OF STABILITY 


Since the solutions of most differential equations and systems 
of equations are not expressible in terms of elementary functions 
or quadratures, use is made (in these cases when solving concrete 
differential equations) of approximate methods of integration. The 
elements of these methods were given in Sec. 3; in addition, some 
of these methods will be considered in Secs. 32 through 34 and in 
Chapter XVI. 

The drawback of these methods lies in the fact that they yield 
only one particular solution; to obtain other particular solutions, 
one has to carry out all the calculations again. Knowing one par- 
ticular solution does not permit us to draw conclusions about the 
character of the other solutions. 

In many problems of mechanics and engineering it is sometimes 
important to'know not the specific values of a solution for some 
concrete value of the argument, but the type of behaviour for 
changes in the argument and, in particular, for a boundless increase 
of the argument. For example, it is sometimes important to know 
whether the solutions that satisfy the given initial conditions are 
periodic, whether they approach some known function asymptoti- 
cally, etc. These are the questions with which the qualitative theory 
of differential equations deals. 

One of the basic problems of the qualitative theory is that of 
the stability of the solution or of the stability of motion; this 
problem was investigated in detail by the noted Russian mathe- 
matician A. M. Lyapunov (1857-1918). 

Let there be given a system of differential equations: 


Z fl, X, y), 
Y ft, x; y). 


Let x=x(t) and y=y/(t) be the solutions of this system that 
satisfy the initial conditions 


X129 7 Xo; , 
Í 
Uiz.7 Yo | ( ) 


Further, let x—x(/) and y=y(t) be the solutions of equation 
(1) that satisfy the initial conditions 


Xto = X, } (1^) 
Yt=—9 = Fo: : 


(1) 
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Definition. The solutions x —x(/) and y =y (£) that satisfy the 
equations (1) and the initial conditions (1') are called Lyapunov's 
stable as t— oo if for every arbitrarily small e œO there isa 6>0 
n a for all values ¢>>0 the following inequalities will be 
ulfilled: 


|x (4) —x(t)|<e, 
Wo—yMl<e J © 


if the initial data satisfy the in- 
equalities yri 


|x —x, |<, | 3 
lj, — | «8. x: 


Let us figure out the meaning 
of this definition. From inequali- . 
ties (2) and (3) it follows that for small variations in the initial 
conditions, the corresponding solutions differ but littlefor all positive 
values of ¢. If the system of differential equations is a system that 
describes some motion, then in the case of stability of solutions, 
the nature of the motions changes but slightly for small changes 
in the initial data. 


J-(go-Det«t 


Fig. 274. 


Let us analyse an example of a first-order equation. 
Let there be given a differential equation: 


aper (a) 

The general solution of this equation is the function 
y —Ce-!'4 1. (b) 
Find a particular solution that satisfies the initial condition ; 
Jtzo 7 1. (c) 


It is obvious that this solution y=1 results when C=O (Fig. 274). Then find 
the particular solution that satisfies the initial condition 


I Dia = Yr 

Find the value of C from equation (b): 
yo — C 4-1, 

whence E 
C=y,—1. 


Putting this value of C into equation (b), we get 
y — (y, —1)e7* +1. 
The solution y=1 is obviously stable. 


19— 3388 
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Indeed, B z x 
y—y-(y,—3)e7'4-1]—12 (—1)e7! + 0 
when í +00. 


Hence, inequality (3) will be fulfilled for an arbitrary e if the following 
inequality is fulfilled: 
(gy, —1)-— 6 « e. 


Let us further consider the system of equations 


T = Cx + gy, 
(4) 


assuming that the coefficients a, b, c, g are constant and g=0. 
Let us find out what conditions the coefficients must satisfy 
so that the solution x=0, y=0 of system (4) should be stable. 
Diflerentiating the first equation and eliminating y, we get a 
second-order equation: 


mseg teg m lay FE (ax + by) c FF + age b (FF —or) 


or 
a NOME IUS | (5) 
Its auxiliary equation is of the form 
A*— (b 4- c) À— (ag — bc) =0. (6) 


Let us denote the,roots of the auxiliary equation by A, and 4,. 
The following cases are possible. 
l. The roots of the auxiliary equation are real, negative and 
distinct: 
A <0, A,<0, AE, 
Then 
x — C,e*! +C, 


j— 1C, 0, — e! - C, 0, — ev] 
The solution that satisfies the initial conditions 


X |in Xy Ylin = Yo 
will be 
CX, + EYo— Xoh: o^! tahi —CXp— yog 
scam E E Wee 


- = (7) 
ja arse Xo, (^, —c) gi 4- XA, ze (4, —c) " 


et, 


g À,— Ay 
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From the latter formulas it follows that for any e>0 it is 
possible to choose x, and y, so small that for all / — O0 we will have 


Ix(D|«e, ly(t)| «s since es! «1 and es! <I, 


Hence, in this case the solution x 20, y=0 is stable. 
2. Let 4, 20, 4, «0. Then 


x=C,+C,e', 
y VIC, (À — c) ef — cC], 


and the solution, as in the preceding case, proves stable. 
3. Let 4,2 4, «0. Then 


x — (C, -- C,O e^t, 
= ze" [C, (A, — c) + C, (1 4- X, —ct)]. 


Since 
te! — 0 and es! —0 when t — co, 


it follows that for sufficiently small C, and C, (that is, for suffi- 
ciently small x, and y,).we will have |x(/)] « e and |y(/)| «e 
for any £ — O0. The solution is stable. | 

4. Let 4, 2 4,—0. Then 


x cC, J- C,t. 
y= E [— cC, za C, — cC t]. 


We see that for an arbitrarily small C, 520 both x and y approach 
infinity (as £ — oo), which means that the solution in this case 
is unstable. | 

9. Let at least one of the roots A, and A, be positive; for 
instance, A, — 0. 

From formula (7) it follows that no matter how small x, and 
yj 

CX, gU, — XS, AD, 


that is, if C,540, then |x(/)| — co as t — oo. 

Hence, in this case too the solution is unstable. 

6. The roots of the auxiliary equation are complex with nega- 
tive real part: 


19* 
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In this case, 

x == Ce sin (Bt ++ ô), 

y= Cet [(a—c) sin (Bt + 6) + B cos (Bf + 6)]. 
It is obvious that for any e>0 it is possible to choose x, and y, 


such that we will have |C|<e and ee UP erg and, conse- 
quently, 


(8) 


|ad| 


|x (()| <e and Jy (H| « e. 


The solution is stable. 
7. The roots of the auxiliary equation are pure imaginaries: 


À, — pt, A, = — ft. 
In this case, 
x — C sin (Bt +ô), 


=—C [B cos (Bf -- 6) — c sin (Bi + 6)] 


which means that x(/) and g(i) are periodic functions of f. As 
in the preceding case, we verify the solution and find it stable. 
8. The roots of the auxiliary equation are complex with 
positive real part (a œ> 0). 
From formulas (8) it follows that here for arbitrarily small x, 
and y, (that is, for arbitrarily small C0) and for increasing / 
the quantities Ix (4)] and |g(f)| can take on arbitrarily large 


values, since e—+0oo as f—+oo. The solution is unstable. 
To give a general criterion of the stability of solution of the 
system (1), we do as follows. 
We write the roots of the auxiliary equation in the torm of com- 
plex numbers: 
A =A RM, 
A, = Aa H iMa 


(in the case of real roots, 4, =O and Aj 

Let us take the plane of a complex S À* À** and display 
the roots of the auxiliary equation by points in this plane. Then, 
on the basis of the eight cases that have been considered, the 
condition of stability of solution of the system (4) may be for- 
mulated as follows. 

If not a single one of the roots À,» À, of the auxiliary equation 
(6) lies to the right of the axis of imaginaries, and at least one 
root is nonzero, then the solution is stable; if at least one root 
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lies to the right of the axis of imaginaries, or both roots are equal 
to zero, then the solution is unstable. 
Let us now consider a more general system of equations: 
x 


d 
qi ert ey +P (x,y), | 


4’ 
ZU = ax + by + Q (x, y). | e 
But for exceptional cases, the solution of this system is not expres- 
sible in terms of elementary functions and quadratures. 

To establish whether the selutions of this system are stable or 
unstable, the system is compared with the solutions of a linear 
system. Suppose that for x — 0 and y — 0, the functions P (x, y) 
and Q(x, y).also approach zero and approach it faster than o, 


where o— V x! -- y^; in other words, 


Q0 Q0 


Q(% 9. o, 
Q 


Then it may be proved that, save for the exceptional case, the 
solution of the system (4’) will be stable when the solution of 


the system 
dx 


ap TOX + 8Y, 
4 
oY ax + by, V) 
is stable, and unstable when the solution of the system (4) is 
unstable. The exception is that case when both roots of the auxil- 
iary equation lie on the axis of imaginaries; in this case, the 
question of the stability or instability of. solution of the system 
(4') is considerably more involved. 
Lyapunov *) investigated the question of the stability of solutions 
of systems of equations for rather general assumptions concerning 
the form of these equations. 


SEC. 32. EULER'S METHOD OF APPROXIMATE SOLUTION 
OF FIRST-ORDER DIFFERENTIAL EQUATIONS 


We shall consider two methods of numerical solution of a first- 
order differential equation. In this section, we consider Euler's 
method. 


*) A. M. Lyapunov, The General Problem of Stability of Motion, ONTI, 
1935 (Russian edition), 
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Find (approximately) the solution of the equation 
d 
ze f(x, y) (1) 


on the interval [x,, 5] that satisfies the initial condition at x — x, 
y—y,. Divide the interval [x,, b] by the points x,, x,, x,,..., Xa =b 
into n equal parts (here x, < x, « x, «C... < x,). Denote x,—x,— 
—X,—X,29...—b—x,.,-— Ax-—h; hence, 


h 0 —* 
n H 


Let y=q (x) be some approximate solution of equation (1) and 


Y, = F (X,), Y= P (x,) 3 Yn = q (X,). 
Denote 
Ay, =Y, — Yo. AU, =Y, — Y,» S895: Ay, , = U,— Yn- 
At each of the points x,, x,,..., x, in equation (1) we.replace 
the derivative with the ratio of finite differences: 
AY — 
ar =! G5 9. (2) 
Ay=f (x, y) Ax. (2^) 
When x—x, we have 
A FG s Mom EO Yo) Ax 


i 


or 
y, — Y. = FG, y,) A. 
In this equation, x,, y,, h are known; thus we find 
Yi V FE GS, Ya) h.. 
When x=x, equation (2’) takes the form 
Ay, — FG, y) h 


y,—4,— FG, Jy) h, 
y, Ub EOS, yu) h. 


Here, x,, y,, A are known and y, is determined. 
Similarly, we find 


Y, =Y: TG, Jy) h, 


or 


Yn E Un-1 TG Yn-1) h, 
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We have thus found the approximate values of the solution at 
the points x,, x,,..., x,. Connecting, in a coordinate plane, the 
points (Xos Yo), (Xis Yi) s (Xas Yn) by 
straight-line segments, we get a broken 
line— an approximate integral curve (Fig. 
275). This broken line is called Euler's 
broken line. 

Note. We denote by y = q, (x) an approx- 
imate solution of equation (1), which 
corresponds to Euler's broken line when 
Ax--h. It may be proved *) that if there 
exists a unique solution y = q* (x) of equa- 
tion (1) that satisfies the initial condi- 
tions and is defined on the interval [x,, 
b], then lim | @, (x) —9* (x)|=0 for any x of the interval [x,, b]. 


Example. Find the approximate value (for x=1) of the solution of the 
equation 
y =y+x 


that satisfies the initial condition yo —1 for x, —0. 
Solution. Divide the interval [0, 1] into 10 parts by the points x,—0, 


0.1, 0.2, ..., 1.0. Hence, h=0.1. We seek the values y,, ys, ... » Yn by fore 
mula (2) 
d Aly = (yg + Xg) h 
or Yrkt = Yr t Yat Xx) h- 
We thus get y,—1-4-(14-0).0.1214-0.1— 1.1, 


ga — 1.3 -F (1.1 4-0.1)-0.1 — 1.22, 


Uk + Xk | AYR —(yy t xy) h 


1.000 
1.200 
1.420 
1.620 
1.924 
25 2164 


2. 3918 


0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 


— 
— 
— 
— 
— 
— 
-— 
— 
— 
— 
-— 
— 
— 
— 


*) For the proof see, for example, 1. G. Petrovsky's “Lectures on the 
' Theory of Ordinary Differential Equations". 
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We have found the approximate value y|,.,=3.1703. The exact solution 
of this equation that satisfies the indicated initial conditions is 


y —2e* —x — l|. 
Hence, 
J|x-1 —2 (e —1l)- 3.4365. 
0.2662 
3.4365 


The absolute error is 0.2662; the relative error is = 0.077 = 8%. 


SEC. 33. A DIFFERENCE METHOD FOR APPROXIMATE 
SOLUTION OF DIFFERENTIAL EQUATIONS BASED 
ON TAYLOR'S FORMULA. ADAMS METHOD 


We once again seek the solution of the equation 
y' =f (x, y) (1) 


on the interval [x,, 6], which solution satisfies the initial condi- 
tion y y, when x=x,. We introduce notation that will be needed 
later on.' The approximate values of the solution at the points 


Xu du Kee as w 


0? 1? n 


will be 
Yor Yis Yas sees Yw 
The first differences, or differences of.the first order, are 
AY =Y, — Yor AY, =Y — Ue s AY ne = Yn Yn- 
The second differences, or differences of the second order, are 
A*y, = Ay,— Ay, = Y, — 2Y, + Yo» 
A*y, = Ay,— AY, =Y, — 24. + Vv 


A*y, 2,77 AYn-1 —ÅAYn-: = U4— 2Yn- - Un, 
Differences of the second differences are called differences of the 


third order, and so forth. We denote by Uo, Ui 2 1 Un the approx- 


imate values of the derivatives, and by yo, Ji..., Yn the 
approximate values of the second derivatives, etc. Similarly we 
determine the first differences of the derivatives: 


Ag, Ji— Yo MA m Fi Yas s AYn m1 = Un — Uns 
the second differences of the derivatives: 
A*y, — Ay; — Ayo, Aty, = Ay,— AU pies Ane = AUn-1— Man 
and so on. 
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Write Taylor’s formula for solving an equation in the neigh- 
bourhood of the point x=x, [Ch. IV, Sec. 6, formula (6)]: 


, vid 2 54 m 
t EIU uuu. ELA OR — (2) 


y—. + 


In this formula y, is known, and the values of Yo jo... of the 
derivatives are found from equation (1) as follows. Putting the 
initial values x, and y, into the right side of equation (1), we 


find yo: 
gs =F (X, Y,)- 
Differentiating the terms of p with respect to x, we get 


y ð , 
AU (3) 
Substituting into the right side ne values x,, Yv Yo, we find 


Of , 
y= (3 tay T =Y Vy 
K—Xo. Y=Ho Y =U, 


Once more differentiating (3) with respect to x and substituting 
the values x,, Y,, Yo, Yo, we find Yo . Continuing in this fashion,*. 
we can find the values of the derivatives of any order for x= x,) 
All terms are known, except the remainder R, on the right side 
of (2). Thus, neglecting the remainder, we can "obtain an approx- 
imation of the solution for any value of x; their accuracy will 
depend upon the quantity |~—x,| and the number of terms in 
the expansion. 

In the method given below, we determine by formula (2) only 
the first few values of y when |x—x,| is small. We determine 
the values y, and y, for x,—x,-- h and for x,—x,-4-2h, taking 
four terms of the expansion (y, is known from the initial data): 


A , h? " h? ror 
lii b i , (4) 


Qh -* any" y 2h , 

V. m Yo + yo S, e E y (4^) 
We thus consider known three values **) of the function: y,, 
y,, Y, On the basis of these values and using equation (1), 


*) From now on we shall assume that the function f (x, y) is differentiable 
with respect to x and y as many times as is required by the reasoning. 

**) If we were to seek the solution with greater accuracy, we would have 
to compute more than the first three values of y. This is dealt with in 
detail by Ya. S. Bezikovich in "Approximate Calculations" (Gostekhizdat, 
1949) (Russ:an edition). 
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we find 
Jo =f (X, Yo), Yı = f (x, Ji); Js f (X,, J,). 


Knowing yo, Yı Yz, it is possible to determine Ag, Ay, A’y. 
Tabulate the results of the computations: 


0 por pos |v] 
a NNI 
O NN 

x mx. +h | i | y, | | AY, 

ee a 
um n | & | | 
NONE NET E 
x&mmE-2h | n | ^a | | 
[baa 

xec A | ten | «a | | ^. 
| | Aves | 
| | | | 


Now suppose that we know the values oi the solution 
Yor Yis Us > Yk 


From these values we can compute [using equation (1)] the values 
of the derivatives 
Yo, Yi, Ye, s.. | Yr 

and, hence, 

Ay, Ay, s... 3) ÁAUs 1 
and 

A? Yo, A*y,, e* 9j A' Yes ° 
Let us determine the value of y,,, from Taylor's formula (see 
Ch. V, Sec. 6), setting a— x,, X= Xp} = Xp +h: 


m 


AP NN E em ao 
Yeti = Yr tT Yet 1.3 UT rage be np Ye? + Re 
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In our case we shall confine ourselves to four terrns of the 
expansion: 


h t h? ” h? ere 
Yaar = Yr tT Us T [5 Ye T 1:3 Y . (5) 


The unknowns in this formula are y, and y, , which we shall 
try to determine by using the known first-order and second-order 
differences. 

First, represent y, , in Taylor's formula, putting a= x, 
x—a = — kh: 


(—h) (—hy ver 


Yr- = Yet Yet qa Yes (6) 
and y,_,, putting a=x,, x— a= — 2h: 

rj r — 2h ” — 2h)? eye 

yi, = yt y, +O gu (7) 
From (6) we find 

) r h " h* cr? 

Uy — UJ 17 MIA LL Y Ye TD He 7 (8) 


Subtracting the terms of (7) from those of (6), we get 
"i , , h ox MS iy 
Yr- Yr- = AYk JS v UJ, » (9) 
From (8) and (9) -we obtain 
Ay, .,— AJ, = A'y, ,— hu. 
or 


Hn 


] 2a 
Un — 414 Yg- (10) 


ea? 


Putting the expression y, into (8), we get 


»  AYeoy , AT UR a 


Thus, y, and y, have been found. Putting expressions (10) 
and (11) into the expansion (5), we obtain 


H-o v , oh pes 
Yaoi = Ug + Tts Ay, 13-19 A UJ, a (12) 


This is the so-called Adams formula with four terms. Formula 
(12) enables one to compute y,,, when Yp, y,-,, Yg- are known. 
Thus, knowing y,, y, and y, we can find y, and, further, y,, y,,... 

Note 1. We state without proof that if there exists a unique 
solution of equation (1) on the interval [x,, 5b], which solution 
satisfies the initial conditions, then the error of the approximate 
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values determined from formula (12) do not exceed, in absolute 
value, Mh*, where M is a constant dependent on the length of 
the interval and the form of the function f (x, y) and independent 
of the magnitude of A. 

Note 2. If we want to obtain greater accuracy in our computa- 
tions, we must take more terms than in expansion (5), and for- 
mula (12) will change accordingly. For instance, if in place of 
formula (5) we take a formula containing five terms to the right, 
that is, if we complete it with a term of order A‘, then in place 
of formula (12) we, in similar fashion, get the formula 


h , h , oh s. OR uoa 
Ug = Ung tT Ue v AY 354 Yk- og A U,.y 


Here, y,,, is determined by means of the values y,, Y,_,, Us. 
and y, , Thus, in order to begin computation using this formula 
we must know the first four values of the solution: Uos Ups Yor Yy- 
When calculating these values from formulas of type (4), one 
should take five terms of the expansion. 


Example 1. Approximate the solution of the equation 
y =y+x 
that satisfies the initial condition 
Yo=1 when x,=0. 


Determine the values of the solution for x=0.1, 0.2, 0.3, 0.4 


Solution. First we find y, and y, using formulas (4) and (4’). From the 
equation and the initial data we get 


Y= V+ eno = Yo tO=1+0=1. 
Differentiating the given equation, we have 


y' = y' + l. 
Hence, 


—( 4141-2 


Differentiating once again, we get 


Hence, 


Substituting into (4) the values yo, yj, Y, and h=0.1, we get 


S: 1 E a 


goi H re Ol 94 OU 2-1 1103. 


Similarly, for A=0.2 we have 


0.2 (0. 2)2 (0.2)? , 
gom LES 4 + 2-132426 
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Knowing Yo, Yı» Yz, we find (on the basis of the equation) 
y, 7 Jo 01, 
y, =y, 4- 0.1 — 1.1103 4- 0.1 = 1.2103, 
Y, = Y, + 0.2— 1.2426 + 0.2 — 1.4426. 
AJ, = 0.2103, 
Ay, = 0.2323, 
A*y, = 0.0220. 
Tabulating the values obtained, we have 


From formula (12) we find yy: 


5 - (0.1) 


- 0.0220 = 1.3977. 


y, — 1.2426 4-51. 1.4426. +. 0.2323 42:5 


We then find the values of Yy» AU, Ay, Again using formula (12) we find y*, 
y= 1.9977 4- ČH -1,6977 + 03.0.2861 +3, 0.1 -0.0228 = 1.5812. 


The exact expression of the solution of the given equation is 
y = 2e* —x — i. 
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Hence, Yy- a = 2e°4—0.4—1 = 1.5836. The absolute error is 0.0024; the rela- 
tive error, ag = 0.0015 = 0.18], (In Euler’s method, the absolute error 
of y, is 0,06, the relative error, 0.038 = 3.8°/,.) 
Example 2. Approximate the solution of the equation 
y =y + x? 
that satisfies the initial condition y,=0 for x,=0. Determine the values of 


the solution for x=0.1, 0.2, 0.3, 0.4. 
Solution. We find 


p, 7: 0* -- 0*— 0, 


Yeon (2yy' + 2x), =0, 


Yeno = Qu^ + Wy +2) p29 = 2. 
By formulas (4) and (4') we have 
_ (0.1)? E | (0.2) 
n=] 2 = 0.0003, y,= 3i 
From the equation we find 
y,=0, y, 0.0100, y, — 0.0400. 


Using these data, we construct the first rows of the table, and then deter- 
mine the values of y, and y, from formula (12). 


: 2:— 0.0026. 


x y | V | Ay | Ay 
cpe e] 
[ | e 
x, 2 0.1 y, = 0.0003. | y, 0.0100 | | A*y, — 0.0200 
[p pee 
x, 20.2 y,—0.0026 | y,=0.0400 | | A*y, = 0.0201 
| | Ay, = 0.0501 


y, = 0.0901 | 
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Thus, 
yY = 0.0026 ph -0.0400 re -0.0300 + 2.0.1 -0.0200 = 0.0089, 


y, = 0.0089 +% .0.0901 +24 .0.0501 +7 -0.1-0.0201 — 0.0204. 


We note that the first four correct decimals in y, are y,==0.0213. (This 
may be obtained by other, more accurate, methods with error evaluation.) 


SEC. 34. AN APPROXIMATE METHOD FOR INTEGRATING 
SYSTEMS OF FIRST-0RDER DIFFERENTIAL EQUATIONS 


The methods of approximate integration of differential equa- 
tions considered in Secs. 32 and 33 are also applicable for solving 
systems of first-order differential equations. Here, we consider the 
difference method for solving systems of equations. Our reasoning 
will deal with systems of two equations in two unknown functions. 

It is required to find the solutions of a system of equations 


M -RhG gf. — (1) 


Tee f s y 2) (2) 


that satisfy the initial conditions y=y,, z=z, when x x,. 
We determine the values of the function y and z for values of 
the argument X,» X, X,,..., Xp Xga4s - ^» Xp Once more, let 


^ Xpq x, = Ax 2 h(R—0, 1,2, ..., n—1l). (3) 
We denote the approximate values of the function as 


Yo Yis e, Up Grey EE Un 
and | 
us m Zi» LL E Z py * pq ees 2n 


Write the recurrence formulas of type (12), Sec. 33: 
h ’ h ? 5 2 ' 
Yrkt = Ug tT Uk o y Aki + 15 HÀ Yk- (4) 
za mz. tet E Azri HO A Zea (9) 


To begin computations using these formulas we must know y, y,; 
z,, 2, in addition to y, and z,; we find these values from formu- 
las of type (4) and (4), Sec. 32: 


hos, hi ow k 
Y= UJ. qd ryt gru , 


2h d Qh)? d 9hy Hn 
f, — 4v pd sy Yo ca Yo ;, 
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h ' k» hh on 
2, — 2, +7 2o y zc 3i ^ ’ 


2,— Z, Ru, OR ua OR. 2 


To apply these formulas one has to know 4, Yes Yo , Zo Zor2e s 
which we shall now determine. From (1) and (2) we fin 


ys — f, (X, yo z) 


z =f, (Xo Yor Za). 
Differentiating (1) and (2) and substituting the values of x,, y,, 2,, 
yo andz,, we find 


Wem (eon m (GE Fai Euer) s 
Zo = (27), = = (H+ m ar 


Differentiating once again, we find ye ‘and ze . Knowing y,, Y, 
z,, 2,, we find from the given equations (1) and (2). 


1? 2? 


Yi, Yz, 2, 2 Ays, AN, A* yo, Azo, Az, A? 25 
after which we can fill in the first five rows of the table: 
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From formulas (4) and (5) we find y, and Zy and from equations 


(1) and (2) we find y; and x, Computing Ay, A'y, Az, A'z 
we find y, and y, etc., by applying formulas (4) and (5) once 
again. 


Example. Approximate the solutions of the system 
y —z, 2 =y 


with initial conditions na” and A ee for x—0. Compute the values of the 


solutions for x —0, 0.1, 0.2, 0.3, 
Solution. From the given AA we find 


Differentiating the given equations, we find 
Ya ao = Ges =0, 
z 77 (2) — U) «o L, 
0 HY LIA PELLE 


Lr i 


Za (2) = (Y )x=0=0. 


Using formulas of type (4) and (5), we find 


nex 14 80. o4 XY. .1— 0.1002, 


e a 


:0 TRUE e 1 — 0.20106, 


4,04, , (0.1) 2) 
uiid 1.2 "1+ r + 0= 1.0050, 


(0. E 


3 
nl 0 Td Mg + 0= 1.0200. 


Using the given equations, we find 


y, = 1.0050, y] = 1.0200, 
z, — 0.1002, 2; = 0.2016, 
Ay, = 0.0050, Az, — 0.1002, 
Ay, = 0.0150, Az, = 0.1014, 


A*y, — 0.0100, A2z, = 0.0012. 
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Filling in the first five rows of the table, we have 


x | y y Ay’ | Aly 
= e 
| | Ay, = 0.0050 | 
x, —0.1 y,=0.1002 | y — 1.0050 | A*y, — 0.0100 
| | Ay, —0.0150 | 
x,—0.2|  y,— 0.2016 | y, = 1.0200 | A*y, =0.0109 
| | Ay, = 0.0259 | 


-y, = 1.0459 | 


x,—0.1| 2,=1.0050 | 2/—0.1002 A*21 = 0.0012 
| | | Az 0.1014. | 

x,—0.2 | 2, = 1.0200 z, = 0.2016 A?z' = 0.0019 | 
| | | Az, — 0.1033 | 

x,=0.3 | z,= 1.0459 | z, = 0.3049 | 

x20.4 | 2,—1.0817 | | | 
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From formulas (4) and (5) we find 


y, — 0.2016 4- 5:...1.0200 4-5. 0.0150 + Ž -0.1 -0.0100 0.3043, 


Z= 1.0200 9:1 . 1.2016 + °*.0.1014 +2 -0.1 -0.0012 = 1.0459 
and similarly 


y,= 0.304942. 1.045049: 0.02594 2 


12 


-0.1-0.0109 — 0.4117, 
0.1 0.1 5 
2,7 1.0459 + —7 0.3049 +- 75- 0.1033 T5 9.1 -0.0019 = 1.0817. 


It is obvious that the exact solutions of the system of equations (the so- 
lutions satisfying the initial conditions) will be 


And so, solutions correct to the fourth decimal place are 
qu (e* * —e-9*) — 0.4107, a= (e*:* -1- e 7 5) — 1.0811. 
Note. Since equations of higher order and systems of equations of higher 


order in many cases reduce to a system of first-order equations, the method 
given above is applicable to the solution of such problems. 
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Show that the indicated functions, which depend on arbitrary constants, satis- 
fy the corresponding differential equations: 


Functions Differential Equations 
l. y=sinx— l1 + Ce 3*, m cos x =- sin 2x. 
dyN* dy dy 
ee — C? xi a E a A is 
2. y= Cx --C —C*. F3 dv dg TY =O: 
dy Y? dy 
= 2 a —— yy = 
3. y^ —2Cx + C7. » (3 + ax Ty y=0. 
2C 2 
4. p= rre g xy n- E | a(t ya d 
8 C, d'y 3d'yg 
5. y =C + TG. ds y ga? 
e* d* d 
6. y—-(C, Ce + Ga: A hE + ty eX, 
— C Q,aarcsinx —aarc sin x y2 d'y — dy — 24 
7. y=Cye + C,e f (1 x?) 3 X dx a*y = 0. 
(Ci d'y, 2dy _ 
8. y=~ t Ca dt U T cus 
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Integrate the differential equations with variables separable 
9. y dx —x dy =0. Ans. y Cx. 10. (lu) v du-E-(1—v)u dv:=0. Ans. In uv 4- 
+4-u—v =C. l1. = (l+y)dx—(l—x)dy=0. Ans. (1+y)(1—x)= 
12. (4 —xt*) Fa xt t0. Ans. Rin T-C. 13. (y —a) dx + x? dy —0. 
i 


d 
Ans. (y—a) = Ce* 14. zdt — (—a?) dz=0. Ans. 2? =c F5. L5. "m 
= Ans iH 16. (14-s dt—V tds—0. Ans. 2V t— 


— arc tans—C. 17. do--otan 9 d0—0. Ans. ọ=C cos0. 18. sinO cosg dð — 
— cos 0 sia dp — O0. Ans. cos p= C cos 0. 19. sec* 0 tan p dO -- sec*@ tan 0 dp = 0. 
Ans. tanO@tang=C. 20. sec*O tang dp--sec?p tan0 d0—0. Ans. sin? 0 4- 
J-sin*q =C. 21. (14-x? dy— V 1— y? dx —0. Ans. arc sin y—arc tan x =C. 
22. Veg) VY i—ydx= 0. Ans. yV1—xi—x Vi—y? =C. 23. 3e* tan yx 
X dx + (1—e*) sec? y dy = 0. Ans. a C (1 —e*y. 24. (x — y*x) dx -+ 
+ (y—x*y) dy=0. Ans. x?+ y?=x7y?+C 


Problems in Forming Differential Equations 


25. Prove that a curve having the slope of the tangent to any point pro- 
pon to the abscissa of the point of tangency is a parabola. Ans. 
y=ax?+C 

26. Find a curve bint of through the point (0,—2) such that the slope of 
the tangent at any point o E is equal to the ordinate of this point increased 
by three units. Ans. y=e* — 

27. Find a curve passing ioni the point (1, 1) so that the slope of the 
tangent to the curve at any point is proportional to the square of the ordi- 
nate of this point. Ans. k(x—l) y—y+1=0. 

28. Find a curve for which the slope of the tangent at any point is n 
times the slope of a straight line connecting this point with the origin. Ans. 


x" 
29. Through the point (2, 1) draw a curve for which the tangent at any 
point coincides with the direction of the radius vector drawn from the origin 


to the same point. Ans. y —— x. 


30. In polar coordinates, find the equation of a curve at each point of 
which the tangent of the angle between the radius vector and the tangent 
line is equal lo the reciprocal of the radius vector with sign reversed. Ans. 
t (0-- C) — 1. 

31. In polar coordinates, find the equation of a curve at each point of 
which the tangent of the angle formed by the radius vector and the tangent 
line is equal to the square o ol the radius vector. Ans. r?=2 (0+ C). 

32. Prove that a curve with the property that all its normals pass through 
a constant point is a circle. 

33. Find a curve such that at each point of it e length of the subtan- 


gent is equal to the doubled abscissa. Ans. y=C 
34. Find a curve for which the radius vector is equal to the length of the 
tangent between the point 2 tangency and the x-axis. 


dy dx 


Solution. By hypothesis, Vig" +y°= V x?+ y? whence i li E In- 


«Io $ 


tegrating, we get two -— of curves: y Cx and y= 
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35. By Newton's law, the rate of cooling of some body in air is propor- 
tional to the difference between the temperature oi the body and the tempe- 
rature of the air. If the temperature of the air is 20°C and the body cools 
for 20 minutes from 100° to 60°C, how long will it take for its temperature 
to drop to 30? C? 


Solution. The differential equation of. the problem is TE = k(T — 20). In- 
tegrating we find: T—20=Ce*'; T —100 when t=0; T =60 when t= 20; there- 


l t 
fore, C=80; 40— Ce?*5, ees yn consequently, T = 20 + 80 (sm. Ås- 


suming 7 —30, we find t= 60 min. 
36. During what time T will the water flow out of an opening 0.5 cm? at 
the bottom of a conic funnel 10 cm high with the vertex angle d = 60°? 
Solution. In two ways we calculate the volume of water that will flow out 
during the time between the instants £ and t+ At. Given a constant rate r, 
during 1 sec a cylinder of water with base 0.5 cm? and altitude A flows out, 
and during time Aé the outflow is the volume of water dv equal to 


— du = — 0.5 v dt = — 0.3 V 2gh dt.*) 


On the other hand, due to the outflow, the height of the water receives a 
negative “increment” dh, and the differential of the volume of water outflow 
is ; 


—dv = zr dh — (h -- 0.7)! dh. 
Thus, 
ERU 40.7)? dh = — 0.3 V 3gh dt, 


whence 
t — 0.0315 (105 — h" 2) 4. 0.0732 (10 ^ — 1*3) -- 0.078 ( V 10 — VA). 


Setting /L—0, we get the time of outflow T —12.5 sec. 

37. The retarding action oi friction on a disk rotating in a liquid is pro- 
portional to the angular velocity of rotation œ. Find the dependence of this 
angular velocity on the time if it is known that the disk begins rotating at 
100 revolutions per minute and, after the elapse of one minute, rotates at 60 


revolutions per minute. Ans. œ= 100 (s rpm. 


38, Suppose that in a vertical column of air their pressure at each level 
is due to the pressure of the above-lying layers. Find the dependence of the 
pressure on the height if it is known that at sea level this pressure is ] kg 
per em?, while at 500 m above sea level, 0.92 kg per cm*. 

Hint. Take advantage of the Boyle-Mariotte law, by virtue of which. the 
density of the gas is proportional to the pressure. The differential equation of 
the problem is dp— — kp dh, whence p —e-999017A. Ans, p —g-9-00011/. 


*) The rate of outflow v of water from an opening a distance ^ from the 


free surface is given by the formula v =0.6 V 2gh, where gis the acceleration 
of gravity. 
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ee 


Integrate the following homogeneous differentia! equations: l 
39. (y—x)dx+(y+x)dy=0. Ans. y?4+2xy—x?=C, 40. (x+y)dx+xdy=0. 
Ans. x?’+2xy=C. 4l. (x+y}dx+(y—x)dy=0. Ans. In (xt + y1) i — 


—aretan 4 —C. 42. xdy—ydx— V x*q gd. Ans. 14+2Cy—C%?=0. 
43. (8y + 10x) dx +(5y+7x)dy=0. Ans. (x y)! (2x 4- y) =C. 44. (2 V st—s)x 
S 


— C 
xdt4-tds—0. Ans. te" ! =C or s—iln*t—-. 45. (f{—s)di+tds==0. Ans. 
S 


le! —C or s= nÉ. 46. xy’dy=(x5+y°)dx. Ans. y=x y3 In Cx , 


47. x cos 2. (y dx-+xdy)=y sin 5. (x dg —y dx). Ans. xy cos £c. 


Integrate the differential equations that lead to homogeneous equations: 
48 (38y—7x-+7) dx—(3x—7y—3)dy=0. Ans. (x+y—1})} (x—y—!} =C. 
49. (x--2y-F1)dx—(2x 49-3) dy —0. Ans. In (4x + 8y +5) + 8y — 4x =C. 
50. (x-++2y-+1) dx—(2x—3) dy=0. Ans. In (2x—3) 273 — c. 

51. Determine the curve whose subnormal is the arithmetical mean between 
the abscissa and the ordinate.. Ans. (x — y}? (x+ 2y) - C. 

52. Determine the curve in which the ratio of the segment cut off by a 
tangent on the y-axis to the radius vector is equal to a constant. 


us GU 
i hypothesi un h (4 ($ ” 2y 
Solution. By hypothesis, ror Y ence | c a) =e 


53. Determine the curve in which the ratio of the segment cut off by the 
normal on the x-axis to the radius vector is equal to a constant. 
dy 
x y -- 
ie gi uci E 2 E .wifo ^) 
Solution. It is given that yx m, whence x?+ y*  m* (x — Cy, 
54. Determine the curve in which the segment cut off by a tangent on the 
y-axis is equal to a sec 0, where 0 is the angle between the radius vector and 
the x-axis. 


Solution. Since tan o=% and by hypothesis 


yx ae sec 0, 


dx 
we obtain 
2 2 
je OY ee 
dx x 
whence 


a a 
" Ex (n) 
y= 9 e — ê . 


55. Determine the curve for which the segment cut off on the y-axis by 
a normal drawn to some point of the curve is equal to the distance of this 
point from the origin. 
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Solution. The segment cut off by the normal on the y-axis is pi there- 


fore, by hypothesis, we have 
X PAN 
Jy + y! = V x? + y?, 
whence 
x?=C (2y 4- C). 


56. Find the shape of a mirror such that all rays emerging from a single 
point O would be reflected parallel to the given direction. | 

Solution. For the x-axis we take the given direction, and O as the origin. 
Let OM be the incident ray, MP the reflected ray, and MQ the normal to 
the desired curve. 


a=B; OM=0Q, NM=y, 


NQ=NO+0Q= —x4 VEF =y cot pay, 
whence 
y dy =(—x + V x*o- y? dx; 


integrating, we have 


y* = C*-- 2Cx. 
Integrate the following linear differential equations: 

, 2g — 3 ES 4 2 , y xl 
57. y creer) . Ans. 2y = (x 4- 1)* --C (x + 1)*. 58. y decer 
Ans. y=0 T. 598. (x —x*) y' J-(2x$—1)y—ax'-0. Ans. y= 
—ax4-Cx y 1—x*. 60. 55 cos t +-ssint=1, Ans. s=sint+Ccost. 61. at 
+s cos t=- sin 21. Ans. s=sin t—1+Ce7™"t. 62, y ——- y=", Ans. 
y =x" (e*+C). 63. y Ty. Ans. x"y—ax--C. 64. y bys. Ans. 

1—2 E 

e*y=x+C. 68. y’ + = y—1=0. Ans. yon (14 ce). 


Integrate the Bernoulli equations: 
66. y -xy—x'y... Ans. y®(x?+1+Ce**)=1. 67. (1—x?) yj —xy — axy? =Q. 
Ans. (C V 1—x?—a)y=1. 68. 3y7y’ —ay? —x—1=0. Ans. a?y® = Ce?* — 
—y? — 2 
—a (x 4-1)—1. 69. y’ (xy? + xy) — 1. Ans. x |(2—g9*) e^ +C| =e? T 
70. (y in x—2) y dx =x dy. Ans. y (Cx -In x 4-1) 21. 71. y—y' cosx —g*cosxX 
tan x -I- sec x 


Xx (1 — sin x). Ans. y= inn L6 
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Integrate the following exact differential equations: 


: 
72. (x* 4- y) dx 4- (x —2y) dy —0. Ans. ~~ + yx—y?=C . 13. (y—3x*) dx — 
—(4y —x) dy —0. Ans. 2y?—xy+x°=C. 74. (y! —x) y'—g. Ans. y*—4xy +C. 


E — LEN = yy 

75. mas d ax |- e dy =Q. Ans. gg 

76. = - 2 (3xy?-+ 2x?) dx +3 (2x?y + y?) dy =0. Ans. x*-- 3x*y* + yj? =C. 
xdx+(2x+y)dy _ xo | -3p _ 2y dy 

77. C ek — =Q. ie In 21 sry eai (2E dx=— 3. 

x? dy — y? dx xy 

Ans. x*--y*- C3. 79. ——————— —0. Ans. —— =C. 80. x dx dy — 
: us (xy)? x—y +y dy 

pode ee. Ans x* 4- jy? —2 arc tan Lt. 


x? + y? 

81. Determine the curve that has the property that the product of the 
square of the distance of any point of it from the origin into the segment 
cut off on the x-axis by the normal at this point is equal to the cube of the 
abscissa of this point. 

Ans. y? (2x?-+-y7)=C. 

82. Find the envelope of the following families of lines: a) y=Cx+C?. 
Ans. x?+4+4y=0. b) y=% -HC Ans. 27x! —4y?. — c) Ere . Ans. 
27y —x3. d) C*x+-Cy—1=0. Ans. g*4- 4x «0. e) (x —Cy + (gy —C) =C?. Ans. 
x=0; y=0. f) (x—C)?+y7=4C. Ans. y*-4x 4-4. g) (x—Cy + (y— C)*—4. 
Ans. (x—y)?=8. h) Cx*-- C?y —1. Ans. x*4-4y —0. 

83. A straight line is in motion so that the sum of the segments it cuts 
off on the axes is a constant a. Form the equation of the envelope of all 
positions of the straight line. Ans. xh yh a ath (parabola). 

84. Find the envelope of a family of straight lines on which the coordi- 

2 2 2 


nate axes cut off a segment of constant length a. Ans. x* py? =a". 
85. Find the envelope of a family of circles whose diameters are the 


doubled ordinates of the parabola y?=2px. Ans. g*—2p 4$ ; 


86. Find the envelope of a family of circles whose centres lie on the pa- 
rabola y*—2px; all the circles of the family pass through the vertex of this 
parabola. Ans. The cissoid x* + y? (x 4- 2p) ==0. 

87. Find the envelope of a family of circles whose diameters are chords 


of the ellipse b?x? -+ a?y? — a?b* perpendicular to the x-axis. Ans. ENTRE 
y? 
Tgar—b 
88. Find the evolute of the ellipse 5?x*--a?g? — a*b? as the envelope of its 
2 2 2 ' 


normals. Ans. (ax)? -E(by)? —(at—5?)? . 
Integrate the following equations (Lagrange equations): 


C 2C — p? ` 
89. y =2xy' 4- y". Ans. ima P y= > . 90. y—xy" +y. Ans. 


y —(Y x4-1-4- Cy. Singular solution: y=0. 91. g-x(14-gy')--(y)*. Ans. 
x-Ce ?—2p-4-2; y=C(p+1)c-?—p*?+2. 92. y-—gg"-4-2xy. Ans. 
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4Cx —4C?*— y?. 93. Find a curve with constant normal. Ans. (x — CY + y? — a*. 
Singular solution: y = ct a. 
Integrate the given Clairaut equations: 
94. y —xy' J-y' —y^. Ans. y=Cx+C—C?*. Singular solution: 4g —(x 4- 1)*. 
95. y=xy' + V 1—g?. Ans. y=Cx+ V 1—C3. Singular solution: y2—x? = 
= ]. 96. y —xy' -F-y'. Ans. y=Cx+C. 97. yeu dos Ans. y Cra ; 
] 


l 
Singular solution: 4*—4x. Be goes uat Ans. y=C -a Singular 


solution: y= —— x*. 


99. The area of a triangle formed by the tangent to the sought-for curve 
and the coordinate axes is a constant. Find the curve. Ans. The equilateral 
hyperbola 4xy = +a”. Also, any straight line of the family y=Cx+a y c. 

100. Find a curve such that the segment of its tangent between the coor- 


dinate axes isof constant length a. Ans. y — Cx + Vice . Singular solution: 


x ls 4. yh — gh, 
101. Find a curve the tangents to which form, on the axes, segments 


whose sum is 2a. Ans. y Cx — a. Singular solution: (y —x — 2a)? = 8ax. 


102. Find curves for which the product of the distance of any tangent line 
to two given points is constant. Ans. Ellipses and hyperbolas. (Orthogonal 
and isogonal trajectories.) 

103. Find the orthogonal trajectories of the family of curves y-ax". 
Ans. x* E ny? — C. l 

104. Find the orthogonal trajectories of the family of parabolas y?= 2p (x—a) 

' X 


(a is the parameter of the family). Ans. y—Ce ^. 
105. Find the orthogonal trajectories of the family of curves x*—j*—a 


(a is the parameter). Ans. ge 


106. Find the orthogonal trajectories of the family of circles x?-+y?=2ax, 
Ans. Circles: y =C (x* 4- y?). 

107. Find the orthogonal trajectories of equal parabolas tangent at the 
vertex of the given straight line. Ans. If 2p is the parameter of the parabo- 


‘las, and the given straight line is on the y-axis, then the equation of the 
3 


trajectory wil! be yeah y Ze ; 
108. Find the orthogonal trajectories of the cissoids y?= 


(x? + y*)* =C (y? + 2x1). 
109. Find the orthogonal trajectories of the lemniscates (x? + y?)? =(x?—y?) a2, 
Ans. (x?+ y?)?=Cxy. S 
110. Find the isogonal trajectories of the family of curves: x*—2a (y —x V 3 ) 
where a is a variable parameter if the constant angle formed by the trajec- 
tories and the lines of the family is o = 60°. 


Solution. We find the differential equation of the family y’ ~a V 3 


x 
2a —x ` 


Ans. 


y’ —tian o 


and for y’ substitute the expression ap OE PT 


lf w=60°, then 
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m cs A 

i+V3y' 
s complete integral y*—C(x—yV 3) yields the desired family of trajec- 
ories. 


111. Find the isogonal trajectories of the family of parabolas y*=4Cx 
— . arc tan 2 aad 

when œ —45?. Ans. y?— xy 4- 2x? = Ce? Va 
112. Find the isogonal trajectories of the family of straight lines y= Cx for 


and we get the differential equation ~————. = — 


2 Ys arc tan £ 


2 2 — 

the case œ= 30°, 45°. Ans. The logarithmic spirals Tg ert 
2 arc tan -)- 
x?ty?=e x 


113. y=C,e*+C,e-*. Eliminate C, and C,. Ans. y’—y=0. 

114. Write the differential equation of all circles lying in one plane. Ans. 
(1 4-9) y" —3y'y" =0. l | 

115. Write the differential equation of all second-order central curves 
whose principal axes coincide with the x- and y-axes. Ans. x (yy" +y" )—g'y —0. 

116. Given the differential equation y” —2y”—y'-+2y=0 and its general 
solution y = C,e* 4-C,e7* J- C,e?**. 

It is required to: 1) verify that the given family of curves is indeed the 
general solution; 2) find a particular solution if for x=0 we have y=], 


y! =0, y—— l. Ans. y— (9e* -- e^ * — 4e**). 


117. Given the differential equation Vg and its general solution 


8 
2 — 
y= + 3 (+C)? + Ca. 
It is required to: 1) verify that.the given family of curves is indeed the 


general solution; 2) find the integral curve passing through the point (I, 2) 
if the tangent at this point forms with the positive x-direction an angle of 


45°. Ans. y=% Vers. 


Integrate some of the simpler types of differential equations of the second 
order that lead to first-order equations. 
118. xy” —2. Ans. y=x? Inx+C,x?+C,x+C,; pick out a particular solu- 
lion that satisfies the following initial conditions: x=1; y=1; y'—1; y' —3. 
(8) — xy? ml xt? n] — 
119. y x". Ans. y n E n CFC,x"-!-p...4- C,-,.x-4-C.. 120. y ay. 


Ans. ax n (ay + V a*y! 3- C,) -- C, or y= Cse?* --C,e7 ?*. 121. lat Ans. 


(Cx 4- C,) =C ya. 

In Nos. 122-125 pick out a particular solution that satisfies the following 
initial conditions: x0, y=— l; y’=0. 122. xy'—y'-x*e*. Ans. y= 
—e* (x—1)-- C,x?-- C,. Particular solution: y =e* (x—1). 123. gyy"—(y'Y + 
J--(g/y-0. Ans. y+C,Iny=x+C,. Particular solution: =— |]. 


124. yo’ --y tanx=sin2x. Ans. y=C,+C, sin x—x— 4 sin 2x. Particular 


solution: y—2sinx—sinxcosx—x—]1. 125. (y")?+(y’)?=a*. Ans. y=C,— 
— acos(x4- Cj). Particular solutions: y=a—l—acosx; y=acosx—(a+]). 
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(Hint. Parametric form: y'—acosí, y'-asiní) 126. fu Ans. y= 


— Ego CI EC 127. y" — y". Ans. y (C,— x) [In (C, —x) —1] + C,x -+ 


+ C,. 128. y'y'" —3y" —0. Ans. x — C,y* - C,y 4- C,. 

Integrate the following linear differential "equations with constant coeffi- 
cients: 
129. u’=9y. Ans. y-C,e€*--C,e ?*. 130. y’ty=0. Ans. y=Acosx+ 
+ Bsinx. 131. y”’—y’=0. Ans. y =C, +C”. 132. y" 4+12y=7g'. Ans. 


y =C, +C. 133. y'—4y'--4y—0. Ans. y=(C,+C,x) e". 134. y + 

+ 2y' 4-10y —0. Ans. y —e* (A cos 3x + B sin 3x). 135. y" +3y'—2y=0. Ans. 
-:£YT, —~3—Viz 

y=C,e ? 20" . 136. 4y" — 12y' + 9y — 0. Ans. y= 


Le "un 
— (C, + C,x) e ^*, 137. y” +y’+y=0. Ans. y=e * x| A cos (1.8 2E 


-+ B sin (VS. x) à 


138. Two identical loads are suspended from the end of a spring. Find 
the motion imparted to one load if the other breaks loose. Ans. x= 
= a COS E, , where a is the increase in length of the spring under 


the action of one load at rest. 


139. A material point of mass m is attracted by each of two centres with 
a force proportional to the distance. The factor of proportionality is &. The 
distance between the centres is 2c. At the initial instant the point lies on 
the line connecting the centres at a distance a from the middle. The initial 


velocity is zero. Find the law of motion of the point. Ans. x — a cos ( y * 2k (). 


140. 1S + Ay = =0. Ans. y=C.e* T C7" C, e** -E Cie. 141. of” — 
— 2y' —y' +2y=0. Ans. y= C,e?* 4- C,e* CER 142. y" —3ay" + 3a?y' — 
— a3y—0. Ans. y —(C, T C,x 4-C,x?) e. 143. yY — 4y” —0. Ans. y=C, + 
-+ C,x + Cyx?+ Ce +C,e7. 144. y! 4-29" 49y — 0. Ans. y=(C,cos yx + 
4- C, sin V 2x) e-* -- (C, cos V 2x +C, sin V 2x) e”. 145, yl —8y" + 16g —0. 
Ans. y=C e” 4- C,e-** + Cxe?” - Caoxe ?*.. 146. y! Viy=0. Ans. y = 

x x 

Ys / 


=e v cos ygt esin yz)* e ^ (c, cos vet sin y yz) 


147. y!" —aty=0. Find the general solution and pick out a particular 
solution that satisfies the initial conditions for x, —0, y —1, y' —0, y^ —— a?, 
y" —0. Ans. General solution: y = C,e?* + C,e^ ax + C, cos ax +C, sinax. Par- 
ticular solution: Y= cos ax. 

Integrate the following nonhomogeneous linear differential equations (find 
the general solution): 

148. jy'—7y'--12y:-x. Ans. g Cur tC er IT 


144 
Ans, s= Ce?! E Cg- t TT, 150. y"+y’—2y=8sin2x. Ans. y=C,e*+- 


. 149. €" —a?*s =t +1. 
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C, * — (6 sin 2x 4-2 cos 2x). 151. y" —y=5x+2. Ans. y=C,e* +- C,e^ * — 
t 

— 5x —2. 152. s'—2as'--a?s—e' (a £1). Ans. s C 4+ Catet Re 

153. of’ +6y’ +5y =e. Ans. y — Ce 75 Cg Hae. 154. y” -9y = 6e**. 


Ans. y — C, cos 3x -- C, sin 3x H e**. 155. of’ —3y’ =2—6x. Ans. y=C,+ 


+ C,e** + x*. 156. y'—2y'-F3y-e^*cosx. Ans. y=e*(Acos V 2x+ 
+ B sin y 2x)+ © cos x—4 sinx). 157. y’+4y=2sin2x. Ans. y= 


= A sin 2x + B cos 2x — 7, cos 2x. 158. y” —4y" --5y' —2y =2x 4-3. Ans. y= 


—(C,--C,x)e*--C,e** —x—4. 159. Magia sinax. Ans. y=(C,— 
— sin ax) e?* + C,e ^ ** -- C, cos ax + C, sin ax. 160. IV + 2a" + aty — 8 cos ax. 
Ans. y=(C,+C,x) cos ax + (C, 4- Cx) sinax — 5 COS ax. 


161. Find the integral curve of the equation y’ + k?y =0 that passes through 
the point M(x, Yə) and. is tangent at the point of the curve y= ax. 


Ans. yY =Y COS k (x —x$) + = sin k (x — xo). 
162. Find a solution of the equation y’+2hy’+n?y=0 that satisfies the 
conditions y =a, y’ =C when x=0. Ans. For h <ny=e~"* { a cos V n?—h? x -+ 


go sin y=); for h=n y=e7** [(C+ah)x+aļ} for hn 
V n?—h? 
_C+a(h+ Van 70 YT m) _C+a(h— Vr?) ELE 
2 V h*—n* 2 y h?—n? 
163. Find solutions of the equation y +n*y= S (P Æ n) that satisfy 
the conditions: y=a, y'=C for x=0. ns. y =a cos nx + 
C (n? —p?) —hp i 


h 
nint n5 sin ne T rp sin px. 
164. A load weighing 4 kg is suspended from a spring and increases its 
length by | cm. Find the law of motion of this load if we assume that the 
upper end of the spring performs harmonic oscillations under the law 


y —sin y 100 gt, where y is measured vertically. 
Solution. Denoting by x the vertical coordinate of the load reckoned from 
the position of rest, we have 
4 d*x 
s pm ae a 


where / is the length of the spring in the free state and &—400, as is evi- 
dent from the initial conditions. Whence a 3 + 100gx = 100g sin V 100 gt 4 100 lg. 
We must seek the particular integral of “this equation in the form 


t (C, cos V 100 gt +C, sin V 100 gt) 4- g, 
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since the first term on the right enters into the solution of the homogeneous 
equation. 
165. In Problem 139, the initial velocity is v, and the direction is per- 
pendicular to the straight line connecting the centres. Find the trajectories. 
Solution. If for the origin we take the mid-point between the centres, the 


2 
differential equations of motion will be m SX =k (C—2)—k (C+x)= —2kx, 
2 
m Th — 2 hy. The initial data for t =Q are 
dx dy 
x=a; 19 y =0; di^" 


Integrating, we find 


raacos( y Ži = V Zs 2k 
= S m > yY = Ug 9p St pe . 


y?»k — 

mu. 
166. A horizontal tube is in rotation about a vertical axis with constant 

angular velocity œ. A sphere inside the tube slides along it without friction. 


Find the law of motion of the sphere if at the initial instant it lies on the 
axis of rotation and has velocity v, (along the tube). 
2 


2 
Whence ty 1 (ellipse). 


Hint. The differential equation of motion is E Leid The initial data 


dt 
are: r=Q, Tv for ¢=0. Integrating, we find 
| _ Yo wt —wul 
r= 5o [e +e). 


Applying the method of variation of parameters, integrate the following 
differential equations: 


167. y” —7y' + 6y =sinx. Ans. y — C,e* + C,e** 4 S8 T CDs . 168. y^ --y— 

=secx. Ans. y=C,cosx+C,sinx+xsinx+cosxiIncosx. 169% y +y= 

— — Ans. y=C,cosx+C, sin x — V cos 2x. 
cos 2x Y cos 2x 

Integrate the following systems of equations: 


d d 
170. Z=y+1, =x. Pick out the particular solutions that 


satisfy the initial conditions x — — 2, y —0 for t =0. Ans. y =C, cos! -- C, sin t, 
x = (C, + C;) cos t (C, — C) sin £. Particular solution: x* = cos ( —sin t, y*-cos f. 


171. dp 29 ad ox. Pick out the particular solutions that 


satisfy the initial conditions: x —l, y=1 for £—0. Ans. y =C, cos 4- C,sin t, 
x=(C,+C,)cosé+(C,—C,)sin¢. Particular solution: — x* -cos£ — sin f, 
y* —cos f. 

dx dy,, Ans, x=C,e~' + Cet, 
i | a jj + ox = sin t, y — C,e-! - 3C,e 7?! + cos t. 


E 
di 147051. 
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ds, Ans. x— Ce + Cre! 4C, cos 1 4- C, sin ¢, 
di? ^" y =C e 4- C,e -! — C, cos t — C, sin t. 
173. 
d*x 
ana! 
2 
f LER d Ans. x— C, 4 Cu +G — eel 
174. 
dx d? l 
l To ue y C,—(C, +2C,) t— > (C, —1) — 
aC Pg tte 
dy Ans. y=(C,+C,x)e-*, 
175 dx ^ "^ z= (C;—C,—Cyx) e”, 
dz 
qc a 
dy Ans. y=C,e*+C,e-*, 
g t= z= —2 (Ce? —Cye-*). 
176. 
dz 
dy Ans. y=C,+C,x+2 sin x, 
dx V 29 tz=sin x, z= —2C,—C, (2x 4-1) —3 sin x —2 cos x. 
171. i j l 
TZ Ay — 22 = cos x. 
dx Ans. x=C,e-!+C,e%, 
| ai ot y=Cye~* + Cet, t t 
dy z= —(C,4- C4) e +C”. 
178. -7 =x +z, 
di 
dz 
| i79. 
a ae Ans. z=C,e°* 
179, 4 4“ 
l LL. =x 2 eu 
dx y—x CETO 
GY eut Ans. LÀ 
180 dx y2 t 
` dz x je. 
dx yi . zl E S. == C}. 


Integrate the following different types of equations: 


181. =y +1. Ans. g— az [e^ +e ~]. 182. — —— ——  — = 0. 
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Ans. = =C. 183. y=xy"+y". Ans. y—(V x+] 4- C. Singular solutions: 


y-0; x+1=0. 184. j'--y-secx. Ans. y=C,cosx+C, sin x +. sia x 4- 
J-cos xIncosx. 185. (1-Fx?)y'—xy—a-—0. Ans. y=ax+tC V1+4x2. 
dt sin £ 
Z =y cos D — x. Ans. xe * =C. 187. y’—4y=e* sin 2x. 
2X 
Ans. y — Ce ?* + Cet — E (sin 2x +2 cos 2x). 188. xy’ --y —y*Inx-—0. 
Ans. (In x --1 4- Cx) y — 1. 189. (2x 4-2y —1) dx--(x 4-y—2) dy —0. Ans. 2x 4- 
miae E 190. 3e* tan y dx 4- (1L—e") sec*y dy=0. Ans. tan y = 


(1 —e*)*® 


186. x cos 


Investigate and determine whether the solution x=0, y=0 is stable for 
the following systems of differential equations: 


dx 


| dí —2x — 3y, 
191 p Ans. Unstable. 
l a eno H 6y. 


dx 


192. , Ans. Stable. 
zl ae 
di —x—2 
| ZX = 12x + 18y, 
193 3 Ans. Unstable. 
| 22 = — 8x—12y. 


194. Approximate the solution of the equation y’=y*+-x that satisfies 
the initial condition y=1 when x-0. Find the values of the solution for x 
equal to 0.1, 0.2, 0.3, 0.4, 0.5. Ans. fj, —o,,57 2.114. 


195. Approximate the value of y,.,, of a solution of the equation 


V y=e* that satisfies the initial conditions y=1 when x=1. Compare 


the result obtained with the exact solution. l 

196. Find the approximate values of x,_,, and g,,, , of the solutions of a 
a system of equations d mg. Hry that satisfy the initial con- 
ditions x=0, y=1 when ¢=1. Compare the values obtained with the exact 
values. 


CHAPTER XIV 
MULTIPLE INTEGRALS 


SEC. 1. DOUBLE INTEGRALS 


In an xg-plane we consider a closed *) region D bounded by a 
line L. 
In this region D let there be given a continuous function 


z=} (x, y) 
Using arbitrary lines we divide the region D into n parts 
IS 5 Su AS vb. 


(Fig. 276) which we shall call subregions. So as not to introduce 
new symbols we will denote by As,, ..., As, both the subregions 
and their areas. In each subregion As; (it is immaterial whether 
in the interior or on the boundary) take a point P;; we will then 
have n points: 

Peg et, sodas Pa 


We denote by f(P,), /(P.), ..., f(P,) the values of the func- 
tions at the chosen points and then form the sum of the products 
f (Pi) As;: 


V.=f(P,)As. +f (P) As, +... FAS, = Ýi f (PAsi (1) 


This is the integral sum of the function f(x, y) in the region D. 

If f=0 in D, then each term f(P;)As; may be represented 
geometrically as the volume of a small cylinder with base As; 
and altitude f (Pj). 

The sum V, is the sum oi the volumes of the indicated ele- 
mentary cylinders, that is, the volume of a certain “step-like” 
solid (Fig. 277). 

Consider an arbitrary sequence of integral sums formed by 
means of the function f(x, y) for the given region D, 

E aan Vi. ood (2) 


n, na 


*) A region D is called closed if it is bounded by a closed line, and the 
points lying on the boundary are considered as belonging to the region D. 
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for diflerent ways of partitioning D into subregions As;. We shall 
assume that the maximum diameter of the subregions As; ap- 
proaches zero as n,—+oo, and the following 
proposition, which we give without proof, 
holds true. 

Theorem 1. /f a function f(x, y) is continu- 
ous in a closed region D, then there is a 
limit of the sequence (2) of integral sums (1) if 
the maximum diameter of the subregions As; 
approaches zero as n—+oo. This limit is the 
same for any sequence of type (2), that is, 
il is independent either of the way the region 
D is partitioned into subregions As, or of 
the choice of the point P, inside the subre- Fig. 276. 
gion As;. 

This limit is called the double integral of the function f(x, y) 
over the region D and is denoted by 


(ds. or AVF, y) dx dy, 


D D 


that is, 
im X (P) Asp = |È f, y)dx dy. 


diam Aş — o (=1 D 
This region D is called the domain (region) o] integration. 
If f(x, y) z0, then the double integral of f(x, y) over D is 
equal to the volume of the solid Q bounded by a surface z =f (x, y), 


Fig. 278. 


the plane 2-20, and a cylindrical surface whose generators are 
parallel to the z-axis, while the directrix is the boundary of the 
region D (Fig. 278). 


20— 3388 
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Now consider the following theorems about the double integral. 
Theorem 2. The double integral of a sum of two functions 
p(x, y)+ p(x, y) over the region D is equal to the sum of the 
double integrals over D of each of the functions taken separately: 


f lees tle, ds (lols, yds+ VU bos yas. 
D 


D D 


Theorem 3. A constant factor may be taken outside the double 
integral sign: 
if a-const, then 


\{ ag (x, y) ds all ex, y) ds. 


D D 


The proof of both theorems is exactly the same as that of the 
corresponding theorems for the definite integral (see. Sec. 3, Ch. XI). 

Theorem 4. Jf a region D is divided into two regions D, and D, 
without common interior points, and the function f(x, y) is 
continuous at all points of D, then 


VS f(x, ydxdy=(VFlx, ydedy+ $f f(x, ydedy. (3) 


D D, D, 


Proof. The integra! sum over D may be given in the form 
(Fig. 279) 


Df (Pi) As; = 3,1 (Pi) As; + 2E CP) As;, (4) 


where the first sum contains terms that correspond to the subre- 
gions of D,, the second, those corresponding to the subregions of 
D,. Indeed, since the double integral does not depend on the 
manner of partition, we divide the region D so that the common 
boundary of the regions D, and D, is a boundary of the subre- 
gions As;. Passing to the limit in (4) as As; —O, we get (3). 
This theorem is obviously true for any number of terms. 


SEC. 2. CALCULATING DOUBLE INTEGRALS 


Let a region D lying in the xy-plane be such that any straight 
line parallel to one of the coordinate axes (for example, the 
y-axis) and passing through an interior*) point of the region, 
cuts the boundary of the region at two points N, and N, (Fig. 280). 


*) An interior point of a region is one that does not lie on the boun- 
dary of the region. 
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[In this case we assume that the region D is bounded by the 
lines: y =ọ, (x), y =9, (x), x—a, x=0 and that 


| p, (x) <p, (x), a<b 


while the functions q, (x) and ọ,(x) are continuous on the interval 
[a, b]. We shall call such a region regular in the y-direction. The 
definition is similar for a region regular in the x-direction. 


Fig. 279. Fig. 280. 


A region that is regular in both x- and y-directions we shall 
simply call a regular region. In Fig. 280 we have a regular 
region D. 

Let the function f (x, y) be continuous in D. 

Consider the expression 


b pP, (x) 


In=\( f f (x, y) dy) dx 


a qv (x) 


which we shall call an iterated integral of f(x, y) over D. In this 
expression we first calculate the integral in the parentheses (the 
integration is performed with respect to y) while x is considered 
to be constant. The integration yields a continuous *) function of x: 


Pa (x) l 
OQ)- V Fix, y)dy. 
Pi (x) 


We integrate this function with respect to x from a to b: 
b 
[p= V O (x) dx. 


a 


This yields a certain constant. 


*) We do not here prove that the function (x) is continuous. 


20* 
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Example 1. To calculate the iterated integral 


1 «x? 


Ip (S (+9) ay ) ax. 
0 0 


Solution. First calculate the inner integral (in brackets): 


o w= ferma [ryt SIT arty SP ye, 


0 


Integrating the function obtained from O to 1, we find 


o Cer pma 


x$ x* x? )1 | i 26 
4 2 — | — — = — — = — 
(x +5 ds 5+5] 5 9] 108 
Determine the region D. Here, D is considered the region bounded by the 
lines (Fig. 281) i 
y=0, x0, yx*, x — 1. 


[t may happen that the region D is such that one of the func- 
tions y=q,(x), y- q,(x) cannot be represented by a single 


Fig. 261. Fig. 282. 


analytic expression over the entire range of x (from x=a to x = b). 
For example, let a «cc <b, and 


q,(x) 2w(x) on the interval fa, c], 
q,(x) =x (x) on the interval [c, b]. 


where p(x) and y(x) are analytic functions (Fig. 282). Then the 
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iterated integral will be written as follows: 


b Qa (x) 


6L J fes nar] ax— 


a Q(x) 


€  Q2 (x) b a(x) 
=( | J re n4)]ax- [ V fe, nar] dx— 
x) c P; (x) 


a i ( 
C pa% b 2 (x) 
=S[ § ros yay|det S [ V Fæ, y)dy] dx. 
a y (x) c X (x) 


The first of these equations is written on the basis of a familiar 
property of the definite integral, the second, due to the fact that 
on the interval [a, cj we have qg, (x)= (x), and on the interval 
lc, b] we have q, (x)= x (x). 

We would also have a similar notation for the iterated integral 
if the function e, (x) were defined by different analytic expres- 
sions on different subintervals of the interval |a, b]. 

Let us establish some properties of an iterated integral. 

Property 1. /f a regular y-direction region D is divided into two 
regions D, and D, by a straight line parallel to the y-axis or the 
x-axis, then the iterated integral Ip over D will be equal to the 
sum oj such integrals over D, and D,; that is, 


PLIPESPE (1) 


Proof. a). Let the "straight line x=c (a«c« b) divide the 
region D into two regular y-direction regions *) D, and D,. Then 


E TS y) dy) dx= fow dx —- ( O(x) di + D(x) dx= 
a qo a a c 
c Qux) b qi) 
=| ( | F, wdy)\de+ 4 ( C Fix, gdy) dx o, In, 
a (x) c qu) 


*) The fact that a part of the boundary of the region D, (and of D,) is a 
portion of the vertical straight line does not stop this region from being reg- 
ular in the y-direction: for a region to be regular, it is only necessary that 
any vertical straight line passing through an interior point of the region 
should have no more than two common points with the boundary (see foot- 
note on page 610). 
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b) Let the straight line y-h divide the region D into 
two regular y-direction regions D, and D, as shown in Fig. 283. 
Denote by M, and M, the points of intersection of the straight 
line y=h with the boundary L of D. Denote the abscissas of these 
points by a, and b,. 

The region D, is "bounded by con- 
tinuous lines: 

1) y — €, (x); 

2) the curve A,M,M,B, whose 
ig equation we shall conditionally write 
in the form 


yY =%(x) 


y = q, (x), 


having in view that «qi (x)— q, (x) 


when a « x «a, and when b, «x «b 
b,6 X and that 


q;(x)-—h whena,« xs b, 


Fig. 283. 


3) by the straight lines x —a, x— b. 
The region D, is bounded by the lines 


y, (X) y—q,(x) where a, x x « b,. 


We write the identity by applying to the inner integral the 
theorem for partitioning the interval of integration: 


qq) 


I»=§( ( f(x, y) dy ) dx = 


Qi) 
b Ph Pa 
=(] y fo nds (iG, y)dy] dx= 
a @, (x) NT 
b 9, i 
=( ( r f (x, ny) 4x] C iy f(x, y) dy) dx. 
a Qı (x) 


We break up the latter integral into three integrals and apply 
to the outer integral the theorem for dividing the interval of 
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integration: 


b qa (x) à qa (x) 
VCI fo pdy)dx-V( 6 F(x, y)dy) det 
a g” ^ giw 
bi 9; (x) b Qi (x) 
tC V Fœ, ndy)dx-V( (Pos y)dy) de; 
^^ giw EE NT 


since q (x) —9,(x) on the interval [a, a,] and on [b,, b], it 
follows that the first and third integrals are identically zero. 
Therefore, 


b 9; o) b, P2 (x) 
In=(( f$ Fe, dy) dx-- ((. 6 f(x, y)dy) dx. 
a  q() a, p, (x) 


Here, the first integral is an iterated integral over D,, the second, 
over D,. Consequently, 


1p 7 Ip, + Íp, 


The proof will be similar for any position of thecutting straight 
line M,M,. If M,M, divides D into three or a larger number of 
regions, we get a relation similar to (1), in the first part of 
which we will have the appropriate 
number of terms. 

Corollary. We can again divide 
each of the regions obtained (using 
a straight line parallel to the y-axis 
or x-axis) into regular y-direction 
regions, and we can apply to them 
equation (2). Thus, D may be divided 
by straight lines parallel to the 
coordinate axes into any number of 
regular regions 


D. Ds Dy ews De Fig. 284. 


and the assertion that the iterated 
integral over D is equal to the sum of iterated integrals over 
subregions holds; that is (Fig. 284), 


lp Ip,d- Ip, Ip,4- ... + Ip. (2) 


Property 2 (Evaluation of.an. iterated integral). Let m and M 
be the least and greatest values of the function f (x, y) in the 
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region D. Denote by S the area of D. Then we have (he relation 
b Ma (x) 


mS = | ( { Í (x, y) dy) dx < MS. (3) 


a 9, (x) 
Proof. Evaluate the inner integral denoting it by (D(x): 
Qs (x) Qs (x) 
D= | f, ydys | Mdyz M |p, (x)—9, w). 


@; (x) Pı (x) 


We then have 


lp= ( ( Y F(x, y) dy ) dx s f M\q, (x) — 9, (x)] dx = MS, 


a qq (x) a 
that is, 
[p « MS. (3) 
oimilarly 
Q4 (x) Qa 1x) 
Qe È F(x, dy> V mdx=m[p, (9—9, GL. 
qi (x) Q, (X) 
b b 
15 ( D(x) dx > f m e, (x) — 9, (x)] dx = mS, 
{hat is, 


lpzms.. (3^) 
From the inequalities (3°) and (3") follows the relation (3): 
mS s lps MS. 
In the next section we will determine the geometric meaning of 
this theorem. 
Property 3. (Mean-Value Theorem). An iterated integral lp of 
a continuous function } (x, y) over a region D with area S is equal 


to the product of the area S by the value of the function at some 
point P in the region D; that is, | 


b Qa (x) 
f(x, y) dy ) dx =[(P)S. (4) 


a 9, (x) 


Proof. From (3) we obtain 


l 
fn m v lpsM. 
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The number Ip lies between the greatest and least values of 
f(x, y) in D. Due to the continuity of the function f(x, y), at 
some point P of D it takes on a value equal to the number lp 
that is, i 

Ip KP) 
whence 


ly f (P)S. (9) 


SEC. 3. CALCULATING DOUBLE INTEGRALS 
(CONTINUED) 


Theorem. The double integral of a continuous function f(x, y) 
over a regular region D is equal to the iterated integral of this 


junction over D; that is,*) : 


( f(x, y)dx dy = | ad F(x, y) dy) dx. 


D a P; (x) 


Proof. Partition the region D with straight lines parallel to the 
coordinate axes into n regular (rectangular) subregions: 


As,, As,, ..., As 
By Property 1 [formula (2)] of the preceding section we have. 


Ip 7 Iss t+ las, H7 - + las, = Qu lase (1) 


n* 


Each of the terms on the right we transtorm by the mean- 
value theorem for an iterated integral: 


fas 7 F(CP ) AS; 
Then (1) takes the form 


Ip FO) As, +F(P,) As, + FP) As, = > FP) Asa (2) 


where P, is some point of the subregion As,. On the right is the 
integral sum of the function f(x, y) over the region D. From the 
existence theorem of a double integral it follows that the limit 
of this sum, as n — oo and as the greatest diameter of the sub- 
regions As; approach zero, exists and is equal to the double 
integral of f(x, y) over D. The value of the double integral Ip on 


*) Here, we again assume that the region D is regular in the y-direction 
and bounded by the lines y =Q, (x), y=Q, (x), xa, xb. 
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-—— 


the right side of (2) does not depend on n. Thus, passing to the 
limit in (2), we obtain 


Ip im DP) As f Aes de dy 
OT 
(Fœ dx dy Lp, (3) 


D 


Writing out in full the expression of the iterated integral /p, 
we finally get 


b 2 (X 
(PAG ydedy=([ T Fes nay] dx (4 
D a Qi) 


Note 1. For the case when f(x, y) z20, formula (4) has a pic- 
torial geometric interpretation. Consider a solid bounded by the 
surface z=f(x, y) the plane z-0, and a cylindrical surface 
whose generators are parallel to the z-axis and the directrix of 

which is the boundary of the 

z-f(x,U) region D (Fig. 285). Calculate 

the volume of this solid V. 

It has already been shown 

that the volume of this solid 

is equal to the double integral 

of the function f(x, y) over 
the region D: 


V= SVE wdedy. (9) 


Now let us calculate the 

volume of this rd using 

the results of Sec. 4, Ch. 

i i XII, on the evaluation of 

the volume of a solid from 

the areas of parallel sections (slices). Draw the plane x= const 

(a«x« b) that cuts the solid. Calculate the area S(x) of the 

figure obtained by cutting x= const. This figure.is a curvilinear 

trapezoid bounded by the lines z =f (x, y) (x = const), z = 0, y = p(x), 
y=@, (x). Hence, this area can be expressed by the integral 


Pa (X) 
S(x)= | F(x, y)dy. | (6) 


9, (x) | 
Knowing the areas of parallel sections, it is easy to find the 


Calculating Double: Integrals (continued) 619 


volume of the solid: 
b 
V= ( S (x) dx; 


a 


or, substituting expression (6), we get for the area S(x) 


b @ (x) 
i EX y) dy | dx. (7) 


In formulas (5) and (7) the leit sides are equal; and so the right 
sides are equal too: 


b 2 (x 
VG, idx dy= V [ X Fe, y) dy | dx. 
D a q4 (x) 


It is now easy to figure out the geometric meaning of the evalu- 
ation theorem of an iterated integral (Property 2, Sec. 2): the 
volume V of a solid bounded by the surface z=f(x, y), the 


Z z= FKY) anne 


plane z=0, and a cylindrical surface whose directrix is the 
boundary of the region D, exceeds the volume of a cylinder with 
base area S and altitude m, but is less than the volume of a 
cylinder with base area S and altitude M [where m and M are 
the least and greatest values of the function z=f(x, y) in the 
region D(Fig. 286)]. This follows from the fact that iterated in- 
tegral J, is equal to the volume V of this solid. 
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Example 1. Evaluate the double integral M (4— x*— y?) dx dy if the region 
D 


D is bounded by the straight lines x —0, x—1, y=0, and y= : 


Solution. By the formula 


"fa 


"Ig " 
v= { M (4 —x? — y?) d dy= (| er ra 
: 0 
9 0 0 


JP " od 35 
=| (4 i 5) ay (49 3 3s )| 8" 
0 0 


Example 2. Evaluate the double integral of the function f (x, yy=1l+x+y 
over a region bounded by the lines y — x, x= Y v. y=2, z=0 (Fig. 287). 
Solution. 
2 Vy 2 


(ta tnds| dy = | |n] ux 
— p 0 


S| 
af (Vivo +4)—(-y—9t+$)] y= 
Iz es Ys- Sa 


3 - 
| [2y* _ 3y? 2y? yq. 44 yy 
-|3 X. -lent 
Note 2. Let a regular x-direction region D.be bounded by -the 
lines 
x=, (y), x=, (y), y —06, y= a4, 


and let sp, (y) = v, (y) (Fig. 288). 
In this case, obviously, 


d aU) 
MON? dxdy (T F(x, y)dx) dy. (8) 


D c Pi y) 


To evaluate the double integral we must represent it as an 
iterated integral. As we have already seen, this may be done in 
two different ways: either by formula (4) or by formula (8). 
Depending upon the type of the region D or the integrand in each 
specific case, we choose one of the formulas to calculate the 
double integral. 
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Example 3. Change the order of integration in the integral 


1 Vx 
g \ f(x, y) dy ox. 


Solution. The region of integration is bounded by the straight line y —x 
and the parabola y= y x. (Fig. 289). 

Every straight line parallel to the x-axis cuts the boundary of the region 
at no more than two points; hence, we can compute the integral by formula 
(8), setting 


iu) -—y, b, (y) =y, sy sl; 
then 


t 


=f ( \ Fx, y) dx ) dy. 
0 


y! 
y 


Example 4. Evaluate Si e" ds if the region D is a triangle bounded by 


D 
the straight lines y—x, y=0, and x=1 (Fig. 290). 


7 X 


Fig. 288. Fig. 289. Fig. 290. 


Solution. Replace this double integral by an iterated integral using for- 
mula (4). [If we used formula (8}, we would have to integrate the function 
y 


e* with respect to x; but this integral is not expressible in terms of elemen- 


tary functions]: 
*a- f: dej " dx = 


£1 
2 


] x (€ — 1) dx = (e—1) = 


== 0,859. ee 
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Note 3. If the region D is not regular either in the x-direction 
or the y-direction (that is, there exist vertical and horizontal 
straight lines which, while passing through interior points of the 
region, cut the boundary of the region at more than two points), 
then we cannot represent the double integral over this region in 


Jj 


Fig. 291. Fig. 292. 


the form of an iterated integral. If we manage to partition the 
irregular region D into a finite number of regular x-direction or 
y-direction regions D,, D,, ..., D,, then, by evaluating the double 
integral over each of these subregions by means of the iterated 
integral and adding the results obtained, we get the sought-for 
integral over D. 

Fig. 291 is an example of how an irregular region D may be 
divided into two regular subregions D, andi D,. 


Example 5. Evaluate the double integral 


uU e* *J ds 


D 


over the region D which lies between two squares with centre at the origin 
and with sides parallel to the axes of coordinates, if each side of the inner 
square is equal to 2 and that of the outer square is 4 (Fig. 292). 

Solution. The region D is irregular. However, the straight lines x= —1 
and x=1 divide it into four regular subregions D,, D,, D,, D,. Therefore, 


y eJ dx = y e* tJ ds 4- ge ds + y 


e* t ds 4- \ t e* *J ds, 
: D, 
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Representing each of these integrals in the form of an iterated integral, 
we find 


if sing s= f [S mE SI je" ay] ax + 
ne eee 


= (e*—e7?) (e! —e7*) + (e?-e) (e—e7?) +(e! —e7*) (e—e) Y 
+ (e*—e ^?) (e*— e) = (e? —e ~*) (e —e 7!) —4 sinh 3 sinh I. 


Note 4. From now on, when writing the iterated integral 


b qao 
fom j| j fee y) dy | dx. 


we will drop the brackets containing the inner integral and will 
write ast 


x) 
Ip- i Y F(x, y) dy dx. 

a p, (x 
Here, just as in the case when we have brackets, we will consider 
that the first integration is performed with respect to the variable 
whose differential is written first, and then with respect to the variable 
whose differential is written second. [We note, however, that this 
is not the generally accepted practice; in some books the reverse 


is done: integration is performed first with respect to the variable 
whose differential is last.* 


SEC. 4. CALCULATING AREAS AND VOLUMES 
BY MEANS OF DOUBLE INTEGRALS 


l. Volume. As we saw in Sec. 1, the volume V of a solid 
bounded by the surface z=f(x, y) where /(x,y) is a nonne- 
gative function, by the plane 2-20 and by a cylindrical surface 
whose directrix is the boundary of the region D and the generators 
are parallel to the z-axis, is equal to the double integrai of the 
function f(x, y) over the region D: 


V= (lie y) ds. 


D 


*) The following notation is also sometimes used: 
Qa 


b b 2 
Ip-V| i f (x, y) dy | dx = e F (x, y) dy. 
a 9, a Pı 
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Example 1. Calculate the volume of a solid bounded by the surfaces x —0, 
y —0, x--g4-z—1, 2-0 (Fig. 293). 
Solution. 
V= (l—x—y)dy dx, 
8j 
where D is (in Fig. 293) the shaded triangular region in the xy-plane bounded 


by the straight lines x 20, y=0, and x+y=1. Putting the limits in the 
double integral, we calculate the volume: 


uat y! ] =x l l 
/-| y (l—x—y) dy i (| a—my—5]) d=] yat. 
0 0 0 0 


Thus. V=% cubic units. 


Note 1. If a solid, the volume of which is being sought, is 
bounded above by the surface z = Q, (x, y).=æ 0, and below by the 
surface z = Q, (x, y) = 0, and the region D 
is the projection of both surfaces on the 
xy-plane, then the volume V of this solid 


J Yds" : 
4 SS P 


Fig. 293. Fig. 294. 


is equal to the difference between the volumes of the two “cylindrical” 
bodies; the first of these cylindrical bodies has the region D as 
its lower base, and the surface z=@,(x, y) for its upper base; 
the second body also has D as its lower base, and the surface 
z==@ (x, y) for its upper base (Fig. 294). 

Therefore, the volume V is equal to the difference between the 
two double integrals 


V= (0, y) ds— (0, (x, y)ds, 
D D 
OT 


V= N [D, (x, y) — 0, (x, y)] ds. (1) 


D 
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Further, it is easy to prove that formula (1) holds true not 
only for the case when (D, (x, y) and D,(x, y) arenonnegative, but 
also when Ọ, (x, y) and O,(x, y) are any continuous functions 
that satisfy the relationship 


D, (x, y) 2D, (x, y). 


Note 2. If in the region D the function f(x, y) changes sign, 
then we divide the region into two parts: 1) the subregion D, 
where f(x, y) z»0; 2) the subregion D, where f(x, y) <0. Suppose 
the subregions D, and D, are such that the double integrals over 
them exist. Then the integral over D, will be positive and equal 
to the volume of the solid lying above the xy-plane. The integral 
over D, will be negative and equal, in absolute value, to the volume of 
the solid lying below the xy-plane. Thus, the integral over D will 
be expressed as the difference between the corresponding volumes. 

2. Calculating the area of a plane region. If we form the inte- 
gral sum of the function f(x, y)=1 over the region D, then this 
sum will be equal to the area S, 


s=> l : AS; 


for any method of partition. Passing to the limit on the right 
side of the equation, we get | 


S= y dx dy. 


If D is regular (see, for instance, Fig. 280), then the area will 
be expressed by the double integral 


b a(x) 
S= | | ( dy | dx. 
a qi 


Performing the integration in the brackets, we obviously have 
b 


S= | [p, (X) — 9, (x)] dx 
(cf. Sec. 1, Ch. XII). 


Example 2. Calculate the area of a region bounded by the curves 
y—2—x*, y-x. 


Solution. Determine the points of intersection of the given curves (Fig. 295). 
At the point of intersection the ordinates are equal; that is, 


x —2—x*, 
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whence 


We get two points of intersection: M,(—2, — 2), M,(1. 1). Hence, the 
required area is 
1 2—x? 


1 
: B x*. wu. 
s= it ay ) dx = \ @— —x) dx = sd sae ge 
x -2 


SEC. 5. THE DOUBLE INTEGRAL IN POLAR COORDINATES 


Suppose that in a polar coordinate system 9, o, a region D is 
given such that each ray *) passing through an interior point of 
the region cuts the boundary of D at no more than two points. 


D 
P 


Fig. 295. Fig. 296. 


Suppose that the region D is bounded by the curves ọ= (D, (0), 
o=@, (8) and the rays 0a and 0—f, where (D, (8) s D, (0) and 
a«p (Fig. 296). Again we shall call such a region regular. 
In the region D let there be given a continuous function of the 
coordinates 0 and o: 
z — F(0, o). 


We divide D in some way into subregions As,, As, ..., AS,. 


n 


*) A ray is any half-line issuing from the coordinate origin, that is, from 
the pole P. 
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Form the integral sum 
Vi =A F (P4) As,, (1) 


where P, is some point in the subregion As,. 

From the existence theorem of a double integral it follows that 
as the greatest diameter of the subregion As, approaches zero, 
there exists a limit V of the integral sum (1). By definition, 
this limit V is the double integral of the function F(6, o) over 
the region D: 


V= \\ F (8, o) ds. (2) 


Let us now evaluate this double integral. 

Since the limit of the sum is independent of the manner of 
partitioning D into subregions As,, we can divide the region in 
a way that is most convenient. This most convenient (for purposes 
of calculation) manner will be to partition the region by means 
of the rays 0-0,, 0—0,, 0—0,, 0 —0, (where 0, — o, 0, — f, 
U, «0, «0, a 0 ) and the concentric circles Q—60Q, 0-0, 

, 0—0, (where o, is equal to the least value of the function 
D, (0), and Qm to the greatest n of the function ®, (0) in 
the interval qx Ox, oo, <. On! 

Denote by As;, the subregion bounded by the lines o=@,_,, 
Q—0;, 0—0,.,, 0—0, 

The subregions As;, wil be of three kinds: 

1) those that are not cut by the boundary and lie in D; 

2) those that are not cut by the boundary and lie outside D; 

3) those that are cut by the boundary oi D. 

The sum of the terms corresponding to the cut subregions have 
zero as their limit when A®,—+0 and Ao; — 0 and for this reason 
these terms will be disregarded. The subregions As,, that lie 
outside D do not interest us since they do not enter into the sum. 
Thus, the integral sum may be written as follows: 


V. - 2 [È F (P) As; x], 


where P;, is an arbitrary pei of the subregion As,,. 

The double summation sign here should be understood as 
meaning that we first perform the summation with respect to 
the index i, holding & fast (that is, we pick out all terms that 
correspond to the subregions lying between two adjacent rays *). 

*) We note that in summing over the index ¢ this index will not run 


through all values from ] to m, because not all oj the subregions lying 
between the rays 0—0, and 0—0,,,, belong to D. 
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The outer summation sign signifies that we take together all the 
sums obtained in the first summation (that is, we sum with 
respect to the index &). 

Let us find the expression of the area of the subregion As;, 
that is not cut by the boundary of the region. It will be equal 
to the difference of the areas of the two sectors: 


l 1 l 2 i 
AS, = > (0; + AQ,) A0,— => g, A0, = (e zd 23 Ag; A9, 


or As;,—9,A0;A0,, where Q; «o; <Q + Ao. 
Thus, the integral sum will have the form *) 


V,— XX F9 o) AoA], 


where P (0%, o;) is a point of the subregion AS; p 
Now take the factor A0, outside the sign of the inner sum 


(this is permissible since it is a common factor for all the terms 
of this sum): 


V 2 [> F (0:07) 0; ^0;] A0, 


Suppose that Ao; —O0 and A0, remains constant. Then the 
expression in the brackets will tend to the integral 


D ( 9) 
| F(8s, o) o do. 
e. ( %) 
Now, assuming that A0, — O0, we finally get **) 
D, (9) 


p 
v=\( | FO, o)odo) de. (3) 


(D, 5) 


*| We can consider ihe integral sum in this form because the limit of the 
sum does not depend on the position of the point inside the subregion. 

**) Our derivation of formula (3) is not rigorous; in deriving this formula 
we first let Ao; approach zero, leaving A0, constant, and only then made A0, 
approach zero. This does not exactly correspond to the definition of a double 
integral, which we regard as the limit oi an integral sum as the diameters 
of the subregions approach zero (i. e., in the simultaneous approach to zero 
of A0, and Aoj). However, though the proof lacks rigour, the result is true 
li. e., formula (3) is true]. This formula could be rigorously derived by the 
same method used when considering the double integral in rectangular 
coordinates. We also note that this formula will be derived once again in 
Sec. 6 with different reasoning (as a particular case of the more general 
formula for transforming coordinates in the double integral). 
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Formula (3) is used to compute double integrals in polar 
coordinates. 

If the first integration is performed over 9 and the second one 
over Q, then we get the formula (Fig. 297) 


Q; Oz (Q) 
v= ( f F@, 04)ode — (3) 
Q: ©, (Q) 
Let it be required to compute the double 
integral of a function f(x, y) over a region 
D given in rectangular coordinates: 


Vf F(x, y) dx dy. 
D 
If D is regular in the polar coordinates 0, Fig. 297. 
o then the computation of the given integral 


can be reduced to computing the iterated integral in polar 
coordinates. 


Indeed, since 


x-—0cos0, y-—osinO, 
f(x, y) =flecos®, osin9]—F (0, o), 
it follows that 
B c, (8) 
Uh Fe, y) dx dy = \ ( T f io cos 0, osin 0] odo) dé. (4) 


D a ©, (5) 


Example 1. Compute the volume V of a solid bounded by the spherical 
surface 


x? + y? 4- 23 — 4a? 
an. the cylinder ' 
x? + y*—2ay =0. 
Solution. For the region of integration here we can take the base of the 
cylinder x?-+ y2—2ay=0, that is, a circle with centre at (0, a) and radius a. 


The equation of this circle may be written in the form x?+(y—a)*=a? 
(Fig. 298). 


We calculate Y of the required volume V, namely that part which is 


situated in the first octant. Then for the region of integration we will have 
to take the semicircle whose boundaries are defined by the equations 


x= 9, (y) —0, x — 9, (y)= Y 2ay — y*, 
y —0, y — 2a. 
The integrand is 


e=], p= Y A RR A. 
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Consequently, 


i 2a Veay-y? 
iv=( ( Vat dx ) dy. 
0 


0 
Transform the integral obtained to the polar coordinates 9, o: 
x-pocos0, y--osinO. 


Determine the limits of integration. To do so, write the equation of the 


given circle in polar coordinates; 
since 


x? J- y* — o, 
y =Q sin 6, 


it follows that 
o* — 2ao sin 0 — 0 
Or 
Q = 2a sin 8. 


Hence, in polar coordinates (Fig. 299), the boundaries of the region are 
defined by the equations 
Q—9,(9)—0, 9=0,(0)=2asin®, a=0, B——-. 
and the integrand has the form 
F (0, 9) — V 4a*— o. 
Thus, we have 


Pu 
»a sint 


ej f rem res)o- 


u 


4a? — 23? [a in 8 
-6 ze | ni 46 


6c o v3 


71 
E 
E 3: [(42* — 4a? sin*0)* — (4a*)^] d0 = 


0 

ELS 

8a* ( 

X E | (1 —co$*6) 40 =F a? Ba — — 4), 
0 


— 
— 
- 
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Example 2. Evaluate the Poisson integral 
+o 


| e^ *! dx. 


-0 


Solution. First evaluate the integral I p= \ Y e-** -! dx dy, where the region 


D 
of integration D is the circle 
x? y? == R? 
(Fig. 300). 
Passing to the polar coordinates 0, o, we obtain 


on R 27t R 
[p= i (f e-r T) dð = — je |a6- au zg 5 
0 0 0 0 


Now, if we increase the radius R without bound (that is, if we expand 
without limit the region of integration), we get the so- -called improper 
iterated integral: 


2: œ eut R 
| (f e-o de ) dð = lim | (Ve-ne dg) 40 = lim x TEN qu 
R > œ Ro 
0 a 0 Q 
We shall show that the integral [\ en -92 dx dy approaches the limit z 


if the region D’ of arbitrary form expands in such manner that finally any 
point of the plane gets into D’ and remains there (we shal! conditionally 
indicate such an expansion of D’ by the relationship D' —* œ). 


y 


(rs 


= 


Fig. 300. Fig 301. 


Let R, and R, be the least and greatest distances of the boundary of D’ 
from the origin (Fig. 301). 


Since the function e-**-J* is everywhere greater than zero, the following 
inequalities hold: 


Ig, V È ec dx dy <p, 
D' | | 
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or 
=R; -X3 ya -Rj i 
a (1—e Jsi dx dy «mn (1—e ) 


Since for D' —, œ it is obvious that R,-——. œ and R, — œ, it follows 
that the extreme parts of the inequality tend to one and the same limit x. 
Hence, the median term also approaches this limit; that is, 


D'--o 


lim N e-* -'dxdy —m. (5) 


As a particular instance, let D' be a square with side 2a and centre at 
the origin; then 


— X2 ya 


Ver t7nas dy = e dxdy= 


a a 
e-e- dx dy = ( | ( e 7g -Y* dx av. 
-a -a 


Now take the factor e7}? outside the sign of the inner integral (this is per- 
missible since e77* does not depend on the variable of integration x). Then 


a a 
W e-** - dy dy= ( e-* | ( e-?* dx Jay. 
D' -ü -ü 
a 
Set f e" dx= B,. This is a constant (dependent only on a); therefore, 


-a 


a a 
Y ec dy dy= | e7*Body—B, | e-¥* dy. 
D 


-ü -a 
D a. 
But the latter integral 1s likewise equal to B, (because jas "T 


- 


V ertt! dx dy = BaBa = B3, 


We pass to the limit in this equation, by making a approach infinity (in the 
process, D' expands without limit): 


‘ 2 
lim i e-*-Y'dxdy- lim B2— lim \ g^ ax | -[ | a ax | ; 
D' + œ a -— o a > 0 


a +o 
e 
D' = Eis 
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But, as has been proved {see (5)], 


lim V e - dxdy-—an. 
D’ + o D 
Hence, 
o 


[J e- ax | =n, 


or 
o 


| e-* dx V x. 
-0 


This integral is frequently encountered in probability theory and in statistics. 
We remark that we would not be able to compute this integral directly (by 
means of an indefinite integral) because the derivative of e7** is not expres 
sible in terms of elementary functions. 


SEC. 6. CHANGING VARIABLES IN A DOUBLE INTEGRAL 
(GENERAL CASE) | 


In: the xy-plane let there be a region D bounded by the 
line L. Suppose that the coordinates x and y are functions of 
new variables u and v: 


x= Q (u, v), y=Ņ(u, v); (1) 
let the functions ọ (u, v) and sp(u, v) be single-valued and con- 
tinuous, and let them have continuous derivatives in some region D’, 
which will be defined later on. Then by formulas (1) to each 
pair of values u and v there corresponds a unique pair of values 


Fig. 303. 


x and y. Further, suppose that the functions @ and w are such 
that if we give x and y definite values in D, then by formulas (1) 
we will find definite values of u and v. 

Consider a rectangular coordinate system Ouv (Fig. 302). From 
the foregoing it follows that with each point P(x, y) in the 
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xy- plane (Fig. 303) there is uniquely associated a point P’ (u, v) 
in the wv-plane with coordinates u, v, which are determined by 
formulas (1). The numbers u and v are called curvilinear coordi- 
nates of the point P. 

If in the xy-plane a point describes a closed line L bounding 
the region D, then in the uv-plane a corresponding point will 
trace out a closed line L' bounding a certain region D'; and to 
each point of D' there will correspond a point of D. 

Thus, the formulas (1) establish a one-to-one correspondence 
between the points of the regions D and D', or, the mapping, by 
formulas (1), of the region D onto region D' is said to be one-to-one. 

In the region D' let us consider a line u — const. By formulas (1) 
we find that in the xg-plane there will, generally speaking, be a 
certain curve that will correspond to it. In exactly the same way, 
to each straight line v = const of the uv-plane there will correspond 
some line in the xy-plane. 

Let us divide the region D’ (using the straight lines u= const 
and u=const) into rectangular subregions (we shall disregard: 
subregions that overlap the boundary oí the region D'). Using 
suitable curved lines, divide D into certain curvilinear quadran- 
gles (Fig. 303). 

Consider, in the uv-plane, the rectangular subregion As’ bounded 
by the straight lines u = const, u-F Au = const, v - const, v + Au — 
— const, and consider also the curvilinear subregion AS corresponding 
to it in the xy-plane. We denote the areas of these subregions 
by As' and As, respectively. Then, obviously, 


AS' — Au Av. 


Generally speaking, the areas As and As’ are different. 
In the region D, let there be a continuous function 
z —[(x, y). 


To each value of the function z — f(x, y) in the region D there 
corresponds the very same value of the function z=F (u, v) in 
the region D', where 


F (u, o) - fie (4, v), (u, v). 


Consider the integral sums of the function z over D. It is obvious 
that we have the following equation: 


Y f(x, y) As= YF (u, v) As. (2) 


Let us, compute As, which is the area of the curvilinear quad- 
rangle’ P QP,P,P, in the xy-plane (see Fig: 303). ^." - 
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We determine the coordinates of its vertices: 


P, (x,, Y) X, = (u, v), y, -- p (u, u), 

P, (X,, Ya), x, = e (u + Au, v), y, — b (u + Au, v), A 
P, (x, Ys) x =p (u+ Au, v+Av), y =Ņ(u+ Au, 0-- Ao), (. O 
P (x,, Ya) x, — q (u, u + Av), y, wv (u, U + Av). 


When computing the area of the curvilinear quadrangle P,, P,, 
P, P, we shall consider the lines P,P, P,P,, P,P, P P. as 
parallel in pairs; we shall also replace the increments of the functions 
by corresponding differentials. We shall thus ignore infinitesi- 
mals of order higher than the infinitesimals Au, Av. Then formu- 
las (3) will have the form 


X, =9(u, v), y,=*(u, v), \ 

x, — q (tt, E y, — pu, v) +2 Au, 

x,—o(u, 9) +2 ? Au 4-22 Av, =p (u, o) - 22 Au 4- Av, e 
x,-— Q9 (u, 0) + 22 Av, Up (u, v) 4-58 Av. J 


With these assumptions, the curvilinear quadrangle PPP P; 
may be ragarded as a parallelogram. Its area As is approximately 
equal to the doubled area of the triangle P,P,P, and is found by 
the following formula of analytic geometry: 


As zz | ( x 3 X4) (y,—y,)—(x, —X A —U; )| = 


=|(2 p Aut Ge AV) y M0 — Gy Ao o (SP Au - S Av )|— 
oP Ow AP Op  .|9e9*  9pov 
— 3; Jy ^" Av — Sege Au Av | = P: 30:230 Au Av = 
ap ay 
2 A Au Av. *! 
Ou, Ov 


*) The doubled lines in- the determinant indicaté that the absolute value 


' of the determinant is taken. 
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We introduce the notation 


OP OP 
Qu àv =, 
Owop| * 
Qu Ov 
Thus, 
As zz |I]|As'. (4) 


The determinant / is called the functional determinant of the 
functions ọ (u, v) and sp (u, v). It is also called the Jacobian after 
the German mathematician Jacobi. 

The equality (4) is only approximate, because in the process 
of computing the area of As we neglected infinitesimals of higher 
order. However, the smaller the dimensions of the subregions As 
and As', the more exact will this equality be. And it becomes 
absolutely exact in the limit, when the diameters of the subregions 
As and As' approach zero: 

l AS 
Rx a 

Let us now apply the equation obtained to an evaluation of 

the double integral. From (2) we can write 


Df (x, y) As x Ñ F (u, v) | H| As’ 


(the integral sum on the right is extended over the region D’). 
Passing to the limit as diam As’ — 0, we get the exact equation 


\\ Ft, y) dx dy =\\ F (u, v)|1 |du dv. (5) 


D D' 


This is the formula for transformations of coordinates in a double 
integral. It permits reducing the evaluation of a double integral 
over a region D to the computation of a double integral over a 
region D', which may simplify the problem. A rigorous proof of 
this formula was first given by the noted Russian mathematician 
M. V. Ostrogradsky. 

Note. The transformation from rectangular coordinates to polar 
coordinates considered in the preceding section is a special case 
of change of variables in a double integral. Here, u=0, v=o: 


x=ocos 8, y—osin O. 
The curve AB(g=gQ,) in the xy-plane (Fig. 304) is transformed 
into the straight line A'B’ in the @g-plane (Fig. 305). The 


curve DC (o—0,) in the xy-plane is transformed into the straight 
line D'C' in the 0o-plane. 
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The straight lines AD and BC in the xg-plane are transformed 
into the straight lines A'D' and B'C' in the @g-plane. The curves 


L, and L, are transformed into the curves L, and La. 


Fig 304. Fig 305. 


Let us calculate the Jacobian of transformation of the Cartesian 
coordinates x and y into the polar coordinates 0 and p: 


Ox Ox 0 0 
_ | de} |-—esin cos "T "A 
i Oy y ọ cos 0 sin 0 Bounce E: 
00 dQ 
Hence, |/|=@ and therefore 
B c, (8) 
(Ò fix, p dxdy- V( V F(0, ede) d. 
D a  @, (4) 


This was the formula that we derived in the preceding section. 
Example. Let it be required to compute the double integral 


M (y —x)dxdy 
D 


over the region D in the xy-plane bounded by the straight lines 
l 7 l 
y=x+1, y—x—3, yes xeu g——X.*r9 


It would be difficult to compute this double integral directly; however, a 
simple change of variables permits reducing this integral to one over a rect- 
angle whose sides are parallel to the coordinate axes. 

Set 


u =y —Xx, v=y ux (6) 
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Then the straight lines y=x+1, y=x—3 will 

be transformed, respectively, into the straight 

lines u—1, u=—3 in the uv-plane; and the 

straight lines y-—rb y=—5 1+5 

will be transformed into the straight lines 
7 

p= U0; 


Consequently,the given region D is transformed 
into the rectangular region D’ shown in 
Fig. 306. It remains to compute the Jacobian 
of transformation. To do this, express x and y 
in terms of u and v. Solving the system of 
u equations (6), we obtain 


: _ 3 3 E 3 
Fig. 306. pecus y=qGuts U. 


Consequently, 


Ox Ox 3 3 
j—| 04 00} _ ^44|..9.3. 3 
7|9p9y| | L3|^ i16 16. 4" 
du Ov 44 
and the absolute value of the Jacobian is = . Therefore, 


MES ax dy=(( ( tud 2 Ü )É€Ó(-eni ) 1 du dv =. 
D D' 


5 1 
3 3 
=ù ($ ududv= ( \ Ju du dv =— 18, 
D 
3 


7 —3 


SEC. 7. COMPUTING THE AREA OF A SURFACE 


Let it be required to compute the area of a surface bounded by 
the line [ (Fig. 307); the surface is defined by the equation 
z —f(x, y), where the function f(x, y) is continuous and has con- 
tinuous partial derivatives. 

Denote the projection of the line I' on the xy-plane by BL. 
Denote by D the region on the xy-plane bounded by the line L. 

In arbitrary fashion, divide D into n elementary subregions 
As,, AS, ..., As,. In each subregion As, take a point P, (Em). 
To the point P, there will correspond, on the suríace, a point 


| Mi [5o n. f (S, m). 


Computing the Area of a Surface 639 


Through M, draw a tangent plane to the surface. Its equation 
is of the form 


2— z; = f, (Ej, n) x— E) + f, (E, n) (y — n) (1) 


(see Sec. 6, Ch. IX). In this plane, pick out a subregion Ao, 
which is projected onto the xy-plane in the form of a subregion 
As;. Consider the sum of all the subregions Ao;: 


z > 


46 


Fig. 308. 


We shall call the limit o of this sum, when the greatest of the 
diameters of the subregions Ao; approaches zero, the area of the 
surface; that is, by definition we set 


o= lim ` : Ao.. 9 
diam Ao; 0 2 i ( ) 


Now let us calculate the area of the surface. Denote by y; the 
angle between the tangent plane and the xy-plane. Using a fami- 
liar formula of analytic geometry we can write (Fig. 308) 


— As; = A0, COS y; 
Of 


(551 ASI 
Ag; ~~ cos yl’ (3) 


The angle y, is at the same time the angle between the z-axis 
and the perpendicular to the plane (1). Therefore, by equation 
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(1) and the formula of analytic geometry we have 
i 


COS Yy; = mgp a 
METE (5i. n) fH (E;, n) 


Hence, 
Ao; =y | +f (S, n) + Fy (Ès 7i) AS;. 


Putting this expression into formula (2), we get 


g- lim Y y +i E (&, n;) + Hh (6. n) AS. 


diam Asj—c0 ; =) 


Since the limit of the integral sum on the right side of the last 
equation is, by definition, the double integra! 


jj y 1+(2)+(2) =) + +(5 Z) dx dy, we finally get 
e-J) Y 1« (5) * (8) a) * (si) dxav. (4) 


This is the formula used to compute the area of the surface 
z =} (x, y). MEN 
[f the equation of the surface is given in the form 


x —p(y, z) or in the form y=y (x, 2), 


then the corresponding formulas for calculating the surface are of 


D s-J) V 1«(2) *(&) JEXC: JL (3) 
-DvsG Ee m 


where D' and D" are the regions in the xy-plane and the xz-plane 
in which the given surface is projected. 


Example 1. Compute the surface o of the sphere | 
Sh tezt 
Solution. Compute the surface of the upper half of the sphere: 


(Fig. 309). In this case 
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Hence, 
PEWIDOUNTDAUA y EE EG R 
y i+($) *(s) =Y Roe Roe 


The region of integration is defined by the condition 


V+ yr R? 
Thus, by formula (4) we will have 
1 d i m R 
-— 0 = OAM dy dx. 
2 | ( | R?— x2 — y? 
—R =V R? = x? V y 


To compute the double integral obtained let us make the transformation 
to polar coordinates. In polar coordinates the boundary of the region of 
integration is determined by the equation o = R. Hence, 


zt R R 271 
o=2 f ( I) d0 = 2R È [V RTR d0 = 
vis V R?—0 "d 


2 
271 
— 9R | R d0 — 4x R?, 
0 


Example 2. Find the area of that part of the surface of the cylinder 
i x24 y= a? 
which is cut out by the cylinder 
x?+2?= a. 
Solution. Fig. 310 shows 1/8th of the desired surface. The equation of the 
surface has the form y= V a?— x | 


21—3388 
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therefore, 


y 1+(#)+(#) a) +a) = Vas $= esr 


The region of integration is a quarter circle, that is, it is determined by 
the conditions 


x+ z aa, x z2 0; 2 20. 


Consequently, 
a Vat— x a Yaqi- x ‘a 
s*-A( vu) ( 2 | dr=a | de=at 
8" JV d. Vece ) Veze | . | 


o = 8a*, 


SEC. 8. THE DENSITY OF DISTRIBUTION OF MATTER 
AND THE DOUBLE INTEGRAL 


In a region D, let a certain substance be distributed in such 
manner that there is a definite amount of this substance per unit area 
of D. We shall henceforward speak of the distribution of mass, 
although our reasoning will hold also for the case when speaking 
of the distribution of electric charge, of quantity of heat, and so forth. 

We consider an arbitrary subregion Asof the region D. Let the 
mass of substance associated with this given subregion be Am. 


Then the ratio 42 AS T is called the mean surface density of the sub- 
stance in the subregion As. 

Now let the subregion As decrease and contract to the point 
P (x, y). Consider the limit ims. If this limit exists, then, 


generally speaking, it will depend on the position of the point P, 
that is, upon its coordinates x and y, and will be some function 
f (P) of the point P. We shall call this limit the surface density 
of the substance at the point P: 


lim Aie) FG, y). (1) 


Thus, the surface density is a function f(x, y). of the coordi- 
nates of the point of the region. 

Conversely, let there be given, in a region D, the surface den- 
sity of some substance as some continuous function f(P)=] (x, y) 
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and let it be required to determine the total quantity of substance 
M contained in the region D. Divide D into subregions As, (i = 
= |, 2, , h) and in each subregion take a point P;; then RECA 
is the surface density in the point P;. 

To within higher-order infinitesimals, the product f(P;)As; 
gives us the quantity of substance contained in the subregion As;, 
and the sum 


È FP) ds 


expresses approximately the total quantity of substance distribu- 
ted in the region D. But this is the integral sum of the function 
F(P) in the region D. The exact value is obtained. in the limit 
as As,— 0. 

Thus, *) 


M= lim 3 F(P)As, =((F(P)ds= (È fi, ydedy, — (2) 
Sp> Of =1 D D 


or the total quantity of substance in the region D is equal to the 
double integral (over D) of the density /(P)-—f(x, y) of this sub- 
stance. 


Example. Determine the mass of a circular plate of radius R if the sur- 
face density f(x, y) of the material of the plate at each point P (x, y) is pro- 
portional to the distanceof the point (x, y) from the centre of the circle, that 


is, if 
Fo, =k V xt yt. 


Solution. By formula (2) we have 
Me k V x? yi dx dy, 
D 


where the region of integration D is the circle EE. SRE 
Passing to polar PEER we obtain 


SEC. 9. THE MOMENT OF INERTIA OF THE AREA 
OF A PLANE FIGURE 


The moment of inertia / of a materia! point M of mass m re- 
lative to some point O is the product of the mass m by the 


*) The relationship As;—+0 is to be understood! in the. sense that the dia- 
meter of the subregion: Asi approaches zero. 


21* 


644 Multiple Integrals 


square of its distance r from the point O: 
{= mr’. 


The moment of inertia of a system of material points m,, m,, 
«s. m, relative to O is the sum of moments of inertia of the 
individual points of the system: 


n 
— 2 
Į = 2 mr. 
i= 


Let us determine the moment of inertia 
of a material plane figure D. 
Let D be located in an xy-coordinate 
x plane. Let us determine the moment of 
inertia of this figure relative to the origin, 
assuming that the surface density is 
everywhere equal to unity. | 
Divide the region D into elementary subregions As,—(i=1, 
2, ...,n) (Fig. 311). In each subregion take a point P; with 
coordinates &, n;. Let us call the product of the mass of the 
subregion As; by the square of the distance r*— &E-- m? an ele- 


mentary moment of inertia AJ; of the subregion As;: 


Al, = (E -- ni) As;, 
and let us form the sum of such moments: 


X (+n) As. 


This is the integral sum of the function f (x, y) -- x*-- y? over the 
region D. 

We define the moment of inertia of the figure D as the limit 
of this integral sum when the diameter of each elementary subre- 
gion As; approaches zero: 


L= lim D (Ẹni As, 


diam As;—>0 ; =1 


Fig. 311. 


But the double integral 5) (x?+-y*)dxdy is the limit of this sum. 
D 
Thus, the moment of inertia of the figure D relative to the 
origin is 
1,= VA (x° + y’) dx dy, (1) 
D 


where D is a region which coincides with the given plane figure 
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SiuifoniCECETR,: 


The integrals 


I; — | | y*dedy, (2) 
D 

l= V x! de dy (3) 
D 


are called, respectively, the moments of inertia of the figure D 
relative to the x-axis and y-axis. 


Example 1. Compute the moment of inertia of the area of a circle D of 
radius R relative to the centre O. 
Solution. By formula (1) we have 


L= \ enun dx dy. 
D 


To evaluate this integral we transform to the polar coordinates 0, 9. The 
equation of the circle in polar coordinates is =R. 


Therefore 
zt R 1 
ll (fe ae | dð = EA. 
0 9 


Note. If the surface density y is not equal to unity, but is some 
function of x and y, i. e., y=y (x, y), then the mass of the sub- 
region AS;, will, to within infinitesimals of higher order, be equal to 
y(&;, n) As; and, for this reason, the moment of inertia of the 
plane figure relative to the origin will be 


1,= v (x, y) œ+ y!) dx dy. (1’) 


D 


Example 2. Compute the moment of inertia of a plane material figure D 
bounded by the lines y2=1—x; x—0, y=Orelative to the y-axis if the sur- 
E density at each point is equal to y (Fig. 312). 

olution. 


1 Vi-x 1 Y1:—x 1 
[ites ap gees Ee dizi doc 
yy = yx* dy | dx= 9 x => \ x* (1—x) x=" 
0 0 0 0 9 


Ellipse of inertia. Let us determine the moment of inertia of 
the area of a plane figure D relative to some axis OL that passes 
through the point O, which we shall take as the coordinate ori- 
gin. Denote by @ the angle formed by the straight line OL with: 
the positive x-axis (Fig. 313). 

The normal equation of OL is 


x Sin p--y cos ọ — 0. 
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The distance.r of some point M (x, y) from this line is 
r —|[xsinq-—y cos ọ|. 


Fig. 312. Fig. 313. 


The moment of inertia 7 of the area of D relative to OL is 
expressed, by definition, by the integral 


I-j dx dy = \\ (x sin p — y cos @)* dx dy = 


—.sin*g V x’ dx dy —2 sin ọ cos q ( xy dx dy + cos?’ g " y? dx dy. 


D D D 
Therefore 
I = I „y sin? p—2/,, sin pcos p+ Isy cos? g; (4) 
here, 1 = \ x*dxdy is the moment of inertia of the figure 
D 


relative to the y-axis, /,,= u y'dxdy is the moment of inertia 


relative to the x-axis, and 1,,— | | xy dx dy. Dividing all terms 
D 
of the latter equation by /, we get 


E cos @\* — sing \ /cos p sin ọ \ ° 
l= la (77) ot) (Ve) tT) c 
On the line OL take a point A(X, Y) such that 


l 
0A— E 


To the various directions of the OL-axis, that is, to various values 
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of the angle q, there correspond different values J and different 
points A. Let us find the locus of the points A. Obviously, 


D 
Aur os , Y=—=_sing. 
iE ee 
By virtue of (5), the quantities X and Y are connected by the 
relationship 
- 2 2 
P= [,,X* —21,,XY + 1,Y*. (6) 
Thus, the locus of points A (X, Y) is a second-degree curve (6). 
We shall prove that this curve is an ellipse. 
The following inequality established by the Russian mathema- 
tician Bunyakovsky *) holds true: 


(5 xy dx dy) < SN x” dx dy) ( \ y’ dx dy) 


H,1,, — I7 0. 


OT 


*) To prove Bunyakovsky's (also spelt Buniakowski) inequality, we con- 
sider the following obvious inequality: 


N [F (x. y) —^e (x, y dxdyzo, 
D 


where A is a constant. The equality sign is possible only when f(x, y)— 


Í (x, 

a 2 4 
# const=A, then there will always be the inequality sign. Thus, removing 
brackets under the integral sign, we obtain 


(Ò FG, y)axdy—2n VV F, Nom, gaxdy +a VV etes y)dxdy>0. 
D D D 


—Ag (x, y)=0; that is, if f(x, y) - Aq (x, y). If we assume that 


Consider the expression on the left as a function of A. This is a second- 
degree polynomial that never vanishes; hence, its roots are complex, and this 
will occur when the discriminant formed of the coefficients of the quadratic 
polynomial is negative, that is, 


(fo axay ) -— \\ F dx dy N p? dx dy <0 
D D D 


e fp dx dy ) < y Pdx dy jj gp? dx dy. 


This is Bunyakovsky's inequality. 


or 


In our case, f(x, y)—x, P(x, y)=y, " Æ const. 


Bunyakovsky's inequality is widely used in various flelds of mathema- 
lics. In many textbooks it is incorrectly called Schwarz' inequality. Bunya- 
kovsky published it (among other important ed in 1859. Schwarz 
published his work 16 years later, in 1875. 


648 Multiple Integrals 


Thus, the discriminant of the curve (6) is positive and, con- 
sequently, the curve is an ellipse (Fig. 314). This ellipse is called 
the ellipse of inertia. The notion of an 
ellipse of inertia is very important in me- 
chanics. 

We note that the lengths of the axes of 
the ellipse of inertia and its position in 
the plane depend on the shape of the 
given plane figure. Since the distance from 
the origin to some point A of the ellipse 


is equal to yT: where / is the moment 


of inertia of the figure relative to the 
OA-axis, it follows that, after constructing 
the ellipse, we can readily calculate the 
moment of inertia of the figure D relative 
to some straight line passing through the coordinate origin. In 
particular, it is easy io see that the moment of inertia of the figure 
will be least relative to the major axis of the ellipse of inertia 
and greatest relative to the minor axis of this ellipse. 


Fig. 314. 


SEC. 10, THE COORDINATES OF THE CENTRE OF GRAVITY 
OF THE AREA OF A PLANE FIGURE 


In Sec. 8, Ch. XII, it was stated that the coordinates of the 
centre of gravity of a system of material points P,, P,, ..., P 
with masses M, M, ..., m, are defined by the formulas 


b xm Sym 
= So ; 1 SO (1) 


Let us now determine the coordinates of the centre of gravity of 
a plane figure D. Divide this figure into very small elementary 
subregions AS;. If the surface density is taken as equal to unity, 
then the mass of the subregion will be equal to its area. If it is 
approximately considered that the entire mass of an elementary 
subregion AS; is concentrated in some point of it P;(E;, v), the 
figure D may be regarded as a system of material points. Then, 
by formulas (1), the coordinates of the centre of gravity of this figure 
will be approximately determined by the equations 


= gon 

2 EAS; 2 NAS; 
Xo A^ ien * Ye ~ [zn 

Zu AS; Y AS; 


^, 
il 
= 
~, 
| 
ba 
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In the limit, as A5; — 0, the integral sums in the numerators 
and denominators of the fractions will pass into double integrals, 
and we obtain exact formulas for compu- y 
ting the coordinates of the centre of gra- | 
vity of a plane figure: 


{È xax dy \\ y dx dy 
paneme Q2 
: N dx dg \\ dx dy 
D. D 
These formulas, which have been derived ic: 315. 


for a plane figure with surface density l, 
obviously, hold true also for a figure with any other density y 
constant at all points. 

If, however, the surface density is variable, 


v=y(x, y) 
then the corresponding formulas will have the form 
\\ ye, y) x dx dy \\ ve, y) y dx dg 
D D 


BI" y) dx dy "ve y) dx dy 
D D 


The expressions M, — \{ v(x, y)xdxdy and M xm | (Y, y) 
D 
ydxdy are called static moments of the plane figure D relative 
to the y-axis and x-axis. 
The integra! MIC y)dxdy expresses the quantity of mass 
of the figure in question. 


Example. Determine the coordinates of the centre of gravity of a 
quarter of the ellipse (Fig. 315) | 


ur -i =], 


assuming that the surface density at all points is equal to 1. 
Solution. By formulas (2) we have 
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SEC. 11. TRIPLE INTEGRALS. 


Let there be given, in space, a certain region V bounded by 
a closed surface S. Let some continuous function / (x, y, 2), where 
x, y, 2 are the rectangular coordinates of a point of the region, 
be given in the region V and on its boundary. For clarity, if 
f(x, y, 2) ze 0, we can regard this function as the density of dis- 
tribution of some substance in the region V. | 

Divide V, in arbitrary fashion, into subregions Av,; the sym- 
bol Av; will denote not only the region itself, but its volume as 
well. Within the limits of each subregion Av;, choose an arbitrary 
point P; and denote by f(P;) the value of the function f at this 
point. Form an integral sum of the type | 


2; f (P1) Av; (1) 


and increase without bound the number of subregions Av; so that 
the largest diameter of Av; should approach zero.* If the function 
f(x, y, z) is continuous, there will be a limit of the integral 
sums of type (1), where the limit of integral sums is to be un- 
derstood in the same sense as for the definition of the double in- 
legral.**) This limit is not dependent either on the manner of par- 
titioning the region V or on the choice of points P,; it is desig- 


nated by the symbol NM f (P)dv and is called a triple integral. 
V 


Thus, by definition, 
lim — Sf (Pj) Av; = VA f(P) do 


diam Av; 0 V 
OT 


(EEFE) ao SVN Fe, y, 2) dx dy dz. (2) 
V 


V 


*) The diameter of a subregion Av; is the maximum distance between 
points lying on the boundary of the subregion. | i 

**) This theorem of the existence of a limit of integral sums (that is, of 
ihe existence of a triple integral) for any function continuous in a closed 
region V (including the boundary) is accepted without proof. 
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lf f(x, y, 2) is considered the volume density of distribution 
of a substance over the region V, then the integral (2) yields the 
mass of the entire substance contained in V 


SEC. 12. EVALUATING A TRIPLE INTEGRAL 


Suppose that the spatial (three-dimensional) region V bounded 
by the closed surface S possesses the following properties: 
1) every straight line parallel to the z-axis and drawn through 
an interior (that is, not lying on 
the boundary S) point of the E Z-V Ap) 
region V cuts the surface S at two 
points; 


: 


Fig. 316. 


2) the entire region V is projected on the xy-plane into a 
regular (two-dimensional) region D; | 

3) any part of the region V cut off by a plane parallel to any 
one of the coordinate planes (Oxy, Oxz, Oyz) likewise possesses 
Properties ] and 2. 

We shall call the region V that possesses the indicated proper- 
ties a regular three-dimensional region. 

To illustrate, an ellipsoid, a rectangular parallelepiped, a tet- 
rahedron, and so on are examples of regular three-dimensional 
regions. An instance of an irregular three-dimensional region is given 
in Fig. 316. In this section we will consider only regular regions. 

Let the surface bounding the region V below have the equa- 
tion z —*xX(x, y), and the surface bounding this region above, the 
equation z= p(x, y) (Fig. 317). 

We introduce the concept of a threefold iterated integral Jy, 
over the region V, of a function of three variables f(x, y, z) 
defined and continuous in V. Suppose that the region D is the 
projection of the region V onto the xg-plane bounded by the 
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lines 
y = 9, (x), y — q, (x), x=, y —b. 


Then a threefold iterated integral of the function f(x, y, 2) 
over the region V is defined as follows: 


Qa (x) P(x,y) 


ly= i 1 | | (x, y, z) dz) dy | dx. (1) 


Pı (x) X(x, y) 


We note that as a result of integration with respect to z and 
substitution of limits in the braces (inner brackets) we get a func- 
tion of x and y. We then compute the 
double integral of this function over the 
region D as has already been done. 


The following is an example of the evalua- 
tion of a threefold iterated integral. 

Example I. Compute the iterated integral of 
the function f(x, y, z)=xyz over the region V 
bounded by the planes 


x=0, y=0, 2-0, xty+z=1. 


Fie. 318 Solution. This region is regular, it is bounded 

& : above and below by the planes. z=0 and z= 

=] — x — y and is projected on the xg-plane 

into a regular plane region D, which is a triangle bounded by the straight 

lines x —0, y=0, y=1—x (Fig. 318). Therefore, the threefold iterated 
integral /y is computed as follows: 


— 


1-x-y 
"P Jl ZI 


Setting up the limits in the twofold iterated integral over the region D, we 
obtain 
l-ax 


1 (1-x p!-X-V : Q,T1-E-U 
zx ER Tue aes 
v=} T | | seas |a arm f f 9 | ty jan 
9 


0 0 0 0 | £—0 
1 


1_—<x 1 
x l 
-5| f wasara dx = | Un! dx =a ; 
0: 0 


0 


Let us now consider some of the properties of a threefold iterated 
integral. . 

Property 1. /f a region V is divided into two regions V, and 
V, by a plane parallel to some of the coordinate planes, then the 
ihreefold iterated integral over V is equal to the sum of the three- 
[old iterated integrals over the regions V, and V,. 
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The proof of this property is exactly the same as that for 
twofold iterated integrals. We shall not repeat it. 

Corollary. For any kind of partition of the region V into a 
finite number of subregions V,, ..., V, by planes parallel to the 
coordinate planes, we have the equality 


Ty=ly tly ly. 


Property.2 (Theorem of the evaluation of a threefold iterated 
integral). /f m and M are, respectively, the smallest and largest 
values of the function f(x, y, z) in the region V, we have the 
inequality 

mV «l,y« MV, 
where V is the volume of the given region and I, is a threefold 
iterated integral of the function f(x, y, z) over the region V. 
Proof. Let us first evaluate the inside integral in the iterated 


v (x. y) 
integral za f f(x, uy, 2s as 


D Lx(x, y) 
p (x, y) v (x, y) p(x, y) p(x y) 
Y f(x, y, zjdz< \ Mdz—M \ dz = Mz = 
X (x, y) x (x, y) x (x, y) x Ge y) 


=M [p (x, y)— y(x, y)}. 


Thus, the inside integral does not exceed the expression 
M{w(x, y)—x(, y). Therefore, by virtue of the theorem of 
Sec. 1 for double integrals, we get (denoting by D the projection 
of the region V on the xy-plane) 


v (x. y) 
y= Sf] C fos y, IL ) MG, y).—xG, y)] do = 


D LX (x, y) 
=M Í Deo, y) —x (x, ydo. 


D 


But the latter iterated integral is equal to the double integral of 
the function w(x, y) —x (x; y) and, consequently, is equal to the 
volume of the region which lies between the surface z (x, y) 
and z=p(x, y) that is, to the volume of the region V. There- 
fore, 

ly, « MV. 


It is similarly proved that /y ze mV. Property 2 is thus proved. 
Property 3 (Mean-Value Theorem). The threefold iterated integ- 

ral [y of a continuous function f(x, y, z) over a region V is equal 

to the product of its volume V by the value of the function at 
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some point P of V; that is, 
b[ 9. (x) ( V(x, y) 
=$] gi | Fæ, y, 24: d iy | dx= F(P)V. (9) 


Pı (x) \ x(x, y) 


The proof of this property is carried out in the same way as that 

for a twofold iterated integral [see Sec. 2, Property 3, formula (4)]. 

We can now prove the theorem for evaluating a triple integral. 
Theorem. The triple integral of a function f(x, y, z) over a 

regular region V is equal to a threefold iterated integral over the 

same region; that is, 

| b os (x) ) (x. y) 


N f(x, y, ado = {| Y 


9; (x) 


Fx, y, 2) | 2 dx. 
x (x, y) 

Proof. Divide the region V by planes parallel to the coordinate 
planes into n regular subregions: 


Av, + Ao, -+... +:Auv,. 
As done above,;denote by Jy the threefold iterated integral of 
the function f(x, y, z) over the region V, and by Ja», the three- 


fold iterated integral of this function over the subregion A,,. Then 
by the corollary of "ik i l we can write the equation 


ly= lant lant e Pang, (3) 
We transform each of the terms .on the right by formula (2): 
Hy F(P,) Ao, +f (P,) Av, +... f (P,) Ao, (4) 


where P, is some point of the silicate AU;. 

On the right side of this equation is an integral sum. It is 
assumed that the function f(x, y, z) is continuous in the region V; 
and for this reason the limit of this sum, as the largest diameter 
of Av, approaches zero, exists and is equal to the triple integral 
of the function f(x, y, z) over V. Thus, passing to the limit in 
(4), as diam Av; — 0, we get 


ly= jj f(x, Y, z) dv, 


or, finally, interchanging the expressions on the right and left, 


br go (x) (0 (x, y) 
MEIN? ad j| | aX jde) ay |as 
V 


a Pı (x) Sx Q6 y) 
Thus, the theorem is proved. 


Evaluating a Triple Integral 655 


Here, z—xX (x, y) and z= (x, y) are the equations of the sur- 
faces bounding the regular region V below and above. The lines 
y=@Q, (x), y—q, (x), xa, x—b bound the region D, which is 
the projection of V onto the xy-plane. 

Note. Like in the case of the double integral, we can form a 
threefold iterated integral with a different order of integration 
with respect to the variables and with other limits, if, of course, 
the shape of the region V permits this. 

Computing the volume of a solid by means of a threefold 
iterated integral. If the integrand f(x, y, z)=1, then the triple 
integral over the region V expresses 
the volume of the region V: 


V= ji dx dy dz. (5) 


Example 2. Compute the volume of 
the — 


ra Es b? Zs 


Solution. The ellipsoid (Fig. 319) 
is bounded below by the surface 


Le D REO and = 
=e 1-4, -£, and above by the surface z=c Vi 
a oy n of this ellipsoid on the xy- -plane (region D) is an ellipse, 
EL. Hence, reducing to a threefold iterated integral, we obtain 
[Y rm fy XM) 
y-1 | | dz |dy | dx= 


When computing the inside integral, x is held constanf. Make the substitu- 


tion: 
2 
y=b Vi- <sint, dy =b yu X^ cost dt. 
a 


The variable y varies from—b y aed to Py ts therefore f£ 
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varies from — Z to = Putting new limits in the infegral, we get 


2 °° 9 
Jl 
a E ——MMráÓ— A € (eee E = 
2 2 2 
Vo 20d | y (i-&)-(1i- oet oV 1I Renta dx = 
- (1 jl 
n 
31 
T 


a 
-zef (1— 2) cos? t dt dx — 227 Vera dy = “Bae é 


aww -G 
2 


Hence, 
V= nabe 
= 3 
If a=b =c, we get the volume of the sphere: 
4 a’ 
Vu na . 


SEC. 13. CHANGE OF VARIABLES IN A TPIPLE INTEGRAL 


1. Triple integral in cylindrical coordinates. In the case of cylin- 
drical coordinates, the position of a point P in space is determined 
by the three numbers 8, o, z, where 0 and ọ are polar coordinates 
of the projection of the point P on the xy-plane and zis the 
z-coordinate of P, that is, the distance of the point to the xy- 
plane— with the plus sign if the point lies above the xy-plane, 
and with the minus sign if below the xy-plane (Fig. 320). 

In this case, we divide the given three-dimensional region V 
into elementary volumes by the coordinate surfaces 0 —0;, =Q; 
2-2, (half-planes adjoining the z-axis, circular cylinders whose 
axis coincides with the z-axis, planes perpendicular to the z-axis). 
The curvilinear “prism” shown in Fig. 321 will be a volume ele- 
ment. The base area of this prism is equal, to within infinitesi- 
mals of higher order, to eA9AQ, the altitude is Az (to simplify 
notation we drop the indices i, j, k). Thus, Av - 0oA0AQAz. Hence, 
the triple integral of the function F(8, o, z) over the region 


V has the form 
IN F (8, o, 2) Q dO do dz. (1) 
V 


The limits of integration are determined by the shape of the 
region V. 
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Fig. 320. 


If a triple integral of the function f(x, y, 2) is given in 
"rectangular coordinates, it can readily be changed to a triple in- 
tegral in cylindrical coordinates. Indeed, noting that 
x-—gcos0; gy-osin0O; z=z, 
we have 
MIC y, z)dxdg dz = Vr, 0, Z) o dð do dz, 
V V 
where 
f(Qcos0, osin8, z)=F (8, o, 2). 

Example. Determine the mass M of a hemisphere of radius R with centre 

at the origin, if the density F of its substance at each point (x, y, z) is pro- 


porfional to the distance of this point from the base, that is, F= £z. 
Solution. The equation of the upper part of the hemisphere 


z= V RII 


in cylindrical coordinates has the form 


Hence, 


:n[ R VRT =Q? 
"HTTP | [te jon | dom 
V 9 Lo 


zi - e n «| dð = Ji + (R*—e^)Q a o= 
o 9 
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2. A triple integral in spherical coordinates. In spherical coor- 
dinates, the position of a point P in space is determined by three 
numbers, 0, r, q, where r is 
the distance of the point from 
the origin, the so-called radius 
vector of the point, q is the 


Fig. 322. Fig. 323. 


angle between the radius vector and the z-axis, 0 is the angle between 
the projection of the radius vector on the xy-plane and the x-axis 
reckoned from this axis in a positive sense (counterclockwise) 
(Fig. 322). For any point of space we have 


0Ozr«oo, saosan O-x0z-x2m. 


Divide this region V into volume elements Av by the coordi- 
nate surfaces r —const (sphere), q--const (conic surfaces with vertices 
at origin), 9—const (half-planes passing through the z-axis). To 
within infinitesimals of higher order, the volume element Av may 
be considered a parallelepiped with edges of length Ar, rAg, 
rsinoAO. Then the volume element is equal (see Fig. 323) to 


Av —r* sing Ar A0 Aq. 
The triple integral of a function F(0, r, q) over the region V 
has the form 7 


1-1 » F (8, r, g)r' sin ọdr dð dq. (1°) 


The limits of integration are determined by the shape of 
the region V. From Fig. 322 it is easy to establish the expressi- 
ons of Cartesian coordinates in terms of spherical coordinates: 


x=r sin q cos, 
y-—rsinqsin0, 
Zz =r COs Q. 
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For this reason, the formula for transforming the triple integral 
from Cartesian coordinates to spherical coordinates has the form 


Wo j, z) dx dy dz = 


V 
= MIC sin ọ cos 0, r sing sinb, r cosq] r* sin q dr d6 dq. 
V 


3. General change of variables in the triple integral. 
Transformations from Cartesian coordinates to cylindrical and 
spherical coordinates in the triple integral represent special cases 
of the general transformation of coordinates in space. 

Let the functions 


x-g(u, t, w), 
jg —(u, t, w), 
z= y (u, t, w) 


map, in one-to-one manner, the region V in Cartesian coordi- 
nates x, y, z onto the region V’ in curvilinear coordinates u, t, w. 
Let the volume element Av of the region V be carried over to the 
volume element Av’ of V' and let 


Q0 AU 
amas cd 


Then 
re y, z) dx dy dz— 
- oq. t, w), p(u, t, w), y(u, t, w)] || du dt dw. 


Pb 

As in the case of the double integral, / is called the Jacobian; 
and as in the case of double integrals, it may be proved that 
the Jacobian is numerically equal to a determinant of order three: 


Ox Ox Ox 

Ou Ot Ow 

= Oy Oy dy 
T | ðu ðt dw |" 

02 02 Oz 

Ou dt Ow 
Thus, in the case of cylindrical coordinates we have | 
x-ocos0, y-osinO, z=z (=u, 021, zy 
cosÜü —osin00 
sin @ o cos0 0 
0 0 l 


i= = 0. 
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In the case of spherical coordinates: 
x=rsingcos§, y =r sino sin), z =r coso (r =u, p=t, =w); 
sinq cosĝ rcosq cosh —r sing sint 
l —|singsinf rcosqpsinü — rsingcos0| —r' sing. 
cos Q —r sin q 


SEC. 14. THE MOMENT OF INERTIA AND THE COORDINATES 
OF THE CENTRE OF GRAVITY OF A SOLID 


1. The moment of inertia of a solid. The moments of inertia 
of a point M (x, y, z) of mass m relative to the coordinate axes 
Ox, Oy, and Oz (Fig. 324) are expressed, 
respectively, by the formulas 


Lee = (y’ + 2°) m, 
1, (x +2’) m, [,,7 (x! 4- y) m 


Fig. 324. Fig. 325. 


The moments of inertia of a solid are expressed by the corre- 
sponding integrals. For instance, the moment of inertia of a solid 
relative to the z-axis is expressed by the integral J,,= 


—W (x?+y*)y(x, y, z) dxdydz, where y(x, y, z) is the den- 
V 
sity of the substance. 


Example 1. Compute the moment of inertia of a right circular cylinder 
of altitude 2^ and radius R relative to the diameter of its median section, 
considering the density constant and equal to y,. 

Solution. Choose a coordinate system as follows: direct the z-axis along 
the axis of the cylinder, and put the origin of coordinates at its centre ol 
symmetry (Fig. 325). 
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Then the problem reduces to computing the moment of inertia of the 
cylinder relative to the x-axis: 


lys j) È +2?) Yo dx dy dz. 


Changing to cylindrical coordinates, we obtain 


27 R h 
Lac | b (z? 4- 9? sin? 0) | Q to } d0 = 
9 Q 0 
2n) 


R 23 
2h? l 2h R? |, 2hR* 
= Vo | ( | 4 zre sito) Q 3 d9—wy, | eee sin? J d == 
0 0 


0 
2h? R? 2hR* 2 2 
= Vo | 8 21 + n s | = VY, NAR? B EE a 


.2. The coordinates of the centre of -gravity of a solid. Like 
what we had in Sec. 8, Ch. XII for plane figures, the coordinates 
of the centre of gravity of a solid are expressed by the formulas 


MEC UD z) dx dy dz MEI Y, z)dx dy dz 
cU wes Y, z) dx dy dz i |f fve y, z) dx dy dz 
V : V 


METO Y, z) dx dy dz 
d. V 


2 \\ (ve, Y, z) dx dy dz ` s 
V 


where y (x, y, z} is the density. 


Example 2. Determine the coordinates of the centre of gravity of the 


upper half of a sphere of radius R with centre at the origin, considering the 
density y, constant. 


Solution. The hemisphere is bounded by the surfaces 


Z2= V R?—x:—y?, z=(. 
The z-coordinate of its centre of gravity is given by the formula 
\ ( ( zyodx dy dz 


— V 
(eee 


M yodx dy dz 
V 
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Changing to spherical coordinates, we get 


au p2 ,R 
Yo j | ({ r cos wished) da p Rey 
2m 2 R - 
| » ({ r? sin ar) dg | d0 


Obviously, by virtue of the symmetry of the hemisphere, x, y, — O0. 
SEC. 15. COMPUTING INTEGRALS DEPENDENT 
ON A PARAMETER 


Consider the integral dependent on the parameter a. 


b 
Ha) - Vf. a) dx. 


(We examined such integrals in Sec. 10, Ch. XI.) We state with- 
out proof that if a function f(x, a) is continuous with respect 
to x over the interval [a, b] and with respect to a over the in- 
terval [o,, a,], then the function 


b 
Ha) =| F(x, a) dx 


is a continuous function on [a,, a,]. Consequently, the function 
l (a) may be integrated with respect to a on the interval {a,,a,}: 


I (a) dam (ITO a) dx | da. 


The expression on the right is an iterated integral of the func- 
tion f(x, a) with respect to a rectangle situated in the plane xOa. 
We can change the order of integration in this integral: 


( (fr. a) dx | PETS a) da dx. 


This formula shows that for integration of an integral depen- 
dent on a parameter a, it is sufficient to integrate the element 
of integration with. respect to the parameter a. This formula is 
also useful when computing definite integrals. 
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Example. Compute the integral 


oo 
eg-4* p-bx 
X 


dx. 
0 


This integral is not expressible in terms of elementary functions. To evaluate 
it, we consider another integral that may be readily computed: 


( 
-uüx me a 
| e7 ^ dx = = (a > 0). 
0 
Integrating this equation between the limits a—a and a=b, we get 
b 


eo b 
| Lema] da = ae ans. 
a a 
a 0 a 


Changing the order of integration in the first integral, we rewrite this equa- 
tion in the following form: 
b 


{ Ic] dx —1n E ‘ 
a 
a 


0 


whence, computing the inner integral, we get 
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1 2 4 2 
Í 8 dy dx 
Evaluate the integrals *; 1. \{ x? + y*) dxdy. Ans. =. 2. M — , 
0 1 3 1 
:x Vs 2m a 
Ans ine 3 xy dx dy. Ans A 4 rdrd0. Ans ax na? 
P 24 r . . . 4 . . " . 2 e. 
1 x o asin§ 
N L 


*) If the integral is written as \ i f(x, y) dxdy then, as has already 


M K 
been stated, we can consider that the first integration is performed with 
respect to the variable whose eee OP CUPIS the first place; that is, 


(re pdx dy= È ren dx) dy. 
MK M K 
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a 2y 


X 
4 
D Ans. t —a arc tan L ; 6. \ | xy ax dy. Ans. mo i 
m. 
a 
E: 
2 


x? -- y? 4 24 
0 y—a 


b 

3 2 
7, V (eao ao. Ans. is ^^ 
b 
2 


Determine the limits of integration for the integral MI y) dx dy where 
D 


the region of integration is bounded by the lines: 8 x22, x=3, y= —1, 
2 6$ 1—-x? 
j-5. Ans. \{ he: Hanae 9o vestrae erts n \ | f (x, y) dy dx. 
-1 0 
a Yai-yaà 


10. x*-- y? =g. Ans. | | f(x, y)dy dx. 11. = y=x*. Ans. 
~a —yYai-xyài 
2 
1 04x ay+2a 
f(x, y)dy dx. 12. y=0, y= a, y= x, y= x—2a. Ans. { | f (x, y) dx dy. 
=) x? 9 y 


Change the order of integration in the integrals: 13. if f (x, y)dy dx. Ans. 


42 E 
je y) dx dy. 14. f f FG, y) dy dx. Ans. p A f (x, y) dx dy. 
o y? 
ade -y? iVi-xa 
j f (x, y) dx dy. Ans V E F(x, y) dy dx. 16. ) ) f(x, y) dy dx. 
o a-Vai-—Xi 
wi 1 imy Vine 
Ans. V Fly) dxdy. 17. | ( Fe, y)dxdy. Ans.' V F(x, dg dx + 
0 -Vi=y? 09 Vi =l] 0 
1i1—X 
+) Fle g)dy dx. 
Comput the following integrals by hanging to polar coordinates: 
V ai-xi 1 


a a 
18. | | V a®—x?—y? dy dx.  ';Ans. {J Va o dg dà — —— aè. 
Q Q 9 Q 
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MOENIA jl 
aV a1—-ya 


za o 
4 
19. | | (x?-+ y*) dx dy. Ans. \\ o° do do = . 20. Jet dy dx. 
9 0 0 0 0 


w[a ec 2389 


2a Y 2ax - x? 2a cos 0 


Tl 
2 o 

Ans. METTE ( \ dy dx. Ans. \ | odo d0 = 
0 0 0 0 0 


Transform the double integrals by introducing new variables u and v con- 
e Dx 


nected with x and y by the formulas x u-—uv, y —uv: 22. ( ( f(x, y) dy dx. 


0 at 


c b 
Ans. Y f (u—uv, uv)ududv. 23. f IC y) dy dx. 
0 0 
+ 


f (u —uv, uv)u du dv. 


r A ioa 


1 
F(u—uv, v)u du dvu +4- | 
i b 


b+c 


Calculating Surfaces by Means of Double Integrals 


24. Compute the area of a figure bounded by the parabola y?=?2x and the 
straight line y =x. Ans. 3° 
25. Compute the area of a figure bounded by the lines y?=4ax, x-+y= 3a, 
y=0. Ans. Da, 
1 1 
26. Compute the area of a figure bounded by the lines x? ty? =a? 
x--y-a. Ans. e. . 
27. Compute the area of a figure bounded by the lines y=sinx, y —cos x, 
x=0. Ans. V 2—1. 
na? 


28. Compute the area of a loop of the curve o —a sin 20. Ans. Fu 


29. Compute the entire area bounded by the lemniscate Q* =a’ cos 29. 
Ans. a*. 


2 212 
30. Compute the area of a loop of the curve ( +47] =. 
252 
Hint. Change lo new variables x Qa cos0 and y =ọb sinO. Ans. Tr. 
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Calculating Volumes 


31. Compute the volumes of solids bounded by the following surfaces: 


Ž4#+%s=], x=0, y=0, z=0. Ans. a. 32. 2—0, x*--y*—1, x4-9y4- 


+z=3. Ans. 3n. 33. Wee Ss Xy =z, 2—0. Ans. x. 34. x? + y*— 
—J2ax 20, z=0, x*-- y*—2?*. Ans. T a. 35. y— x*, x=y*, z=0, z—124- 
+y—x?. Ans. s 

36. Compute the volumes of solids bounded by the coordinate planes, the 
plane 2x 4-3y —12—0 and the cylinder — y*. Ans. 16. 


37. Compute the volumes of solids bounded by a circular cylinder of 
radius a, whose axis coincides with the z-axis, the coordinate planes and the 


LN BE UM yp s 
plane vis zc Ans. a 13 
38. Compute the volumes of solids bounded by the cylinders x?+ y?=a?, 


x*--z?—a*. Ans. Ba, 39. y?+22=x, x— y, z=0. Ans. A 40. x?-- y? + 


--2?— a’, x*-- y* — R*, a>R. Ans. $ x(at—(Va— R9]. 41. az=x?+y?, 


2—0, x*-- y? —2ax. Ans. $ nat. 42. o?=a’cos 20, x?+y?+z?=a’?, z=0. 
(Compute the volume that is interior with respect to the cylinder.) Ans. 
g^ (3x --20—16 V 3). 


Calculating Surface Areas 


43. Compute the area of that part of the surface of the cone x?-+-y?=2? 


which is cut out by the cylinder x?4- j*— 2ax. Ans, 2na? V 3. 
44. Compute the area of that part of the plane x 4-y4-2—2a, which lies 


2 — 
in the first octant and is bounded by the cylinder x?-+-y?= a’, Ans. = V3. 


45. Compute the surface area of a spherical segment (minor) if the radius 
of the sphere is a, while the radius of the base of the segment is b. 


Ans. 2n (a*—a V a?— b$). 
46. Find the area of that part of the surface of the sphere x? 4- y? 4-22— a? 


which is cut out by the suríace of the cylinder tt u-la b). Ans. 
yap 


41a? — 8a? — arc sin 


41. Find the surface area of a solid that is the common part of two 
cylinders x*-- y? =a, y*-4-2*— a?. Ans. 16a*. 

48. Compute the area of that part of the surface of the cylinder 
x?+y?==2ax, which lies between the plane z=0 and the cone x? y! z*. 
Ans. 8a’. 

49. Compute the area of that part of the surface of the cylinder x*-- y*= a? 
which lies between the plane z=mx and the plane 2—0. Ans. 2ma*. 
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50. Compute the area of that part of the surface of the paraboloid 
y? 4- z? =2ax, which lies between the parabolic cylinder y*—ax and the plane 


x=a. Ans. I na? (3 y 3—1). 


Computing the Mass, the Coordinates of the Centre 
of Gravity, and the Moment of Inertia of Plane Solids 


(In Problems 51-64 we consider the surface density constant and equal 
to unity.) 


51. Determine the mass of a slab in the shape of a circle of radius a, if 
the density at any point P is inversely proportional to the distance of P 
from the axis of the cylinder (the proportionality factor is K). Ans. naK. 

52. Compute the coordinates of the centre of gravity of an equilateral 
triangle if we take its altitude for the x-axis and the vertex of the triangle 


ay 3 


for the coordinate origin. Ans. x— ;: y —0. 


53. Find the coordinates of the centre of gravity of a circular sector of 

radius a, taking the bisector of its angle as the x-axis. The angle of spread 
; 2a sina 

of the sector is 2a. Ans. x= = Ye 0. 

54. Find the coordinates of the centre of gravity of the upper half of the 
: 4a . 
circle x? 4- y? =a". Ans. x,=0; Yo= "a: 
. 55. Find the coordinates of the centre of gravity of the area of one arc 
of the cycloid x-a(t-——sin t), y=a(l—cost). Ans. x,=an, p=, 


56. Find the coordinates of the centre of gravity of the area bounded by 


a loop of the curve ọ?=a? cos 20. Ans. E ES y, =0. 


57. Find the coordinates of the centre of gravity of the area of the car- 


dioid o =a (1 4+- cos 8). Ans. y=, Ye =Q. 


58. Compute the moment of inertia of the area of a rectangle bounded by 
the straight lines x=0, x=a, y=0, y=b relative to the origin. Ans. 
ab (a? -+ b?) : 
re a 

, : x0 oy? , 

59. Compute the moment of inertia of the ellipse y tpr TN a) relative 

$ 
T^i b) T erp os. 
60. Compute the moment of inertia of the area of the circle o — 2a cos 8 


lo the y-axis; b) relative to the origin. Ans. a) 


relative to the pole. Ans. È na*. 


2 
61. Compute the moment of inertia of the area of the cardioid 
4 
Q—a(1—cosO0) relative to the pole. Ans. ne , 


62. Compute the moment of inertia of. the area of the circle (x—a)?+. 
--(y — 5) —2a* relative to the y-axis. Ans. 3na*. 
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63. The density at any point of a square slab with side a is a proportion- 
al to the distance of this point from one of the vertices of the square. 
Compute the moment of inertia of the slab relative to the side passing 


through this vertex. Ans. i5 kaš |7 V 2+31n(y 2--1)] where k is the 
proportionality factor. 

64. Compute the moment of inertia of the area of a figure, bounded by 
the parabola y*— ax and the straight line x=a, relative to the straight line 


y=—a. Ans. gph 


Triple Integrals 


65. Compute METERS if the region of io x bounded 
n 


by the coordinate planes and the plane x--y+z=1. Ans. ——— = 


2° 16° 
a x y i 
66. Evaluate | AE dz | ay | dx. Ans. a 


67. Compute ‘the volume of a solid bounded by the sphere x?-+-y?+-2?=4 
and the surface of the paraboloid x?-+-y?=3z. Ans. v 

68.*) Compute the coordinates of the centre of gravity and, the moments 
of inertia of a pyramid bounded by the planes x—0, y 20, 2-0; LLL 


$ 3 2 
LL Ans. xem. n=}, n Iu oe j A EAS. ; 
I — S (at + 62-40%) 

69. Compute the moment of inertia of a circular right cone relative to its 
axis. Ans. jg nn where h is the altitude and r is the radius of the base of 
the cone. 

70. Compute the volume of a solid bounded by a surfac with equation 


(x? + y? +27)? =a'x. Ans. d 
71. Compute the moment of inertia of a circular cone relative to the 
diameter of the base. Ans. T (2h? 4- 3r?). 


- 12. Compute the coordinates of the centre of gravity of a solid lying 
between a sphere of radius a and a conic surface with angle at the vertex 2a, 
if the vertex of the cone coincides with the centre of the sphere. Ans. x,=0, 
Ye =0, z=% a (1+ cos a) (the z-axis is the axis of the cone, and the ver- 
tex lies at the origin). | 


*) In Problems 68, 69 and 71 to 73 we consider th: density constant and 
equal to unity. 
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73. Compute the coordinates of the centre of gravity of a solid bounded 
‘by a sphere of radius a and by two planes passing through the centre of the 


sphere and forming an angle of 60°. Ans. g=—.a, 0-0, 5 (the line 


of intersection of the planes is taken for the z-axis, the centre of the 
sphere for the origin; o, 9, q are spherical coordinates). 
oo 


74. Using the equation c e e-"* da (a>0) compute the 
V x Vn à) 


0 


a o — — 
cos x dx sin x dx br TX 
integrals — and —— . Ans. y =, pu. 
: \ V | Vx 2 2 
0 


9 


CHAPTER XV 


LINE INTEGRALS AND SURFACE INTEGRALS 


SEC. 1. LINE INTEGRALS 


Let the point P(x, y) be in motion along some plane line L 
from the point M to the point N. To P is applied a force F 
which varies in magnitude and 
direction with the motion of P; 
it is thus some function of the 
coordinates of P: 


F =F (P). 


Let us compute the work A 
of the force F as the point P is 
translated from M to N (Fig. 326). 
To do this, we divide the curve MN 
into n arbitrary parts by the points 


| | M,=M, M, M, ..., M,—N in 
0 Xj Xi*Áxi the direction from M to N and we 
Fig. 326. denote by As; the vector M;M,,,. 


We denote by F; the magnitude of 
the force F at the point M;. Then the scalar product F,As, may 
be regarded as an approximate expression of the work of the 


force F along the arc n 


I y)ictY(x,yJ 
where X (x, y) and Y (x, y) are the projections of the vector F on 
the x- and y-axes. Denoting by Ax, and Ay, the increments of the 
coordinates x; and y, when changing from the point M, to the 
point M;,,, we get 


Let 


AS; = Ax; i+ Ay; J. 
Hence, 
FAs; = X (xy, yj) Ax, + Y (x, yj) Ay. 


The approximate value of the work A of the force F over the 
entire curve MN will be 


Aw x FAs, = i [X (Xi, Ji) Ax; + Y (xi; y) Ay]. (1) 
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Without making any precise statements, we shall say that if 
there exists a limit of the expression on the right as As; — 0 
(here, obviously, Ax; — 0 and Ay; — 0), then this limit expresses 
the work of the force F over the curve L from the point M to 
the point N: 


A= lim > [X (x;, yj) Ax; + Y (x;, yj) Ay;]. (2) 


Ax -> 0 [—1 
Ayi — 0 


The limit*) on the right is called the line integral of X (x, y) 
and Y (x, y) over the curve L and is denoted by 


A — V X(x, y)dx+Y (x, y)dy (3) 
L 
or 
(N) 
A= | X(x, y)dx+Y (x, y)dy. (3) 
(M) 


Limits of sums of type (2) frequently occur in mathematics and 
mechanics; here, X(x, y) and Y (x, y) are regarded as functions 
of two variables in some region D. 

The letters M and N, which take the place of the limits of 
integration, are in brackets to signify that they are not numbers 
but symbols of the end points of the line over which the line 
integral is taken. The direction of the curve L from M to N is 
called the sense of integration. 

If the curve L is a space curve, then the line integral of three 
functions X (x, y,z), Y (x,y,2), Z(x,y,2) is defined similarly: 


| X (x, y, z) dx-- Y (x, y, 2) dy +Z (e, y, 2)dz = 
j | 


eum 2X Gs Ug» 24) AX TY (Sks Yur Zp) AY p+ Z (Xp, Ug, 24) A2,. 

Ak 

Az, — 0 
The letter L under the integral sign indicates that the integration 
is performed along the curve L. 

We note two properties of a line integral. 

Property 1. A line integral is determined by the element of 
integration, the form of the curve of integration, and the sense 
of integration. 


*) Here, ‘the limit of the integral sum is to be understood in the same 
sense as in the case of the definite integral, see Sec. 2, Ch. XI. 
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- A line integral changes sign when the sense of integration is 
reversed, since in that case the vector As, and hence its proje- 
ctions Ax and Ay, changes sign. 

Property 2. Divide the curve L by the point K into pieces L, 


and L, so that MN = MR + KN (Fig. 327). Then, from formula (1) 
it follows directly that 


(N) (K) (N) 
| Xdr+Ydy= | Xdx+Ydy+ | Xdx+Y dy. 
(M) (M) (K) 


This relationship holds for any number of terms. 
It will further be noted that the definition of a line integral 
holds true also for the case when the curve L is closed. 
In this case, the initial and terminal points of the curve coin- 
cide. Therefore, in the case of a closed curve we cannot write 
(N) 


ye Ww \Xdx+Ydy, but only | Xdx+Y dy; and we 
(M) L 
have to indicate the direction of circulation 
(sense of description) over the closed curve L. 
The line integral over a closed contour L is 


frequently denoted also by the symbol $X dx + 
L 


+ Y dy. 
Note. We arrived at the concept of a line integral while consi- 
dering the problem of the work of a force F on a curved path L. 
Here, at all points of the curve L the force F was given as 
a vector function F of the coordinates of the point of applica- 
tion (x, y); the projections of the variable vector F on the coor- 
dinate axes are equal to the scalar (numerical, that is) functions 
X(x, y) and Y (x, y). For this reason, line integral of the form 


| X dx 4- Y dy may be regarded as an integral of the vector 


Fig. 327. 


L 
function F given by the projections X and Y. 

The integral of a vector function F over the curve L is deno- 
ted by the symbol 


Y F ds. 

L 
If the vector F is defined by its projections X, Y, Z then this 
integral is equal to the line integral 


| X dx -- Y dy 4- Z dz. 
L 
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As a particular instance, if the vector F lies in the xy-plane, 
then the integral of this vector is equal to 


| X dx -Y dy. 
L 


When the line integral of a vector function F is taken along 
a closed curve L, this line integral is also ealled a circulation of 
the vector F over the closed contour L. 


SEC. 2 EVALUATING A LINE INTEGRAL 


In this section we shall make more precise the concept of the 
limit of the sum (1) of Sec. 1 and in this connection we shall 

make more precise the concept of 
the line integral and indicate a 
method for calculating it. 

Let a curve L be represented by 
equations in parametric form: 


x=(t), gy — (t). 

Consider the arc of the curve MN 
(Fig. 328). Let the points M and N 
correspond to the values of the para- Fig. 328. 
meter a and p. Divide the arc MN 
into subarcs As; by the points M, (x, y), M,(X, Ya) 
M, (X,, Yn) and put x; — (4), y= h(t). 

Consider the line LES] 


| X (x, y)dx +Y (x, y) dy (1) 
L 


defined in the preceding section. We give without proof the exist- 
ence theorem of a line integral. /f the functions e Q) and V (f) 
are continuous and have continuous derivatives q'(t) and p (£), 
and also continuous are the functions X [e (£), sp (£)] and Y [ọ (£), Sp(t)] 
as functions of t on the interval [a, D], then the following nid 
exist: 


lim Y X (Xi, yj) Ax; =! X (x, y) dx, 
Axj 0 j=1 (2) 
lim SY G.I) Ay VY ( y dy, 


Axi -> 0 [—1 


where x, and y, are the coordinates of some point lying on the 
arc As;. These limits do not depend on way the arc L is divided 


22 — 3388 
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into subarcs As;, provided that As,—+0 and do not depend on the 


choice of the point M;(x;, y;) on the subarc As,; they are called 
line integrals and are denoted as 


lim 3 X (Z, gj) Ax; | X (x, y) dx, 
L 


Ax > 0 [21 


lim > Y (x; 9,) åy; = ( Y (x, y) dy. 


Ayimo (=1 L 


Note. From this theorem it follows that the sums defined in 
the preceding section, where the points M; (x;, Jj) arethe extremi- 
ties of the subarc As, and the manner of partition of the arc L 
into subarcs As, is arbitrary, approach the same limit— the line 
integral. 

This theorem makes it possible to develop a method for comput- 
ing a line integral. 

Thus, by definition, we have 


(NV) n 
| X (x, y) dx = lim 2i X (Xj, Yi) Axy, (3) 
(M) Ax -> 0 {=1 


where 
Ax; = x; —X; = 9(1)— 9 (Éi). 
Transform this latter difference by the Lagrange formula 
Ax; = 9 (t;)—@ (fi) = P (T) ;—1;-,) =" (6) At; 


where t; is some value of / that lies between the values f, —1 
and /;. Since the point x;, y; on the subarc As; may be chosen 
at pleasure, we shall choose it so that its coordinates correspond 
to the value of the parameter 1;,: | 


X;—-9(vu) Y= p(t). 
Substituting into (3) the values of x;, y; and Ax, that we have 
found, we get 

(N) 


| X(x, y)de= lim X X (ex) P(T) P (x) At. 
1M) | Afq— 9 [21 : 

On the right is the limit of the integral sum for the continuous 
function of a single variable X [q (2), v (£)) 9'(f) on the interval 
lo, p]. 
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Hence, this limit is equal to the definite integral of this 
function: 


(N) p 
C Xæ, y)dx | Xio), ple’ de. 
(M) a 


In analogous fashion we get the formula 


(N) B 
jJ Y (x, g)dy — | Y [e (£), pA) (4) dt. 
a 


Adding these equations term by term, we obtain 


(N) p 
| xe g) dx +Y (x, y) dy = V {X lo (0) (01 + 
(M) a i 
+Y [e(t), POY (0) dt. (4 


This is the desired formula for computing a line integral. 
[n similar manner we compute the line integral 


|X dx 4- Y dy --Z dz 


over the space curve defined by the equations x-— (f£), y =4 (t), 
z — x (t). l 


Example 1. Compute the line integral of three functions: x°’, 3zy*, — x? 
(or, which is the same thing, of the vector function x*Z-4-3zg*j —x?yk) along 
a segment of a straight line issuing from the point M (3, 2, 1) to the point 
N (0, 0, 0) (Fig. 329). 

Solution. To find the parametric equations of the line MN, along which 
the integration is to be performed, we write the equation of the straight line 
that passes through the given two points: 


and denote all these relations by a single letter t; then we get the equations 
of the straight line in parametric form: 


Xx-cm0l, 2i, zl. 
Here, obviously, to the origin of the segment MN corresponds the value of 
the parameter ¢=1, and to the terminus of the segment, the value ¢=0. The 
derivatives of x, y, z with respect to the parameter ¢ (which will be needed 
for evaluating the line integral) are easily found: 


x,=3, y,=2, zl. 


22* 
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Now the desired line integral may be computed by formula (4): 


(N) 0 
\ x dx + 3zy? dy —x?y dz = V (ry -3 +32 (2t)? -2 — (3t)*-21-1]dt = 
(M) 1 
E 0 
87 
zS 3 m A 
- Veni dí = 1" 
1 


Example 2. Evaluate the line integral of a pair of functions: 6x?y, 10xy’ 
along a plane curve y—x? from the point M(l, 1) to the point N (2, 8) 
(Fig. 330). 

Solution. To compute the required 
integral 

(N) 

\ 6x74 dx + 10xy? dy 

(M) 
we must have the parametric equations of 
the given curve. However, the explicitly 


defined equation of the curve y=x°* is a 
special case of the parametric equation: 


Z 


Fig. 329. Fig. 330. 


here, the abscissa x of the point of the curve serves as the parameter, and 
the parametric equations of the curve are 


x-—x, px. 


The parameter x varies from x,=1 to x,-2. The derivatives with respect 
to the parameter are readily evaluated: 


x,mzl, y,== 3x3. 


Hence, 
(N) 2 
( 6x*y dx -+ 10xy* dy = \ [6x2x?-1 + 10xx*- 3x2] dx = 
(M) I 


2 
== | (6x5 + 30x) dx = [x 3x} = 1084. 


i 
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We now indicate certain applica- 
tions of a line integral. 

1. The expression of the area of a 
region bounded by a curve in tertns 
of a line integral. In an xy-plane let 
there be given a region D (bounded 
by the contour L) such that 
any straight line parallel to one of 
the coordinate axes and passing 
through an interior point of the reg- 
ion cuts the boundary L of the re- 
gion in no more than two points | 
(which means that the region D is Fig. 331. 
regular) (Fig. 331).- 

Suppose that the region D is projected on the x-axis in the 
interval [a, b], and it is bounded below by the curve (/,): 


y = Y, (x), 
and above by the curve (l): 
y= y. (x), 
[U, (x) « y, (x)]. 


Then the area of the region D is 


b b 
S= (y, (x)dx— { y, (x) dx. 


But the first integral is a line integral over the curve /, (MPN), 
since y=y,(x) is the equation of this curve; hence, 
b 
{ y, (x) dx = ( y dx. 
a MPN 


The second integral is a line integral over the curve 1, (MQN), 
that is, 


b 
\ y, (x) dx = \ y dx. 
a MQN 

By Property 1 of the line integral we have 


\ y dx = —- | y dx. 
MPN NPM 
Hence, 


S=— | ydx— | yax — Vy dx. (5) 
MQN L 


NPM 
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Here, the curve L is traced in a counterclockwise direction. 
Jf part of En: boundary L is the segment M,M, parallel to the 
(M 


y-axis, then | ydx=0, and equation (5) holds true in this 


(M) 
case as well (Fig. 332). 
Similarly, it may be shown that 


S= | x dy. (6) 
L 


Adding (5) and (6) term by term and dividing by 2, we get 
another formula for computing the area S: 


1 
S— 3 | *dy—y dx. (7) 
L 


Example 3. Compufe the area of the ellipse 
x=acost, y=b sint. 
Solution. By formula (7) we find 


23t 


S =>) {a cos tb cost —b sin t (— a sin t)] dt = xab. 
0 


We note that formula (7) and formulas (5) and (6) as well hold 
true also for areas whose boundaries are cut by coordinate lines 
in more than two points (Fig. 333). | 
To prove this, we divide the y I 
given region (Fig. 333) into two 
regular regions by the line /*. 


Fig. 332. Fig. 333. 


Formula. (7) holds for. each of these regions. Adding the left and 
right sides, we get (on the left) the area of the given region, on 
the right, a line integral (with coefficient '/,) taken over the entire 
boundary, since the line integral over the division line /* is taken 
twice: in the direct and reverse senses; hence, itis equal to zero. 
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2. Computing the work of a variable force F on some curved 
path L. As was shown at the beginning of Sec. 1, the work done 
by a force F—X(x,y,z)i--Y(x,y,z)j--Z(x,y,z) k along a line 
L — MN is equal to the line integral 


(N) 
A= È X (x,y, z)dr +Y (x, y, 2) dy + Z (x, y, 2) dz. 
(M) | | 
Let us consider an instance that MK My (15 Df 


shows how to calculate the work of 
the force in concrete cases. 


Example 4. Determine the work A of the 
force of gravity F when the mass m is tran- 
slated from the point M,(a,, bi, c) to the 
point M,(a,, bza, c,) along an arbitrary path L 
(Fig. 334). 

Solution. The projections of the force of 
gravity F on the coordinate axes are Sue 


X20, Y=0, Z=— mg. Fig. 334. 
Hence, the desired work is 
(Ma) fo 
A= ( X dx-- Y dy +Z dz = | (— mg) dz mg (c, —c,). 
(M4) €, 


Consequently, 'in this case the line integral is independent of the path of 
integration and dependent only on the initial and terminal points. More pre- 
cisely, the work of the force of gravity is dependent only on the difference 
between the heights of the terminal and initial points of the path. 


SEC. 3. GREEN'S FORMULA 


Let us establish a connection between a double integral over 
some plane region D and the line integral around the boundary L 
of this region. 

In an xy-plane, let there be given a region D, which is regu- 
lar both in the direction of the x-axis and the y-axis, bounded 
by a closed contour L. Let this region be bounded below by the 
curve y=y,(x), and above by the curve y=y, (x), y,(x)<y, (x) 
(as xs b) (Fig. 331). 

Together, both these curves represent the closed contour L. Let 
there be given, in the region D, continuous functions X (x, y) and 
Y (x, y) that have continuous partial derivatives. We consider the 


integral ve 
i x, y) 
| oy dx dy. 


D 
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Representing it in the form of an iterated integral, we find 


"T b _ ya (x) " b a (x) 
| | Ge axdy= (| ay | ix (X0) dx = 
D a y% a y, (x) 
b 
= | [X (x, y, 0) — X (x, y, (9)] dx. (1) 


We note that the integral 


b 
f X (x, y, (x)) dx 


is numerically equal to the line integral 
{ X (x, y) dx 
(MPN) 


taken along the curve MPN, whose equations, in parametric 
form, are 


Xx, y=y, (x), 
where x is a parameter. 


Thus 
b 
Ux (x, Y, (x)) dx = ( X (x, y) dx. (2) 
a MPN 
Similarly, the integral 
b 
| X (x, y, (x)) dx 


is numerically equal to the line integral along the arc MQN: 
b 


| Xie y G)dx | XQ, dx. (3) 
a (MQN) 
Substituting expressions (2) and (3) into formula (1), we obtain 
Cor dedu | X (x, y) dx— | X (x, y) dx. (4) 
D MPN MQN 


But 


( X (x, y)dx=— ( X (x, y) dx 
MQN NQM 


Conditions for a Line Integral Being Independent of the Path 68l 


(see Sec. 1, Ani 1). And so formula (4) may be written thus: 
JJ» dx dy = jJ. X (x, y) dx 4- M X (x, y) dx. 


But the sum of the line VPN on the m is equal to the line 
integral taken along the entire closed curve L in the clockwise 
direction. Hence, the last equation can be reduced to the form 


| \ m dx dy = X (x, y) dx. (5) 
D 


L (in the clockwise sense) 
If part of the boundary is the segment /, parallel to the y-axis, 
then )xe y)dx-:0, and equation (5) holds true in this case as 


well. l 
Analogously, we find 


ME A = { Y (x, y)dy. (6) 
D 


L (in the clockwise sense) 


Subtracting (6) from (5), we obtain 
aX ƏY 
jj (2 — a. dx dy= f X dx 4- Y dy. 


L (in the clockwise sense) 
If the contour is traversed in the counterclockwise sense, then *) 


jj ($c — 3; )d* dy= Vx diu y do. 


This is Green's formula, named after the English physicist and 
mathematician D. Green (1793-1841) **). 

We assumed that the region D is regular. But, as in the area 
problem (see Sec. 2), it may be shown that this formula holds 
true for any region that may be divided into regular regions. 


SEC. 4. CONDITIONS FOR A LINE INTEGRAL BEING 
INDEPENDENT OF THE PATH OF iNTEGRATION 


Consider the line- integral 
(N) 
| Xdx+Y dy, 


(M) 
*) If in a line integral along a closed contour the direction of circulation 
is not indicated, it is assumed that it is in the counterclockwise sense. If the 
direction of circulation is clockwise, this must be specified. 


This formula is a special case of a more general formula discovered by 
the Esca mathematician M. V. Ostrogradsky. 
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taken around some plane curve L connecting the points M and N. 
We assume that the functions X (x, y) and Y (x, y) have conti- 


nuous partial derivatives in the region D 

Q / under consideration. Let us find out under 

M what conditions the line integral above is 
z independent of the shape of the curve L and 


is dependent only on the position of the ini- 
tial and terminal points M and N. 
Consider two arbitrary curves MPN and 


MQN lying in the given region D and connecting the points M 
and N (Fig. 335). Let 


Fig 385. 


| Xde+Ydy= V Xdx+Y dy, (1) 
MPN MQN 
that is, 


MPN 


( X dx+Y dy— { Xdx+Y dy=0. 
MQN 


Then, on the basis of Properties 1 and 2 of line integrals (Sec. 1), 
we have | | 


( Xdx--Y dy-- | Xdx--Y dy-0, 
MPN NQM 
which is a line integral around the closed contour L: 


X dx-- Y dy —0. 
L 


In this formula, the line integral is taken around the closed con- 
tour 5, which is made up of the curves MPN and NQM. This 
contour L may obviously be considered arbitrary. 

Thus, from the condition that for any two points M and N the 
line integral is independent of the shape of the curve connecting 
them and is dependent only on the position of these points, it 
follows that the line integral along any closed contour is equal to 
zero. . 

The converse conclusion is also true: if a line integral around 
any closed contour is equal to zero, then this line integral is inde- 
pendent of the shape of the curve connecting the two points, and 
depends only upon the position of these points. Indeed, equation (1) 
follows from equation (2). | 

In Example 4 of Sec. 2, the line integral is independent of the 
path of integration; in Example 3 the line integral depends on the 
path of integration because here the integral around the closed 
contour is not equal to zero, but yields àn area bounded by the 
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contour in question; in Examples 1 and 2 the line integrals are 
likewise dependent on the path of integration. 

The natural question arises: what conditions must the functions 
X(x,y) and Y(x,y) satisfy in order that the line integral 
| X dx -- Y dy along any closed contour be equal to zero. The 
answer is given by the following theorem. 

Theorem. Af all points of some region D, let the functions. X (x, y), 
Y (x, y), together with their partial derivatives OX) and ons gi 


be continuous. Then, for the line integral along any closed contour L 
lying in this region to be zero, that is, for 


Í X (x, y) dx -- Y (x, y)dy=0, (2) 
L 
it is necessary and sufficient to fulfil the equation 
OX oY 
uy de (3) 


at all points of the region D. | 
Proof. Consider an arbitrary closed contour L in a region D 
and write Green's formula for it: 


N (Z-Z) dz dy—\ X dx 4- Y dy. 


If condition (3) is fulfilled, then the double, integral on the left 
is identically zero and, hence, 


| X dx-- Y dy — 0. 


L 


This proves the sufficiency of condition (3). 

Now we prove the necessity of this condition; that is, we prove 
that if (2) is fulfilled for any closed curve L in the region D, 
{hen condition (3) is also fulfilled at each point of this region. 

Let us assume, on the contrary, that equation (2) is fulfilled, 
that is, 


| X dx-- Y dy —0, 


L 

and that condition (3) is not fulfilled; 
OY ax. 
Lu 


at least in one point. For example, at some point P (x, y,) let 
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there be the inequality 
DY | ox 
a 795759: 
Since there is a continuous function on the left, it will be positive 
and greater than some number 6 — O at all points of some sufficiently 
small region D’ containing the point P (x, y,). Take the double 


integral of the difference CX over this region. It will have a 


positive value. Indeed, 
J) (æa) dx dy> j) ô dx dy = ajf dx dy = 6D’ — 0. 


But by Green's formula the left side of the last inequality is 
equal to a line integral along the boundary L' of the region D', 
which, by assumption, is zero. Hence, the last inequality contra- 
dicts condition (2) and therefore the assumption that a 3 is 
different from zero in at least one point is not correct. Whence it 
follows that 

ay aX 
Ox Oy — 
at all points of the given region D. 

The theorem is thus proved completely. 

In Sec. 9, Ch. XIII, it was proved that fulfillment of the con- 
dition 

OY (x,y) _ OX (x, y) 
Ox y 


is tantamount to the fact that the expression X dx--Y dy is.an 
exact differential of some function u(x, y), or 


X dx -- Y dy = du (x, y) 
and 


ro) a 
Xæ, =z YG =y 
But in this case the vector 
; . Ou Qu . 
Penner vj=5, itz 
is the gradient of the function u(x, y); the function u(x, y), the 


gradient of which is equal to the vector Xí-L-YJ, is called the 
potential ol this vector. 
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(N) 
We shall prove that in this case the line integral I = ( Xdx+Ydy 


(M) 
along any curve L connecting the points M and N is equal to the 
difference between the values of the function u at these points: 
(N) (N) 


| X dx+Y dy = | du (x, y) =u (N)—u (M). 
(M) (M) 


~ 


Proof. If Xdx+Ydy is the exact differential of the function 


u(x, y), then X=% Y= and the line integral takes on the 
form 
© Ou ð 
u 
(M) 


To evaluate this integral we write the parametric equations of 
the curve L connecting the poinfs M and N: | 


x—qg(t, gy-i(t). 


We shall consider that to the value of the parameter t= f, 
there corresponds the point M, and to t=T, the point N. Then 
the line integral reduces to tlie following definite integral; 


TC 


j 
Qu Ox , Ou Ou 


The expression in the brackets is a function of ¢, and this func- 
tion is the total derivative of the function u[p(4), (£] with 
respect to £. Therefore 


T 
Q : 
[=\Fdt=ulp), PONZ=419), Pl 
to 
—u [o (£,), Y (£,)] = u (QV) — u (M). 
As we see, the line integral of an exact differential is independent 
of the shape of the curve along which the integration is performed. 


We have a similar assertion for a line integral over a space 
curve (see below, Sec. 7). 
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Note. It is sometimes necessary to consider line integrals of 
some function X (x, y) along the length of an arc L: 


\ X (x, y)ds = lim MX, y;) ^s;, (4) 
L 


where ds is the differential of the arc. Such integrals are evaluat- 
ed in similar fashion to the line integrals considered above. Let 
ihe curve L be represented by the parametric equations 


x= (t), y — b (0), | 
where ọ (4), p(t), q'(f), Y (t) are continuous functions of t. 
Let « and DB be values of the parameter £ corresponding to the 
origin and terminus of the arc L. 
Since 


ds—V g (t +Y (EY dt, 


we get a formula for evaluating integral (4): 
B j 
| X (c, g)dse- | X [o (t), OIV F FY (y dt. 


We can consider the line integral along tlie arc of the space 
curve x—q(t), yb (t), 2—(t): 

B 
(Xæ y, 2ds—- V X[o(, w(, x (OV O+¥ O +x Oat. 


L a 


By the use of line integrals along an arc we can determine, for 

example, the coordinates of the centre of gravity of lines. 
Reasoning as in Sec. 8, Ch. XII, we obtain a formula for 

evaluating the coordinates of the centre of gravity of a space 


Curve. 
| xas | yds | 2 ds 
L . | 
° | ds dE | ds | ds i 
L L 


Example. Find the coordinates of the centre of. gravity of one turn of the 
helix 


(5) 


x=acost, y=asint, z=bt (0<t < 2n), 


if its. linear density is constant. 


Surface {ntegrals 687 


Solution. Applying formula (5), we find 
250 
\ a cost Y a? sin? t + a? cos? t + b? dt 


0 


*c— = 
| V a? sin? t 4- a? cos? t + b? dt 
9 
27 
| a cost V a? Fb? dt 
T Sane remem eae 2 AL ciat E 
an 2x V a? Fb? 
\ V a? 4- b* dt 


0 
Similarly, g, —0, 
2m 
( bt V a? sin? t +- a? cos? £ -+ b? dt 


Thus, the coordinates of the centre of gravity of one turn of the helix are 
X,—0,  g,-—0. z,-2mb. 


SEC. 5. SURFACE INTEGRALS 


Let a region V be given in an xyz-coordinate system. Let a 
surface o bounded by a certain space line A be given in V. 

With respect to the surface o we shall assume that at each 
point P of it the positive direction of the normal is determined 
by the unit vector z(P), the direction cosines of which are con- 
tinuous functions of the coordinates of the surface points. 

At each point of the surface let there be defined a vector, 


F — X (x, y, zi +Y (x, y, 2) j--Z(x, y, z)R, 


where X, Y, Z are conlinuous functions of the coordinates. 
Divide the surface in some way into subregions Ao;. In each 
subregion take an arbitrary point P, and consider the sum 


2 (F (P,) n (P,)) ^o;, (1) 


where F(P;) is the value of the vector F at the point P; of the 
subregion Ao,; n(P;) is the unit normal vector at this point and 
Fn is the scalar product of these vectors. 

The limit of the sum (1) extended over all subregions Ao, as 
the diameters of all such subregions approach zero is called the 
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surface integral and is denoted by the symbol 
\\ Fn do. 
o 
Thus, by definition *) 
lim — Y, F;n; ^o; - VV Fn do. (2) 
0 


diam Ao; 0 
Each term of the sum (1) 


may be interpreted mechanically as follows: this product is equal 
to the volume of a cylinder with base Ao; and altitude F; cos (n;, F;). 
If the vector F is the rate of flow of a liquid through the sur- 
face o, then the product (3) is equal to the quantity of liquid 
flowing through the subregion Ao; in unit time in the direction 
of the vector n, (Fig. 336). 
if 
n 


CAs 


BL 
: v» 


Fig. 336. Fig. 337. 


The expression (| Fn do yields the total quantity of liquid 


o 
flowing in unit time through the surface o in the positive direc- 
tion if by the vector F we assume the flow-rate vector of the 
liquid at the given point. Therefore, the surface integral (2) is 
called the flux of the vector field F through the surface c. 
From the definition of a surface integral it follows that if the 
surface o is divided into the parts o,, O, ..., Op, then 


C Fado=§\ Fndo+ || Fado 4... .-- V A Fnac. 


o P 83 Ok 


*)If the surface o is such that at each point of it there exists-a tangent 
plane that constantly varies as the point P is translated over the surface, 
and if the vector function F is continuous on this surface, then this limit 
exists (we accept this existence theorem of a surface integral without proof). 
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Let us express the unit vector n in terms of its projections on 
the coordinate axes: 


n=cos(n, x)i+cos(n, y)j+cos(n, z) R. 


Substituting into the integral (2) the expressions of the vectors 
F and m in terms of their projections, we get 


(Endo - VY [X cos (n, x) -- Y cos(n, y) --Z cos(n, z)] do. (2’) 
o G 
The product Accos(n, z) is the projection of subregion Ac on 


the xy-plane (Fig. 337); an analogous assertion holds true for the 
following products as well: 


Aocos(n, x)= Aoy;, Aocos(n, y) - ^os, Aocos(n, 2) — Ao,,, (4) 


where Adyz, Oxz, Ao,, are the projections of the subregion Ac 
on the appropriate coordinate planes. | 
On this basis, integral (2’) can also be written in the form 


\\ Fndo=\5 [X cos (n, Decr esa y)+Zcos(n, z)| do = 


g g 


= Í X dy dz+Y dz dx 4- Z dx dy. (2^) 


SEC. 6. EVALUATING SURFACE INTEGRALS 


Computing the integral over a curved surface reduces to eva- 
luating a double integral over a plane region. 

To illustrate, the following is a method of computing the 
integral 


N Zcos(n, z)do. 


Let the surface o be such that any straight line parallel to the 
z-axis cuts it in one point. Then the equation of the surface 
may be written in the form 

z=f (x, y). 


Denoting by D the projection of the surface o on the xy-plane, 
we get (by the definition of a surface integral) 


MACC Y, z)cos(n, DO lim 2.2 (95 Yis Zi) COS (^j, 2) Ag;. 


" lam Ag; 0 j—, 
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Noting, further, the last of formulas (4), Sec. 5, we obtain 


V Z cos (n, z)do= lim 2,2 (es Yis FG, y)) (Ao); = 


diam Aga, —9 [—, 
=+ lim PZ(, us FG, 9))| ^os ulis 
diam AG +0 ;—, 
the last expression is the integral sum for a double integral of 
the function Z (x, y, f(x, y)) over the region D. Therefore, - 


V V Z cos (n, z) do = M Z (x, Uy, f(x, y) dx dy. 
Gg D 

The plus sign in front of the double integral is taken if cos (n, z) = 0, 

the minus sign, if cos(n, 2) «0. 

If the surface o does not satisfy the condition indicated at the 
beginning of this section, then it is divided into parts that satisfy 
this condition, and the integral is computed over each part 
separately. 

The following integrals are computed in similar fashion: 


N X cos (n, x) do; Y cos (n, y) do. 


The foregoing proof justifies the notation of a surface integral 
in the form of (2^), Sec. 5. 

Here, the right side of (2) may be regarded as the sum of 
double integrals over the appropriate projections of the region o 
and the signs of these double integrals (or, otherwise stated, 
the signs of the products dydz, dxdz, dxdy) are taken in 
accord with the foregoing rule. 


Example 1. Let a closed surface o be such that any straight line parallel 
io the z-axis cuts it in no more than two points. 
Consider the integral 


V z cos (n, z) do. 
4j 


We shall call the outer normal the positive direction of the normal. 
In this case, the suríace may be divided into two parts: lower and upper; 


their equations are, respectively, 
z=f,(x, y) and z=f, (x, y). 
Denote by D the projection o on the xy-plane (Fig. 338); then 


( {2 cos (n, 2) do — Í È h (e, y) dx ay— VÀ f (x, y) dx dy. 
o D D 
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The minus sign in the second integral is taken because in a surface integ- 
ral the sign of dx dy on a surface 2 —f,(x, y) must be taken negative, since 
for it cos (n, z) Is negative. 


Z ek we 
A ym 


Fig. 338. Fig. 339. 


But the difference between the integrals on the right in the last formula 
yields a volume bounded by the surface g. This means that the volume of 
the solid bounded by the closed surface o is equal to the following integral 
over the surface 


U = y 2 cos (n, 2) do. 


Example 2. A positive electric charge e placed at the coordinate origin 
creates a vector field such that at each point of space the vector F is defined. 
by the Coulomb law as 


e 
F=hk zs: 


where r is the distance of the given point from the origin, r is the unit 
vector directed along the radius vector of the given point (Fig. 339); and k 
is a constant coefficient. 

Determine the vector-field flux through a sphere of radius R with centre 
at the origin of coordinates. 

Solution. Taking into account that r= R —const, we will have 


A TI 4o — M rn da. 
g a 


But the last integral is equal to the area of the surface o. Indeed, by the 
definition of an integral (noting that rz —1), we obtain | 


rndo= lim r,2,A0,= lim © Ao,=0, 
i AGk > 0 a g RA K "es s 
ke ke 


Hence, the flux. is pr O= pi . Ax R? = Anke, 
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SEC. 7. STOKES' FORMULA 


Let there be a surface o such that any straight line parallel 
to the z-axis cuts it in one point. Denote by A the boundary of 
ihe surface c. Take the positive direction of the normal m so 
that it forms an acute angle with the positive 2-axis (Fig. 340). 

Let the equation of the surface be z=f(x, y). The direction 
cosines of the normal are expressed by the formulas (see Sec. 6, 


Of 
cos (n, )-—— a 
V v s) +a) 
cos (n, jig cue ud (1) 
V (s) * (3) 
cos(n, z)= 


|. (OF\? , (OF\?. 
V * (2) * (5) 
Fig. 340. We shall assume that the surface o lies 
entirely in some region V. Let there be 
a function X (x, y, z) given in V that is continuous together with 


first-order partial derivatives. Consider the line integral along 
the curve A: 


X (x, y, 2) dx. 
A 


On the line A, z== f(x, y), where x, y are the coordinates of 
the points of the line L, which is a projection of the line À on 
the xy-plane (Fig. 340). Thus, we can write the equation 


X (x, y, zdx=JX(x, y, F(x, nds. (2) 
A L 
The last integral is a line integral along L. Transform this integ- 
tai by Green's formula, putting 
X (x, y, f(x, y)) =X (x, y), 0 — Y (x, y). 


Substituting into Green's formula the expressions of X and Y, 
we obtain 


=) Ae Le ae dj | X (x, Y, f(x, 9) dx, (3) 
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where the region D is bounded by the line L. On the basis of 
the derivative of the composite function X (x, y, f(x, y)), where 
y enters both directly and in terms of the function z=f (x, y), 
we find 

OX (x, y, F(x, y) _ 9X (x, Y, 2) ERAS (x, y, 2)9f (x, no (4) 


dy ay dz dy 
Substituting expression (4) into the left side of (3), we obtain 


« EE (x, y, Dp (x, E z) Of i T dx dy = 


wj X (x, y, F(x, y)) dx. 


Taking into account (2), the last equation may be rewritten as 
je y, a)de=— | 157 dx d ILI (5) 


The last two integrals can be transformed into suríace integrals. 
Indeed, from formula (2") Sec. 5, it follows that if we have 
some function A (x, y, 2), the following equation is true: 


jj Ate, y, z)cos(n, z)do= | | A dxdy. 


On the basis of this equation, the integrals on the right side 
of (5) are transformed as follows: 


MEZ dx dy=( (3 cos q;-eyde; 
fj a; ay 4* du J| oz ag coss 2)do. OF 
0 


Transform the last integral using formulas (1) of this section: 
dividing the second of these equations by the third termwise, 
we find 


cos (n, y) of 
cos (n, 2) Og 
Or 
0 
Fy cos (n, z) 2 — cos (n, y). 
Hence, 


JJ ar 8 4 do =— Jf a ese. y) do. (7) 
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Substituting expressions (6) and (7) into equation (5), we get 


Ix Y, 2) dx= — VS cos (n, 2z)do+ | È S7 cos (n, y)do. (8) 
À o o 


The direction of circulation of the contour À must agree with 
the chosen direction of the positive normal n. Namely, if an 
observer looks from the end of the normal, he sees the circula- 
tion along the curve A as being counterclockwise. 

Formula (8) holds true for any suríace if this surface can be 
divided into parts whose equations have the form z=f (x, y). 

Similarly, we can write the formulas 


f Y (x, 9, 2) 4p j] I-z cos (n, x) + cos (n, 2) do, (8°) 
G (x, y, z)dz= M fees cos (n, +5 cos (n, 3] do. (8”) 


Adding the left and right sides of (8), (8’), and (8”), we get 
the formula 


| Xe Y dy-+ Zar] (27) cos (n, z)-+ 
+ (5-3) cos (n, d+) cos (n, 9) | do. (9) 


This formula is called Stokes’ formula after the English physicist 
and mathematician D. Stokes (1819-1903). It establishes a rela- 
tionship between the integral over the surface o and the line 
integral along the boundary A of this surface, the circulation 
about the curve A being performed according to the same rule as 
that given earlier. 

The vector B, defined by the projections 


pM Y, p OX O2, p OY OX 
* Qy dz’ JY Oz Ox’ = 0x dy? 


is called the curl or rotation of the vector function F = Xi+Yj+4+ Zk 
and is denoted by the symbol rot F. 
Thus, in vector notation, formula (9) will have the form 


| F ds — f nrot F do, (9^) 


2 o 


and Stokes’ -theorera is formulated thus: 
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The circulation of a vector around the contour of some surface 
is equal to the flux of the curl through this surface. 

Note. If the surface o is a piece of plane parallel to the 
xy-plane, then Az=0, and we get Green’s formula as a special 
case of Stokes’ formula. 

From formula (9) it follows that if 


OY OX OZ OY OX  dZ 
ae ay ^ ^ dg de = a (10) 
then the line integral along any closed space curve A is zero: 
\ Xdr+Ydy+Zdz=0. (11) 


Whence it follows that the line integral is independent of the 
shape of the curve of integration. 
As in the case of a plane curve, it may be shown that the 
indicated conditions are not only sufficient but also necessary. 
In the fulfillment of these conditions, the expression under the 
integral sign is an exact differential of some function u(x, y, 2): 


Xdx+Ydy+Zdz=du(x, y, 2) 
and, consequently, 


(N) (N) 
V Xdx+Ydy+Zdz= | du-u(N)—u(M). 
(M) (M) 


This is proved exactly like the corresponding formula for a 
function of two variables (see Sec. 4). 
Example 1. Write the basic equations of the dynamics of a material 
point: í 
dv, : dv, : dv, 
"ape usur aac 
Here, m.is the mass of the point, X, Y, Z are the projections of a force, 
X d dz 
acting on the point, onto the coordinate axes; inb 0y— a Uz f; are 
the projections of velocity v on the axes. 
ultiply the left and right sides of these equations by the expressions 
v,dt=dx, v,dt=dy, v,dt=dz. 
Adding the given equations term by term, we obtain 


m (Vy duy + Vy dv, +0, dv,)=X dx -- Y dy +Z dz; 


mad (vitui+02) =X dx Y dy +Z dz, 
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Since v;4-vj--v;— v*, we can write 
d (> mot) =Xdx+Y dy--Z dz. 


Take the integral along the trajectory connecting the points M, and M, 


(Ma) 
+ mot — 3 mv} = | X dx 4-Y dy 4-Z dz, 
(M 4) 
where o, and v, are the velocities at the points M, and M,. 


Z This last equation expresses the theorem 
of live forces: the increase in kinetic energy 
when passing from one point to another is 
equal to the work of the force acting on the 
Mo mass m. 
Example2. Determine the work of the force 
of Newtonian attraction to a fixed centre of 
mass m in the translation of unit mass from 
M, (a, by, ¢,) to M,(a, bz, cy). 
‘Solution. Let the origin be in the fixed 
centre of attraction. Denote by r the radius 
x vector of the point M (Fig. 341) corresponding 


Fig. 341. to an arbitrary position of unit mass, and by 
r° the unit vector directed along the vector r, 
Then Fat r, where & is the constant of gravitation. The projections of 
the force F on the coordinate axes will be 
= lox. T l yg 
AE T RAA 
r? r 


Then the work of the force F over the path M,M, is 


M 4) 
xdx+ydy+zdz__ 
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(since r?=x?-+ y? +z", rdr=xdx-+ydy-+-zdz). If we denote by r, and r? 
the lengths of the radius vectors of the points M, and M,, then 


Thus, here again the line integral does not depend on the shape of the 
curve of integration, but only on the position of the initial and terminal 


points. The function y is called the potential of the gravitational field 
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generated by the mass m. In the given case, 


A =u (Mj) —u (My). 


That is, the work done in moving unit mass is equal to the difference be- 
tween the values of the potential at the terminal and initial points. 


- 


SEC. 8. OSTROGRADSKY'S FORMULA 


Let there be given, in space, a regular three-dimensional region 
V bounded by a closed surface o and projected on an xy-plane 
into a regular two-dimensional region D. We shall assume that 
the surface o may be divided into three parts o, 0o, and o, 
such that the equations of the first two have the form 


z=f (x, y) and z=f,(x, y), 


where f,(x, y) and f,(x, y) are functions continuous is the region 
D and the third part o, is a cylindrical surface with generator 
parallel to the z-axis. 

Consider the integral 


I= jJ] Eg Das ag de, 


First perform the integration with respect to z: 


- ZG, y, fo, dxdy— V Zi, y, f, (x, yndxdy.. (0) 


D D 


On the normal to the surface, choose a definite direction, name- 
ly that which coincides with the direction of the outer normal 
to the surface c. Then cos(n, z} will be positive on the surface 
c, and negative on the surface o,; on the surface o, it will be 
Zero. 

The double integrals on the right of (1) are equal to the cor- 
responding surface integrals: 


f$ ZG y, f. Gs ndxdy V Zu, y, z)cos(n, do, (2) 


D 03 


y Z(x, y, f(x% y))dx dy = N Z (x, y, 2)(— cos (n, z)) do. 
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In the last integral we wrote [—cos(n, z)] because the elements 
of surface o, and o, and the element of area As of the region D 
are connected by the relation As=Ao [—cos(n, 2z)], since the 
angle (n, z) is obtuse. 

Thus, 


~ 


V Z(x, y, f (x, y)) dx dy = — Í | Z (x, y, f, (x, y) cos (n, z) do. (2") 


D 0, 


Substituting (2’) and (2" into (1), we obtain 
‘OZ (x, y, 2) T NE 


= {{ Z(x, y, 2)cos(n, z) da 4- VV Z (x, y, 2) cos (n, 2) do. 


Oa C, 
For the sake of convenience in subsequent formulas, we shall rewrite 


the last equation as follows [adding uU Z(x, y, z)cos(n, z) da- 0, 


Oy 
since the equation cos (n, z)=0 is fulfilled on the surface s,| : 


(( (226.5 2 as dy de — 
V 
= V Z cos (n, zyda 4- Í Z cos (n, z) da 4- V V Z cos (n, 2) do. 


84 g, Q4 


But the sum of integrals on the right of this equation is an in- 
tegral over the entire closed surface o; therefore, 


jy oe dx dy dz = jf Z (x, y, z)cos (n, 2) do, 


Analogously, we can obtain the relations 


jh 3; d dy dz — i) Y (x, y, z) cos (n, y)do, 


f | f a dx dy dz = j) x (x,y, 2) cos (n, x) da. | " 
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Adding together the last three equations term by term, we get 
Ostrogradsky’s formula*: 


WEER +5 Jax dy dz — 
V 


Ex \\ (X cos (n, x) -- Y cos(n, y)+Zcos(n, z)) do. (2) 


The expression PER tS is called the divergence of the vec- 
lor (or the divergence of the vector function): 


F=Xi+Yj4-Zk 
and: is denoted by the symbol div F: 
. OX , OY , OZ 


We note that this formula holds good for any region which 
may be divided into subregions that satisfy the conditions indi- 
caled at the beginning of this section. 

Let us examine a hydromechanical interpretation of this 
formula. 

Let the vector F=Xi+Yj+Zk be the velocity vector of a 
liquid flowing through the region V. Then the surface integral in 
formula (2) is an integral of the projection of the vector F on 
the outer normal n; it yields the quantity of liquid flowing out 
of the region V through the surface o in unit time (or flowing 
into V if this integral is negative). This quantity is expressed 
in terms of the triple integral of div F. 

If div Fzz0, then the double integral over any closed surface 
is equal to zero, that is, the quantity of liquid flowing out of 
(or into) something through any closed surface o will be zero 
(no sources). More precisely, the quantity of liquid flowing into a 
region is equal to the quantity of liquid flowing out of this 
region. 

In vector notation, Ostrogradsky's formula has the form 


(V {div Fdo = | (Fn ds (1^) 


V g 


*) This formula (sometimes called the Ostrogradsky-Gauss formula) was 
discovered by the noted Russian mathematician M. V. Ostrogradsky (1801-1861) 
and published in 1828 in an article entitled “A Note on the Theory of Heat”. 
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and is read: ¢he integral of the divergence of a vector field F 
extended over some volume is equal to the vector flux through the 
surface bounding the given volume. 


SEC, 9. THE HAMILTONIAN OPERATOR AND CERTAIN 
APPLICATIONS OF IT 


Suppose we have a function w=u(x, y, z). At each point of 
the region in which the function u(x, y, z) is defined and diffe- 
rentiable, the following gradient is determined: 


gradu — iz tS +k (1) 


The gradient of the function u(x, y, z) is sometimes denoted as 
follows: 


Ou Qu Ou 
Vuciy tla, tE 5; - (2) 


The symbol y is read “del”. 
1) It is convenient to write equation (2) symbolically as 


.0,.,0 ð ; 
vu (i ax Td ay ^ * zju (2’) 
and to consider the symbol 
-0, pð ð 
Vela tI gT ka (3) 


as a “symbolic vector”. This symbolic vector is called the Hamil- 
tonian operator or del operator (y-operator). From formulas (2) 
and (2') it follows that "multiplication" of the symbolic vector y 
by the scalar function u gives the gradient of this function: 


Vu — grad u. (4) 


2) We can form the scalar product of the symbolic vector y by 
the vector F=iX+JY + kZ: 


. 0 .0 0 ® ; 
vF- (5s) XY +82) = 
ð ð à OX , OY , OZ |. 
=z tg tal a +t andl 


(see Sec. 8). Thus, 
vF = div F. (5) 
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3) Form the vector product of the symbolic vector y by the: 
vector F — iX + JY -- RZ: 


VxF- (1g; 5, 5; XGX JY +kZ)= 


ijk 9 ð g o 9g 

aaa] ,|ðyðz|  .|0xGz Ox Oy 
Issues YZV ae xy 

XYZ 

0Z əY\ .fdZ Ox OY ðX) 
=1(5,-&) (aar) tE (5-3) = 


~{/0Z oY [OX ƏZ OY ax 
Ua +4 (SH) +4 a SPE 
(see Sec. 7). Thus, 
VxF=rotF. (6) 

From the foregoing it follows that vector operations may be 
greatly condensed by the use of the symbolic vector y. Let us 
consider several more formulas. 

4) The vector field F(x, y, z2) —iX--JY -- RZ is called a poten- 
tial vector field if the vector F is the gradient of some scalar 
function u(x, y, 2): 

F = grad u 
or 
„ðu , Ou ðu 
In this case the projections of the vector F will be 
Ou Ou Ou 
X =z ? rey , Z = Oz . 
From these equations it follows (see Ch. VIII, Sec. 12) that 
aX ƏY OY oZ  oX aZ 
Oy Ox’ Oz Oy’ Oz OX 
or 
OY ðZ OX | OZ 
y ax 7^ Gey O $9 
Hence, for the vector F under consideration, 
rot F «0. 
Thus, we get 
rot (grad u) — 0. (7) 
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Applying the del operator y, we can write (7) as follows [on the 
basis of (4) and (5)]: 


(Vx yu) =0. (7°) 
Taking advantage of the property that for multiplication of a 
vector product by a scalar it is sufficient to multiply this scalar 
by one of the factors, we write 

(vx v)u- Q0. (7) 


Here, the del operator again has the properties of an ordinary 
vector; the vector product of a vector into itself is zero. 

The vector field F(x, y, z), for which rot F «0, is called irro- 
tational. From (7) it follows that every potential field is irrota- 
tional. 

The converse also holds: if some vector field F is irrotational, 
then it is potential. The truth of this statement follows from 
reasoning given at the end of Sec. 7. 

5) A vector field F (x, y, 2) for which 


div F — 0, 


that is, a vector field in which there are no sources (see Sec. 8) 
is called solenoidal. We shall prove that 


div (rot F) =0 (8) 


or that the rotational field is free of sources. 
Indeed, if F -—iX--JY +Z, then 


OZ OY (0X oZ OY Ox 
rot Fo (3/57) (535) (ac) 


and therefore 


OZ ax OY OX\ >- 
div (rot F) == (F—5 dz os) tala EE (5r —» )= 0. 
Using the del operator, we can write equation (8) as 
v(vxF)-0. (8') 


The left side of this equation may be regarded as a vector-scalar 
(mixed) product of three vectors: y, vy, F, of which two are the 
same. This product is obviously equal to zero. 

.6) Let there be a scalar field u-u(x, y, z). Determine the 
gradient field: 


0 .Ó ð 
gadu=i Ja; d EI : 
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Then find 
ð /ðu 0 {du ð f ðu 
div (grad u) = 3x (3) Qu (Z) T ( a) 
or 
| ðu ðu ð 
div (grad u)— 333 RET (9) 


The right side of this expression is called the Laplacian ope- 
rator of the function u and is denoted by 


O*u , Qu , Ou 


Auc za tapt on: (10) 
Hence, (9) may be written as 
div (grad u)= Au. (11) 
Using the del operator y we can write (11) as 
(Vyu)- Au. (11^) 
We note that the equation 
auc ait aao (12) 
or 
Au=0 (12’) 


is called Laplace’s equation. The function that satisfies the Lap- 
lace equation is called a harmonic function. 


Exercises on Chapter XV 


Compute the following line integrals: 
1.\ y?’ dx-F2xy dy over the circumference x=acost, y=asint. 
Ans. 0. 


2, ( ydx—xdy over an arc of the ellipse x=acost, y—bsin t. 
Ans. —2mab. 


3. ai ax— dy) over a circle with centre at the origin. 
Ans. 0, 

4 y dx A4- x dy 

x*4- y* 
x—2. Ans. ln 2. 


) over a segment of the straight line y=x from x—1 to 


5. | yzdx--xzdy-4-xy dz over an arc of the helix x=acost, y —sin f, 
z-— kt as t varies from 0 to 2x. Ans. 0. 


704 Line Integrals and Surface Integrals 


u————ÓÀ ————Á —————————————————————————— a a —9—/J— ]V""zÁ ÜÓÜ S tÍ— ÜBER 


6. f xdy—ydx over an arc of the hypocycloid x=a cos? t, y =a sin? t. 


3 
Ans. 4179 (the double area of the hypocycloid). 


7. | xdy—ydx over the loop of the folium of Descartes en 
3 at? 


3 
Y= TH Ans. zo (the double area of the region bounded by the indicated 
loop). 


8. V xdy—y dx over the curve x—a(t—sin t), y =a (1—cos t)(0s t «2x). 


Ans. —6ma? (the double area of the region bounded by one arc of a cycloid 
and the x-axis). 

Prove that: 

9. grad (cp) —cgrad m where c is a constant. 

10. grad (c,9 + c) -- grad q +-¢,grad p where c is a constant. 

11. grad (qw) —9 grad p+ grad q. 

12. Find grad r, grad ¢?, grad 2 grad f (r) where ¢ = V x? yt et. Ans. 
E, ar, Ar OE. 

13. Prove that div (A -4-B)=div A+ div B. 

14. Compute div r, where r=xi-+y/-+2k. 
Ans. 3. 

15. Compute div(Aq), where A is a vector function and q is a scalar 
function. Ans. q div A+ (grad ọ A). 


16. Compute div (r-c), where c is a constant vector. Ans. 


17. Compute div B(rA). Ans. AB. 

Prove that; 

18. rot (c, A, -I- c,4,) — c, rot A, 4- c, rot A, where c, and c, are constants, 
19. rot(Ac) 2 grad Axc where o is a constant vector. 

20. rot rot A=grad div A— VA. 

21. Axrot p=rot (PA). 


(c-r) 
: 5 


Surface Integrals 


22. Prove that M cos (n,z) do =0 if o is a closed surface and n is a nor- 


mal to it. 

23. Find the 'moment of inertia of the surface of a segment of a sphere 
with equation x?+y?+2%=R? cut off by the plane z— H relative to the 
: us (2R*—3R*H +H’). 

24. Find the moment of inertia of the surface of the paraboloid of revo- 
lution x?+y*=2cz cut off by the plane z=o relative to the z-axis. Ans. 


55+9V 3 , 
25. Compute the coordinates of the centre of gravity of a part of the sur» 


2 
m^ cut off by the plane. z— H. Ans. 0, 0,5 H. 


z-axis. Ans. 


face of the cone x* 4- y^ = 
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26. Compute the coordinates of the centre of gravity of a segment of the surface 


of the sphere x? -- y? + z*— R*cut off by the plane z— H. Ans. (o. 0, z2 : 


27. Find M [x cos (nx)H-y cos (ny) d-z2cos (nz) do, where o is o 


g 
closed surface. Ans. 3V, where V is the volume of the solid bounded by the 
surface c. 


28. Find N 2dxdy where S is the external side of a sphere x*-- y? -I- 2? — 
S 


= R*?. Ans. $ nr. 


29. Find \\ x? dy dz+-y?dzdx-+-22dxdy where S is the external side of 


S 
the surface of a sphere x*--y*--z?— R? Ans. aR‘ 
30. Find MLAETEC where S is the lateral surface of a cone 


S 
2 2 2 V 2 2 
p re, Ox2«b. Ans. CEU : 


31. Using the Stokes formula, transform the integral | y dx 4-2 dy +x dz. 
L 


Ans. —\{ (cos a + cos B + cos y) ds. 
S 


Find the line integrals, applying the Stokes formula and directly: 32. 


| (y 4-z) dx +(z-+%)dy+(x+y)dz where L is the circle x?+y?+2?= 
L ! 
—a*, x-+y+z=0. Ans. 0. 33. | x'y'dx --dy--zdz where L is the circle 


x!-L y* — R?, 2 —0. Ans. Wat 1 

Applying the Ostrogradsky formula, transform the surface integrals into 

volume integrals: 34. M (x cosa -+ y cos P +z cos y) ds. Ans. UN 3 dx dy dz. 
S V 


)j (x? Ly? -- 2) (dy dz -dx dz+-dx dy). Ans. 3) (€ 4- y +2) dx dy dz. 
36. Jg xy dx dy +y2z dy dz-+-zx dz dx. Ans. 0, 37. ie dy dedu dx dz+ 


2 2 
+% dx dy. Ans. MCI jp taz) dx dy dz. 


Using the ktoe formula compute the following integrals: 38. 
U (rcosa--ycosp--zcosy)ds where S is the surface of the ellipsoid 
S 


23 — 3388 
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2 2 2 
+5451. Ans. 4mabe. 39. M cosa 4- y? cos B +z? cos y) ds where S 
S 


is the surface of the sphere x?--y?--22?— R?, Ans, ARS 40. M x? dy dz +- 
S 
x? y? 2? 


b eo 
2p2 
(Ogzezb). Ans, T . 41. ]) rante atn tern ty where S is the 


+y?dzdx-+z?dxdy where S is the surface of the cone 


surface of the cylinder x? -+ y? a —Hsze;H. Ans. 3ma*H. 
42. Prove the identity MC ) dxdy= E ds, where C is a con- 


tour bounding the region D, and i is the directional derivative of the outer 


normal. 
Solution. 


Nears, an de dnd oie] [—Y cos (s, a) 4X sin (s, x)} ds, 


Mise (s, x) is the zd. between the Ted line to the contour C and the 
x-axis. If we denote by (a, x) the angle between the normal and the x-axis, 
then sin (s, x) --cos (n, x), cos(s, x)= —sin(n, x). Hence, 


MUSEI dx sc | ten (n, x) 4- Y sin(n, x)] ds. 


setting x= f Y= we get 


MOLD dx dy= E cos (n, +34 ; sin (n, »] de 
i 53; 5| dx a= Vs ds. 


The expression "E aoe ; is called the Laplacian operator. 
43. Prove the identity (called Green’s formula) 


JJ) eaa dx dy dom og as T3 


where u and v are continuous functions with continuous derivatives to the 
second order in the region D. 
The symbols Au and Av denote 
Q?u , Q*v 
Aus Tat gat gg Ae -$ s ot" 


These expressions are called Laplacian operators in space, 
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Solution. In the formula 


MIEL LI dx dy dz= ix cos (n, x) 4- Y cos (n, y) 3-Z cos (n, 2)] do 
V 


o 
we put 
X=vu,—uv,, 
Y=ovu,—uv,, 
Z=vu,—uv,. 
Then 
M arti ot (a, Hou 74) — (0, £07, - 02,) o Au uA, 


X cos (n, x)4-Y cos(n, y)--Z cos (n, z) — 
= 0 (u, cos nx 4-u, cos ny -+ u, cos fiz) —u (0, cos nx -+ v, cos ny J- v, cos nz) = 


Hence, 


Ou Ov 
WW (0Au—UA v) dx dy 12 (os ns eo. 
V hj 


44. Prove the identity 
Qu 
WW Audxdy ae A do, 
V o 


On , O*u , O*u ; 
where Au —5-3-- "TR LT (Laplacian). 
Solution. In Green's formula, which was derived in the preceding section, 
put 0 —1. Then Av —0, and we get the desired identity. 
45. If u (x, y, 2) is a harmonic function in some region, that is, a func- 
tion which at every point of this region satisfies the Laplace equation 
ðu u , O'u 
ad o9 Gea h 


Ou 
| 3419 -—() 
CG 
where o is a closed surface. 
Solution. This follows directly from the formula of Problem 44. 
46. Let u(x, y, z) be a harmonic function in some region V and let there 
be, in V, a sphere o with centre at the point M (x,, y,, z,) and with radius 
R. Prove that 


then 


l 
U(X, A, 2) = gag | | a de. 
o 


23* 
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Solution. Consider the region Q bunded by two spheres o, o of radius R 


and Q (Q < R) with centres at the point M (x,, y,, z,). Apply Green's formula 
(found in Problem 43) to this region, taking for u the above-indicated function, 
and for the function v, 


l 
FV EG He 


2 2 
By direct differentiation and substitution we are convinced that sat sat 


U 


2 
eh T =0. Consequently, 


or 


Gau Gn ca) 


9 c 


On the surfaces o and o the quantity I is constant ES and A and so can 


be taken outside the integral sign. By virtue, of the result obtained in Prob- 
lem 45, we have 


.] Qu 
y: | 5, do=0; 
iad 
] Ou 
o 
Hence, . 
(\ (7 ) ica 
S “on T oon oct 
S o 
but 
(7) al) 
rj r —— 4 
on | dr rê 
Therefore, ; 
+ (È u-z do— (u-z doo 
t G T 
or 


s do — 4. IE do. (1) 
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Apply the theorem of the mean to the integral on the right: 


X )) u do E S) i) do, (2) 


where u (E, 4, OD) is a point on the surface of a sphere of radius Q with 


centre at the point M (x,, Yi 2) 
We make ọ approach bordi then u(E, n, E) + u (xi Yo Zn 


l 4x0? 
e? j j mph tm 
g 
Hence, as ọ +0 we get 


E jj udo >u (Xi, Ui 2i) 4n. 


Further, since the left "s of (1) is independent of Q, it follows that a 
Q — 0 we finally get 


pi {4 uda =4nu (Xi, Y 24) 
o. 


or 


l 
u (Xi Yis 2) — JnR? a do. 
g 


CHAPTER XVI 
SERIES 


SEC. 1. SERIES. SUM OF A SERIES 


Definition 1, Let there be given an infinite sequence of num- 
bers *) 


Ui» u,, Us, se ey Un» eee 


The expression 
Ubu tut... tute (1) 


is called a numerical series. Here, the numbers u,, u,, ...,U,, - 
are called the terms of the series. 

Definition 2. The sum of a finite number of terms (the first n 
terms) of a series is called the nth partial sum of the series: 


S,=U, Hu, +t eb us. 
Consider the partial sums 
S, = U,» 
A du, 
S, =U, Piller d 


S= U tu, tut... HUn 
If there exists a finite limit 
s= lim s,, 


n- o 


it is called the sum of the series (1) and we say that the series 
converges. 


If lim s, does not exist (for example, s,—+0co as n— œo), 
then we say that the series (1) diverges and has no sum. 


Example. Consider the series 
a 4-ag 4- aq? +... -F ag? 71 4- ... (2) 


This is a geometric progression with first term a and ratio. g (a Æ 0). 


*) A sequence is considered specified if we know the law by which it is 
possible to determine any term u, for a given n. 
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The sum of the first n terms of the geometric progression is (when g # 1) 


a—aq" 
= pes 
or 
_ a ag" 


1) If 1g] <1, then g” +0 as n — œ and, consequently, 
n 

lim s,— lim (S-i) 

n> o n>oo\l—q 1—4 1—3 

Hence, in the case of |g| <1, the series (2) converges and its sum is 


a 


$= 


= n 
2) If [g[ 7 1, then | qg"| — o» as n — co and then 2 u“ — io as n — oo, 
that is, lim s, does not exist. Thus, when |g|- l, the series (2) diverges. 

no 

3) If 2 — 1, then the series (2) has the form 


a-at+a-+... 


In this case 
$,-na, lim s= œ, 
n o 


and the series diverges. 
4) If 9 — — 1, then the series (2) has the form 
a—a-d-a—ad... 
In this case 
{ 0 when n is even, 
= 


a when n is odd. 


Thus, s, has no limit and the series diverges. 

Thus, a geometric progression (with first term different from zero) conver- 
ges only when the ratio of the progression is less than unity in absolute 
value. 


Theorem 1. If a series obtained from a given series (1) by sup- 
pression of some of its terms converges, then the given series itself 
converges. 

Conversely, if a given series converges, then a series obtained 
from the given series by suppression of several terms also converges. 
In other words, the convergence of a series is not affected by the 
suppression of a finite number of its terms. 

. Proof. Let s, be the sum of the first n terms of the series (1), 
c,, the sum of & suppressed terms (we note that for a sufficiently 
large n, all suppressed terms are contained in the sum s,), and 
O,- is the sum of the terms of the series that enter into the 
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sum s, but do not enter into c,. Then we have 
Sn = Cp F On- 


where c, is a constant that is independent of n. 
From the last relationship it follows that if lim o,_, exists, 


n -— © 
then lim s, exists as well; if lim s, exists, then lim o,_, also 
n -> o0 -> 00 n -> © 


exists; which proves the theorem, 
We conclude this section with two simple properties of series. 
Theorem 2. /f a series 


atat... (3) 
converges and its sum is s, then the series 
ca, -- Ca, 4- ... (4) 


where c is some fixed number, also converges, and its sum is cs. 
Proof. Denote the nth partial sum of the series (3) by s,, and 
that of the series (4), by o,. Then 


0,7 C0, J- ... Hea, 22 c(a, 3- ... 3- a,) -—C8,. 


Whence it is clear that the limit of "uc nth partial sum of the 
series (4) exists, since 


lim o, = lim (cs,)==c lim s,--cs. 
fl —> o n- n > do 
Thus, the series (4) converges and its sum is equal to cs. 
Theorem 3. /f the series 


a, -a,4- ... (9) 

and 
b d b, +... (6) 
converge and their sums, respectively, are s and s, then the series 
(a, 4- 0,) 3- (A, 3- b) - ... (7) 

and 
(a, —5,) 3- (a, — 5,) +... (8) 


also converge and their sums are s+s and $— s, respectively. 
Proof. We prove the convergence of the series (7). Denoting 
its nth partial sum by c, and the nth partial sums of the series (5) 


and (6) by s, and s, respectively, we get 
6,=(a,+9,)+...+(a,+0,)= 
=(a,+...4+4,)+(0,+...+0,)=5,+ Sp 
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Passing to the limit in this equation as n — oo, we get 
lim o,= lim (s,+s,)= lim s,4- lim s, ms+5. 
n => oo n > o . R —> 0 l -> © 


Thus, the series (7) converges and its sum is S+s. 
It is analogously proved that the series (8) also converges and 


its sum is equal to s— s. 

Of the series (7) and (8) it is said that they were obtained by 
means of termwise addition or, respectively, termwise subtraction 
of the series (5) and (6). 


SEC. 2. NECESSARY CONDITION FOR CONVERGENCE 
OF A SERIES 


One of the basic questions, when investigating series, is that 
of whether the given series converges or diverges. We shall 
establish sufficient conditions for one to decide this question. We 
shall also examine the necessary condition for convergence of a 
series; in other words, we shall establish a condition for which 
the series will diverge if it is not fulfilled. 

Theorem. /f a series converges, its nth term approaches zero as n 
becomes infinite. 

Proof. Let the series 


UFU LU 
converge; that is, let us have the equality 


lim 5, — S, 


n -> o 
where s is the sum of the series (a finite fixed number). But then 
we also have the equation 


lim Sp- =S, 
no 


since (n—1) also tends to infinity as n—» oo. Subtracting the 
second equation from the first termwise, we obtain 


lim s,— lim s,_,=0 


n - © fl -> 00 
or 
lim (s,— S, .,) — O. 
n aoc 
But 
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Hence, 


lim u, — 0, 
n -> 0 


which is what was to be proved. 
Corollary. /f the nth term of a series does not tend to zero as 
5n — oo, then the series diverges. 


Example. The series 
i ,2,83 n 
aot ps dud ade 


diverges, since 


: : n l 
n d oe (stn )=> x 0. 

We stress the fact that this condition is only a necessary con- 
dition, but not a sufficient condition; in other words, from the 
fact that the nth term approaches zero, it does not follow that the 
series converges, for the series may diverge. 

For example, the so-called harmonic series 


1 
ltytgtyt.. tot... 
diverges, although 


To prove this, write the harmonic series in more detail: 


ltgtytatetetstst 


— mc pp 
l I l l I LI ats l 1 
E 7 16 ages (1) 


We also write the auxiliary series 


1, Í I, Td 
arae dedu gu ue T 
^ 16 terms 
Um DÀ eee, 


ree oe SEC OM 
«16386 i6 i16 36 i6 i6 d& 9 oco tat... (2) 


The series (2) is constructed as follows: its first term is equal 
to unity, its second is */,, its third and fourth are '/,, the fifth 
to the eighth terms are equal to '/,, the terms 9 to 16 are equal 
to '[,,, the terms 17 to 32 are equal to 'J,,, etc. 
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Denote by s® the sum of the first n terms of the harmonic 
series (1) and by s(? the sum of the first n terms of the series (2). 


Since each term of the series(1) is greater than the correspond- 
ing term of the series (2) or equal to it, then for n —2 


s > s@), (3) 


We compute the partial sums of the series (2) for values of n 
equal to 2’, 27, 2°, 2%, 2°: 


s=lt+st(gtz)altytyal42-5, 
y=l+y+(gt+q)t(gtetetey)=!t3-4. 
-begt(rt)t (st eotu)t (nett) 
ue aa 
niei) (ues e) un 4) 
pm 25m 


l l 
ts hg)! 45-4 
16 terms 
in the same way we find that se =1+46->, s» =1+47-+ and, 


generally, $51 -+k 3 


Thus, for sufficiently large k, the partial sums of the series (2) 
can be made greater than any positive number; that is, 


lim s? = oo, 


but then from the relation (3) it also follows that 
lim s = oo 


which means that the harmonic series (1) diverges. 
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SEC. 3. COMPARING SERIES WITH POSITIVE TERMS 


Suppose we have two series with positive terms: 
U tu, tu, t.e +u,t..., (1) 
0.4-0,4-0,4- ... a i a (2) 


For them the following assertions hold true. 
Theorem 1. /f the terms of the series (1) are not greater than 
the corresponding terms of the series (2), that is, 


HS v AS l xu) (3) 
and the series (2) converges, then the series (1) also converges. 
Prooi. Denote by s, and o,, respectively, the partial sums of 
the first and second series: 


n 
$2 Us, O,= >) Ug. 


From the condition (3) it follows that 
$,50,. (4) 
Since the series (2) converges, its partial sum has a limit o: 
lim 6, — o. 


n - @ 


From the fact that the terms of the series (1) and (2) are posi- 
tive, it follows that o, «6o, and then by virtue of (4) 


$, <O. 


We have thus proved that the partial sums s, are bounded. 
We note that as n increases, the partial sum s, increases, and 
irom the fact that the sequence of partial sums is bounded and 
increases, it follows that it has a limit *) 
lim s.=s, 
and it is obvious that 
S x O9. 


Using Theorem 1, we can judge of the convergence of certain series. 


*) To convince ourselves that the variable s, has a limit, let us recall a 
condition for the existence of a limit of a sequence (see Ch. II): “if a vari- 
able is bounded and increases, it has a limit." Here, the sequence of sums s, 
is bounded and increases. Hence it has a limit, i. e., the series converges. 


Comparing Series with Positive Terms 717 


Example 1. The series 
] l l | 
begs get ge te ane 
/ 
converges because its terms are smaller than the corresponding terms of the 
series 
l ] l ] l 
+a ta ta tat- tat- 
But the last series converges because its terms, beginning with the second, 


: : ; | 
form a geometric progression with common ratio —. The sum of this series 


2 
is equal to x. Hence, by virtue of Theorem 1, the given series also con- 
verges, and the sum does not exceed ls. 


Theorem 2. /f the terms of the series (1) are not smaller than 
the corresponding terms of the series (2); that is, 


Un = Un (5) 
and the series (2) diverges, then the series (1) also diverges. 
Proof. From condition (5) it follows that 
$,220,. (6) 
Since the terms of the series (2) are positive, its partial sum o, 
increases with increasing ^, and since it diverges, it follows that 
lim 0, = OO. 


n > © 


But then, by virtue of (6), 
lim 5,- oo, 


n - odo 
the series (1) diverges. 
Example 2. The series 
| l ] 
l4 ——4-——-4...dq——-... 
tyty" Parm" 


diverges because its terms (from the second on) are greater than the corre- 
sponding terms of the harmonic series 


l 1 ] 
lpotatee totes 
which, as we know, diverges. 


Note. Both the conditions that we have proved (Theorems 1 
and 2) hold only for series with positive terms. They also hold 
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true when some of the terms of the first or second series are zero. 
But these conditions do not hold if some of the terms of the 
series are negative numbers. 


SEC. 4. D'ALEMBERT'S TEST 
Theorem (d'Alembert's Test). /f in a series with positive terms 
U ru, tut... +u,+... (1) 


the ratio of the (n-- D) sf term to the nth term, as n— œ, has a 
(finite) limit I, that is, 


lim “#41 = J, (2) 


n => 0 n 


then: . 


1) the series converges for l« 1, 

2) the series diverges for l1 — 1. 
(For /=1, the theorem cannot determine the convergence or 
divergence of the series.) 

Proof. 1) Let /«1. Consider a number q that satisfies the 
relationship /«q «1 (Fig. 342). 

From the definition of a limit and relation (2) it follows that 
for all values of n after a certain integer N, that is, for nze N, 
we will have the inequality 


"nti <q, (2') 


Indeed, since the quantity “#+* tends to the limit /, the dif- 


u 


ference between the quantity Pu and the number / may (after a 


certain N) be made less (in "absolute value) than any positive 
number, in particular less than q— 4; that is, 


ti J <g—l, 


Un 


Inequality (2’) follows from this last inequality. Writing this 
inequality for various values of n, from N onwards, we get -> 


Une UN 
U Na. s < qU N+ < d Um (3) 
Uys C Uyt 7 Um, 
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Now consider the two series 
Ubu, du, +H... buy tung, UNS F.. (1) 
Uyt quyd- quy... (1^) 


The series (1') is a geometric progression with positive common 
ratio q «1. Hence, this series converges. The terms of the 


gd ql Ho [pd 
EY ils T9 RU Lene mee 
10 lung 1 Ü 1 Unt l 
Un un 
Fig. 342. Fig. 348. 


series (1), after u,,,, are less than the terms of the series (1^). 
By Theorem 1, Sec. 3, and Theorem 1, Sec. 1, it follows that 
the series (1) converges. 

2) Let /— Il. 


Then from the equation lim matt — | (where />1) it follows 


that, after a certain N, ihat ds dr nzeN, we will have the 
inequality 


Ug 1 1 
" > 


(Fig. 343), or u,,,>>u, for all nz» N. But this means that the 
terms of the series increase after the term N--1, and for this 
reason the general term of the series does not tend to zero. Hence, 
the series diverges. 


Note 1. The series will also diverge when lim “84400. This 


n> odo n 


follows from the fact that if lim fanti oo, then after a certain 


n-—o0 "n 


n-zN we will have the inequality “nti I, OF As Uj 


Example 1. Test the following series for convergence: 


1 
I+iatiga te traa mnt 


Solution. Here, 
I l I I 


LT ——— ——üÓ O o — Č 


Un+ty ni l 


A r OE ———À 
— — e 


u, —(n4DI nci 
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Hence, 


lim fati lim 1 
n-o Up, n-- o n+l 


=Q<1. 


The series converges. 
Example 2. Test for convergence the series 


Solution. Here, 


n R41 
he ka Un B. qim ue Wie uos y 
n n+l ün n+ 1 n-o Un ^ no n+l] 


The series diverges and its general term u, approaches infinity, 


Note 2. D’Alembert’s test tells us whether a given positive 
series converges; but it does so only when lim ae exists and is 


different from 1. But if this limit does not exist or if it does 
exist and lim Te = 1, then d'Alembert's test does not enable us 
to tell whether the series converges or diverges, because in this 
case the series may prove to be both convergent and divergent. 


Some other test is needed to determine the convergence of such 
series. 


[t will be noted, however, that if lim en], but the ratio 


n => o n 
zn for all n (after a certain one) is greater than unity, the se- 


ries diverges. This follows from the fact that if >I, then 


Un, > U, and the general term does not approach Zero as n —»2oo. 


To illustrate, let us examine some examples. 
Example 3. Test for convergence the series 


j| 2 3 n 
ara ra metigis 


Solution. Here, 


n+l 
2 
noc Un n> N n—wo n*--2n 
n+l 


u 
In this case the series diverges because ^- > 1 for all m 
n 


Une, _ N +2n+1 i 
ün nHn ° 
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Example 4. Using the d'Alembert test, examine the harmonic series 
l l ] 


We note that n=, tnt LET and, consequently, 


LÀ LÀ n 
lim 45*1.. lim 
no Ug, n> œ n- 


ps 


Thus, d'Alembert's test does not allow us to determine the convergence or 
divergence of the given series. But we earlier found out by a different 
expedient that a harmonic series diverges. 

Example 5. Test for convergence the series 


i l l l 
fot 2a oat pre 


Solution. Here, 


l l 
lim fetia lim 20D... lim l. 


n 
no Ug, n-»c(n4-1)(n-cF2) ne nt? 


D'Alembert's test does not permit us to infer that the series converges; 
but by other reasoning we can establish the fact that this series converges, 
Noting that 


D ee w— 


we can write the given series in the form 


(Hieltiten) 


The partial sum of the first n terms, after removing brackets and cancell- 
ing, is 


l 


wee ae 

Hence, | 
lim s,== lim — ——— |= |}. 
n —> co á Jim (1 2) 


That is, the series converges and its sum is l. 


SEC. 5. CAUCHY'S TEST 


Theorem (Cauchy's Test). /f for a series with positive terms 
` o htu, ES eee bu eee (1) 
the quantity Vu, has a finite limit l as n—=> œ, that is, 


lim y u, —1, 


n- oo 
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then: 1) for L< 1, the series converges; 
2) for Lœ1, the series diverges. 
Proof. 1) Let / «1. Consider the number q that satisfies the 
relation / «g <l. 
After some n — N we will have the relation 


|y u,—l|«q4— 


V u,« q 


whence it follows that 


OT 
Un <q” 
for all nz N. 
Now consider two series: 
UU, tut... PUytUng, E UNS, tenes (1) 
Qh qNT Ha~... (1^) 


The series (1') converges since its terms form a decreasing 
geometric progression. The terms of the series (1), after up, are 
less than the terms of the series (1'). Consequently, the series (1) 
converges. 

2) Let 7/291. Then, after some n — N, we will have 


Vu, 2l 
u, =>. 


But if all the terms of this series, after u,, exceed 1, then the 
series diverges, since its general term does not tend to zero. 


Or 


Example. Test for convergence the series 
l 2t 2M n M 
it (s) (0) tt) + 
Solution. Apply the Cauchy test: 
; n/- — i n / " : ] 
| = 1m V (I) = tim a 
Jim V un Pe (zi) xd unde 9 Sh. 
The series converges. 


Note. As in the d'Alembert test, the case 


lim y/u, 2121 


n => o0 


requires further investigation. Among the series that satisfy this 
condition are convergent and divergent series. Thus, for the har- 
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monic series (which is known to be divergent) 


ues 
lim y/u, = lim pi 
n - o 


n o 


To be sure, we shall prove that lim In Vee. Indeed, 


Mf ea 
Here, the numerator and denominator of the fraction approach 
infinity. Applying l'Hospital's rule, we find 


Thus, In 1/30, but then Viet i. e., 
lim j/ +=1. 


l il l E. : 
l'w»tgt-.dcuzt.e 
we also have the equality 
: n ; n fy : nf yn fT 
lx Vie eV aoa Voy a 
but this series converges, since if we suppress the first term, the 


terms of the remaining series will be less than the corresponding 
terms of the converging series 


l l l 
CE etate 
(see Example 5, Sec. 4). 


For the series 


SEC. 6. THE INTEGRAL TEST FOR CONVERGENCE 
OF A SERIES 
Theorem. Let the terms of the series 
Ü cU. Puy Pee Puy es (1) 
be positive and not increasing, that is, 
uU eu, us] ..., 
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and let f(x) be a continuous nonincreasing function such that 
Ffü)5u: F2)—u,; ..5 F(N) = Un (2) 


Then the following assertions hold true. 
1) if the improper integral 


NIC dx 


converges (see Sec. 7, Ch. XI), then the series (1) converges too; 
2) if the given integral diverges, then the series (1) diverges 
as well. 
Proof. Depict the terms of the series geometrically by plotting 


on the x-axis the numbers 1, 2, 3, ..., n, n+1, ... of the terms 
of the series, and on the y- y the corresponding values of the terms 
of the series u,, U, ..., Up (Fig. 344). 


In the same coordinate S uem plot the graph of the continuous 
nonincreasing function 
y=] (x) 


which satisfies condition (2). 

An examination of Fig. 344 shows that the first of the construct- 
ed rectangles has base equal to 1 and altitude f(l)=u,. The 
area of this rectangle is thus u,. The area of the second one is u,, 
and so on; finally, the area of the last (nth) of the constructed 
rectangles is u,. The sum ofthe areas of the constructed rectangles 
is equal to “the sum s, of the first n terms of the series. 
On the other hand, the step-like figure formed by these rectangles 
embraces a region bounded by the curve y=f(x) and the straight 
lines x 21, x=n+1, y=0; the area of this region is equal to 
n-1 


1 f(x)dx. Hence, 


1 
n-ti 


S> | f(x)dx. (3) 


1 


Let us now consider Fig. 345. Here the first of the constructed 
rectangles on the left has altitude u,; and so its area is u, 
The area of the second rectangle is u,, and so forth. The area 
of the last of the constructed rectangles is w.,,,. Hence, the sum 
of the areas of all constructed rectangles is equal to the sum of- 
all terms of the series beginning from the second to the (n+ 1)st 
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OF $,,,—U,. On the other hand, it is readily seen that the step- 
like figure formed by these rectangles is contained within the 


curvilinear figure bounded by the curve y=f(x) and the straight 
lines x=1, x=n+1, y=0. The area of this curvilinear figure 
n1 d 


is equal to \ f (x) dx. Hence, 
1 


nil 


$5441 — 4 \ f (x) dx, 


whence 
siti 


PTS di { FG) dx 4- u,. (4) 


Let us now consider both cases. 


ap 


l. We assume that the integral V f(x) dx converges, that is, 
has a finite value. l 
Since 


n--1 eoo 


| F dx GO dx, 
it follows, by virtue of inequality (4), that 


Sn L S54, «Mo dx + u,. 


Thus, the partial sum s, remains bounded for all values of n. 
But it increases with insreasing n, since all the terms u, are 
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positive. Consequently, s, (as n— œ) has the finite limit 


lim s,=S 
n> œ 


and the series converges, 


2. Assume, further, that ( f (x) dx=oo. This means that 


nal 
J f(x) dx increases without bound as n increases. But then, by 
virtue of inequality (3), s, likewise increases indefinitely with n; 


the series diverges. 
The theorem is thus proved completely. 


Example. Test for convergence the series 
ip go ap tpt 
Solution. Apply the integral test, putting 
Fx) s. 
This function satisfies all the conditions of the theorem. Consider the 


integral 


N l x!-P 


E 1) When li 
1 l—p 
xP 


1 Inx |” =In N when pl. 


Alow N to approach infinity and determine whether the improper 
integral converges in various cases. 

It will then be possible to judge about the convergence or divergence of 
the series for various values of p. 


For p>l, F Lp the integral is finite and, hence, the series 


converges; 


for p<l, [2-2 the integral is infinite, and the series diverges; 


for p —1, | Fao, the integral is infinite, and the series diverges. 
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We note that neither the d’Alembert test nor tlie Cauchy test, which 
were considered earlier, decide whether the series is convergent or not, since 


u n MP 
lim —- lim (i ) =l, 
n-o Un n= \ n+! 


n ° n l e n ] PO P 
lim u.- lim —- lim (V i) =|? =], 
n- o V ^ nse NP d.c n 


SEC. 7. ALTERNATING SERIES. LEIBNIZ? THEOREM 


So far we have been considering series whose terms are all 
positive. In this section we consider series whose terms have 
alternating signs, that is, series of the form 


u, — u, +u, —u, +... (1) 
where &,, u,, ... , U,,... are positive. 
Leibniz' Theorem. If in the alternating series 
uU,—Uu,+u,—u,+... (Un > 0) (1) 
the terms are such that 
U, > U, DU, >... (2) 
and 
lim u,=0, (3) 
n ow 


then the series (1) converges, its sum is positive and does not 
exceed the first term. 

Proof. Consider the sum of the first n=2m terms of the 
series (1): 


Sim = (u,—u,)+ (u,—u,)+ ove T ga 77 Us) 


From condition (2) it follows that the expression in each of 
the brackets is positive. Hence, the sum s,, is positive, 


Sem > 9, 


and increases with increasing m. 
Now write this sum as follows: 


S 3m = Uy— (U, — 4.) — (4,— Ug) — «(Unig Ua ))— Uns 


By virtue of condition (2), each of the parentheses is positive. 


Therefore, subtracting these parentheses from u, we get a number 
less than u,, or 
Sam L the 
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We have thus established that s,, increases with increasing m 
and is bounded above. Whence it follows that s,,, has the limit s: 


lim s,, — s, 
and 
0c s«.u,. 


However, we have not yet proved the convergence of the series; 
we have only proved that a sequence of "even" partial sums has 
as its limit the number s. We now prove that "odd" partial sums 
also approach the limit s. 

Consider the sum of the first n=2m-+1 terms of the series (1): 


Som+i = Sem T Uam 


Since, by condition (3), lim u —0, it follows that 


2m --1 


= lim s,,4- lim U mẹ, = lim s,,— s. 
m > o m -— o m 


— 09 


We have thus proved that lim s,-s both for even n and 


for odd n. Hence, the series (1) converges. 

Note 1. The Leibniz theorem may be illustrated geometrically 
as follows. Plot the following partial sums on a number line 
(Fig. 346): 


S, 7 U,, §,=uU,—u,=S,—4,, S,=S,+4,, 8,75 8,— U,, S,=5,+4,, 
etc. 


The points corresponding to partial sums will approach a 
certain point s, which depicts the sum of the series. Here, the 
points corresponding to the 


Ua m] even partial sums lie on 
Us the left of s, and those 
us [ corresponding to odd sums, 
us on the right of s. 
Ug Note 2. If an alternating 
series satisfies the statement 
$4 Sg S Ss 53 


d: 5^5 oi the Leibniz theorem, 

Fig. 346. then it is easy to evaluate 

the error that results if 

we replace its sum, s, by the partial sum s,. In this substi- 

tution we suppress all terms after u,,,. But these numbers form 

by themselves an alternating series, whose sum (in absolute value) 

is less than the first term of this series (that is, less than u,,,). 

Thus, the error obtained when replacing s by s, does not exceed 
(in absolute value) the first of the suppressed terms. 
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Example 1. The series 


I—* 874 
converges, since 
l l 
1) l>—5> > n 
2 lim u,- lim "a: 


n -> CÓ n -— o n 


The sum of the first n terms of this series 
l 1 l nl 
Ss=l—z tz gt HOND p 


differs from the sum s of the series by a quantity less than 


] 
n+l’ 
Example 2. The series 

l l l 
i—z apap tes 


converges by virtue of the Leibniz theorem. 


SEC. 8. PLUS-AND-MINUS SERIES. ABSOLUTE 
AND CONDITIONAL CONVERGENCE 


We give the name plus-and-minus series to a series that has 
both positive and negative terms. | 

Obviously, the alternating series considered in Sec. 7 is a 
special case of plus-and-minus series *). 

We shall consider some properties of alternating series. 

In contrast to the agreement made in the preceding section we 
will now assume that the numbers u,, u, ..., Up ... can be 
both positive and negative. 

First, let us give an important sufficient condition for the 
convergence of an alternating series. 

Theorem 1. If the alternating series 


Ud u.4-...- Fu, d... (1) 
is such that a series made up of the absolute values of its terms, 
|u, | H- | He eb ds] e ees (2) 


converges, then the given alternating series also converges. 
Proof. Let s, and o, be the sums of the first n terms of the 
series (1) and (2). 


*) In this English edition we shall use the term alternating series for 
both types.— Tr. 
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Also, let s, be the sum of all the positive terms, and s7, the 


sum of the absolute values of all the negative terms of the first 
n terms of the given series; then 


$,—5,—8S, Cp = Sh +5). 

By hypothesis, o, has the limit o; s, and s are positive in- 
creasing quantities less than oc. Consequently, they have the 
limits s and s”. From the relationship !s, — s, — s, it follows that 
s, also has a limit and that this limit is equal to s' — s", which 
means that the alternating series (1) converges. 

The above-proved theorem enables one to judge about the 
convergence of some alternating series. In this case, the test for 
convergence of the alternating series reduces to investigating a 
series with positive terms. 

Consider two examples. 


Example 1. Test for convergence the series 
sina , sin2a , sin 3a sin na 
(3) 


-j; i 3r bo doeet a bee 
where a is any number. 
Solution. Also consider the series 
sin a sin 2a sin 3a sin na 
BUE “oa laa | tT ES (4) 
and 
l I 1 l 
je ta tzate tate (5) 


The series (5) converges (see Sec. 6). The terms of the series (4) are not 
greater than the corresponding terms of the series (5); hence, the series (4) 
also converges. But then, in virtue of the theorem just proved, the given 
series (3) likewise converges. 


Example 2. Test for convergence the series 


cos = cos 3 Z cos 5 Z cos (2n — 1) 7- 
3 t—3:- t 32 +... + ar tee (6) 


Solution. In addition to this series, consider the series 
L .1.. 1 l 
| a tgrtart--- bait: (7) 
This series converges because if is a decreasing geometric progression with 


ratio T . But then the given series (6) converges, since the absolute values 


of its terms are less than those of the corresponding terms of the series (7). 


Plus-and-Minus Series. Absolute and Conditional Convergence 73] 


We note that the convergence condition that was proved earlier 
is only a sufficient condition for convergence of an alternating 
series, but not a necessary condition: there are alternating series 
which converge, but series formed from the absolute values of 
their terms diverge. In this connection, it is useful to introduce 
the concepts of absolute and conditional convergence of an 
alternating series and, on the basis of these concepts, to classify 
alternating series. 

Definition. The alternating series 


ututut...tu,t+... (1) 


is called absolutely convergent if a series made up of the absolute 
values of its terms converges: 


LSESUME SUME PPP. P P (2) 


If the alternating series (1) converges, while the series (2) 
composed of the absolute values of its terms diverges, then the 
given alternating series (1) is called a conditionallg convergent 
Ser ies. 


Example 3. The alternating series 


is conditionally convergent, since a series composed of the absolute values 
of its terms is a harmonic series, 


I l l 
Id--4TÜe 
which diverges. The series itself converges (this can be readily verified by 


Leibniz' test). 
Example 4. The alternating series 


1,1 1 
l-z taz gte 


is absolutely convergent, since a series made up of the absolute values of 
its terms, 


1 1,1 
Ita ta tage 
converges, as established in Sec. 4. 


Theorem 1 is frequently stated (with the help of the concept 
of absolute convergence) as follows: every absolutely convergent 
series is a convergent series. 

In conclusion, we note (without proof) the following properties 
of absolutely convergent and conditionally convergent series. 
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Theorem 2. /f a series converges absolutely, it remains abso- 
lutely convergent for any rearrangement of its terms. The sum of 
the series is independent of the order of its terms. | 

This property does not hold for conditionally convergent series. 

Theorem 3. /f a series converges conditionally, then no matter 
what number A is given, the terms of this series can be rearranged 
in such manner that its sum is exactly equal to A. What is more, 
it is possible so to rearrange the terms of a conditionally conver- 
gent series that the series resulting after the rearrangement is 
divergent. 

The proofs of these theorems are beyond the scope of this course. 

To illustrate the fact that the sum of a conditionally convergent 
series can change upon rearrangement of its terms, consider the 
following example. 


Example 5. The alternating series 
I— 4-446 (8) 
converges conditionally. Denote its sum by s. It is obvious that s O. 


Rearrange the terms of the series (8) so that two negative terms follow one 
positive term: 


l ] l 1 1 l l l 
io ger 13 ee VY ma hk (9) 
— — m SS aeee, eee” 


We shall prove that the resultant series converges, but that its sum s’ is 
half the sum of the series (8): Fs Denote by s, and Sa the partial sums of 


the series (8) and (9). Consider the sum of 3& terms of the series (9): 


l l I l l l I l 
‘a= ( 3-4) +(e) +--+ gata) = 
l l I l l 
=(7-7)+(5-5)+ +a) 
l 


l l l l 1 
u z)*t0$-73) mi) | D 
] l I 1 1 l 
= RE EE REEES EE) 
Consequently, 
lim s, = lim LN Eam 
k -> œ ak k — 0 2 A go 
Further, 
Aor P , ] l 
QU. Sy us = ( Ssp tai) —3 5 
of , l l l 
Un iyya melim ( Ssk tai a)r 
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And we obtain 


Thus, in this case the sum of the series changed after its terms were 
rearranged (it diminished by a factor of 2). 


SEC. 9. FUNCTIONAL SERIES 


The series u,+u,+:...+u,+... is called a functional series 
if its terms are functions of x. 
Consider the functional series 


u, (x) +u, (x) +u, (x) +... +u) t.. (1) 


Assigning to x definite numerical values, we get different 
numerical series, which may prove to be convergent or divergent. 

The set of all those values of x for which the functional series 
converges is called the domain of convergence oi the series. 

Obviously, in the domain of convergence of a series its sum is 
some function of x. Therefore, the sum of a functional series is 
denoted by s(x). 


Example. Consider the functional series 
lst.. text... 


This series converges for all values of x in the interval (— 1, 1), that is, 
for all x that satisfy the condition |x|« 1. For each value of x in the 


interval (— 1, 1), the sum of the series is equal to (the sum of a 


l 
Ó1— 
decreasing geometric progression with ratio x). Thus, in the interval (— 1, 1) 
the given series defines the function 


S(x)= 


l—x 


which is the sum of the series; that is, 


ee ee ee ee 


] —x 


Denote by s,(x) the sum of the first n terms of the series (1). 
If this series converges and its sum is equal to s(x), then 


s (x) = Sa (x) +r, (X), 


where r,(x) is the sum of the series u,,, (x) + unpa (X) + ..., ie, 


ra(x) m usu) uu ux)... 
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Here, the quantity r,(x) is called the remainder of the series (1). 
For all values of « in the domain of convergence of the series we 
have the relation lim s,(x)=s(x); therefore, 


lim r, (x)= lim [s(x) —s, (x)] =0, 


which means that the remainder r, (x) of a convergent series ap- 
proaches zero as n — oo. 


SEC. 10. DOMINATED SERIES 


Definition. The functional series 
u, (x) H- u, (X) tu, Q) H- -.. us (x)+ x (1) 


is called dominated in some range of x if there exists a conver- 
gent numerical series 


a +a,ta,+...ta,+... (2) 
with positive terms such that for all values of x from this range 
the following relations are fulfilled: 

lu (x)]| «a, |u, (x) | o, eee; | us (x) | <a,, vase (3) 


In other words, a series is called dominated if each of its terms 
does not exceed, in absolute value, the corresponding term of some 
convergent numerical series with positive terms. 
For example, the series 
COS X , cos2x , cos 3x actos nx 


A oe de ge Re Ie TIE 


is a series majorised on the entire x-axis. Indeed, for all values 
of x, the relation 


T xs 


COS nx 
n? 


<-; (n=l, 2, ...), 


is fulfilled and the series 
l l l 
ptt ates 
as we know, converges. 

From the definition it follows straightway that a series domina- 
ted in some range converges absolutely at all points of this range 
(see Sec. 8). Also, a dominated series has the following important 
property. 

Theorem. Let the functional series 


u, (x) u, (x)H-... ou, (X) - ... 
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be dominated on the interval |a, b]. Let s(x) be the sum of this 
series and s,(x) the sum of the first n terms of this series. Then 
for each arbitrarily small number e>O there will be a positive 
integer N such that for all nzeN the following inequality will be 
fulfilled, 


|s(x)— S, (x)| <e, 
no matter what the x of the interval [a, b]. 
Proof. Denote by o the sum of the series (2): 


O=A,+0,+,+...+6,74,,,+ E. 
then 


O= Op +8, 
where o, is the sum of the first n terms of the series (2), and e, 
is the sum of the remaining terms ol this series; that is, 
en 7505,44 T- 0544 d s 
Since this series converges, it follows that 
lim 0,—6 


fn > o 


and, consequently, 
lim £, — 0. 


n — dw 


Let us now represent the sum of the functional series (1) in the 
form 
S (x) = Sa (x) + fn (X), 


s, (1) =u, (2) foe + tin (2), 
la (x) = Unta (x) F Unt: WJF (x) T... 


From condition (3) it follows that 


where 


| Unta (x) | S 05.1 | Unte (x) | < Ant ctio) 
and therefore 

| LACER 
for all x of the range under consideration. 


Thus, 
1s (x) — s, (x) | < En 


for all x of the interval [a, b], and e, — 0 as n — œ. 
Note 1. This result may be represented geometrically as follows. 
Consider the graph of the function y=s(x). About this curve 
construct a band of width 2e,; in other words, construct the 
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curves y — s(x)-e, and y=s(x)—e, (Fig. 347). Then for any e, the 
graph of the function s, (x) will lie completely in the band under 
consideration. The graphs of all successive partial sums will like- 
| wise lie within this band. 

Note 2. Not every function- 
al series convergent on the 
interval [a, 6] has the pro- 
perty indicated in the forego- 
ing theorem. However, there 
are nondominated series such 
that possess this property. 
A series that possesses this 
property is called a uniform- 
ly convergent series on the 
interval |a, b]. 

Thus, the functional series 
u (x) u, (x) +... +u, (x) 
+... is called a uniformly convergent series on the interval [a, b] 
if for any arbitrarily small e>>0 there is an integer N such that 
for all nz» N the inequality 


|s (x)— S, (x) | <E 


Fig. 347. 


will be fulfilled for any x of the interval [a, b]. 
From the theorem that has been proved it follows that a domi- 
nated series is a series that uniformly converges. 


SEC. 11. THE CONTINUITY OF THE SUM OF A SERIES 


Let there be a series made up of continuous functions 
u (x) -u, (x) FE... us (x) T -.-, 


convergent on some interval [a, b]. 

In Chapter II we proved a theorem which stated that the sum 
ol a finite number of continuous functions is a continuous func- 
tion. This property does not hold for the sum of a series (consist- 
ing of an infinite number of terms). Some functional series with 
continuous terms have for the sum a continuous function, while 
in the case of other functional series with continuous terms, the 
sum is a discontinuous function. 


Example. Consider the series 
1 1 1 1 1 1 1 


(° —x3)-F* —x? tue? —x*)4. ia EE Lati — 
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The terms of this series (each term is bracketed) are continuous functions for 
all values of x. We shall prove that this series converges and that its sum 
is a discontinuous function. 

We find the sum of the first n terms of thè series; 


1 


$4, — x^" *! — x, 


Find the sum of the series: 
if x 90, then 


1 
.2n--1 


s= lim s, (x)= lim (x —x)=1—x, 
n- oo tl — & 
if x «0, then 
1 
s= lim.s,(x)-— lim (—]|x|*^*! —4) 2— | —x, 
n -> 00 


n —> qo 


if x=0, then s,=0, and so s= lim s,=0. Thus, we have 


n -> œ 
s (x) =1—x for x > 0, 
s(x)= —1—x for x <0, 
s (x) 0 for x =0. 


And so the sum of the given series is a discontinuous function. Its graph is 
shown in Fig. 348 along with the graphs of the partial sums s,(x), s, (x), 
and s, (x). 


The following theorem holds true for dominated series. 
: Theorem. The sum of a series of continuous functions dominated 
on some interval |a, b] is a function continuous on this interval. 


D g 
- 


NN 
1-x for 8S0 -1 SS 
$74 0 for x=0 N 
-f-x für x<0 NENNT. 
y N 
yw 
ANY 
Fig. 348, 
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Proof. Let there be a series of continuous functions dominated 
on the interval [a, b}: 


u, (x) H- u, (x) +4, (0) H- ... (1) 
Let us represent its sum in the form 


S (x) = Sn (x) + ra (x), 
S (X) =u, (x) +.. +4, (X) 
Ts (x) — 44, (x) d3- Unt: (x) + T . 


On the interval [a, b] take an arbitrary value of the argument 
x and give it an increase Ax such that the point x+ Ax should 
also lie on the interval [a, b]. 

We introduce the notations 


As — s(x + Ax) —s (x); 
AS, = S, (x "s Ax) —S, (x); 


where 


and 


then 
As=As,+r,(*+Ax)—r, (x), 
from which we have 
[As] <| Asp] + [ra t Ax)| - | n, ()]. (2) 

This inequality is true for any integer n. 

To prove the continuity of s(x), we have to show that for any 
preassigned and arbitrarily small e>>0 there will be a number 
5>0 such that for all | Ax| <ô we will have |As|<e. 

Since the given series (1) is dominated, it follows that for any 
preassigned e —0O there will be found an integer N such that for 
all nz» N (and as a particular case, n= N) the inequality 


DICES (3) 


will be fulfilled for any x of the interval [a, b]. The value x- Ax 
lies on the interval [a, b] and therefore the following inequality 
is fulfilled: 


Irv (x - Ax) | 3. (3^) 


Further, for the chosen N the partial sum sy (x) is a continuous 
function (the sum of a finite number of continuous functions) and, 
consequently, a positive number 5 may be chosen such that for 
every Ax that satisfies the condition |Ax|«6 the following 
inequality is fulfilled: 


|Asy | <5. (4) 
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By inequalities (2), (3), (3’), and (4), we have 
€ &£ & 
|As| udo 4-5 
that is, 
|As| «se for |Ax|<6, 


which means that s(x) is a continuous function at the point x 
(and, consequently, at any point of the interval [a, 6}). 

Note. From this theorem it follows that if the sum of a series 
is discontinuous on some interval [a, b], then the series is not 
dominated on this interval. In particular, the series given in the 
example is not dominated (on any interval containing the point 
x=0, that is to say, a point of discontinuity of the sum of the 
series). . 

We note, finally, that the converse statement is not true: there 
are series, not dominated on an interval, which, however, converge 
on this interval to a continuous function. For instance, every 
series uniformly convergent on the interval [a, b] (even if it is not 
dominated) has a continuous function for its sum (if, of course, 
all terms of the series are continuous). 


SEC. 12. INTEGRATION AND DIFFERENTIATION OF SERIES 


Theorem 1. Let there be a series of continuous functions 


u (x)+u,(x)+...+4u,(x)+..., (1) 
dominated on the interval [a, b] and let s(x) be the sum of this 
series. Then the integral of s(x) between the limits from a to x, 
which limits belong to the interval [a, b], is equal to the sum of 


such integrals of the terms of the given series, that is, 


» x 


C (9) dx+ Vu, (x)dx+...+ Cu, (x) de T 


a a a 
Proof. The function s(x) may be represented in the form 


s(x) — s, (X)  r, (X) 
$(x)— u, (x) tu, (x) +... HH u, (X) +7, (x). 


or 


Then 


P 


X X 
so dx Vu Qo) dx Vu Qo)... 


M & 
+ Vus Q) dx Vr, Q0 dx (2) 


24* 
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(the integral of the sum of a finite number of terms is equal to 
the sum of the integrals of these terms). 


Since the original series (1) is dominated, it follows that for 
every x we have |r,(x)| « e,, where ¢,—+0 as n — oo. Therefore, 


x 


Tanal nos | 0, dxme, (x—a) ace, (60). 


Since &,— 0, it follows that 


lim V rs (x) dx =Q. 
n 08 


But from equation (2) we have 


2 (x) dx = (so lita (x) dx --...4- i (x) dx | 
Hence 


zm [C s(x) ax— [1 u,(x)dx-+... n (x) dx |) =, 


or 
lim | | u, (x) dx 4- ...-- Vu, (x) dx | = | s (x) dx. (3) 


The sum in the brackets is a partial sum of the series 


(u Qo dx... + f u(x) dx 4... (4) 


Since the partial sums of this series have a limit, this series 
converges and its sum, by virtue of equation (3), is equal to 


x 


Vs(x) dx, i. e., 


a 


| s(x) dx = \ u, (x) dx + \ u,(x)dx+...-+ | u,(x)dx-+..., 
a a a it 
this is the equation that had to be proved. 
Note 1. If a series is not dominated, term-by-term integration 
ol it is not always possible. This is to be understood in the sense 
x 


that the integral E (x) dx of the sum of the series (1) is not always 
a 
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equal to the sum of the integrals of its terms [that is, to the sum 
of the series (4)]. 


Theorem 2. /f a series, 
u, (X) 3- u, Q) H- TRE TACE ..., (8) 


made up of functions having continuous derivatives on the interval 
[a, b] converges (on this interval) to the sum s(x) and the series 


i, (X) 3- us (0) +... Fus (X) +... (6) 


made up of the derivatives of its terms is dominated on the same 
interval, then the sum of the series of derivatives is equal to the 
derivative of the sum of the original series; that. is, 


s' (x) = uy (x) + uy (x) + us (X) +... --ua(X)-- ... 
Proof. Denote by F(x) the sum of the series (6): 


F (x) =u, (*) +4, (x) +... Eus X) sss, 
and prove that 
F (x) =s (x). 
Since the series (6) is dominated, it follows, by the preceding 


theorem, that 
x x 


{ F (x) dx = (ui (x) dx -+ Vu; (x) dx -4-... + a (x) dx+... 
Performing the integration, we get 
| F (x) dx = [u, (x)—u, ()] + 
+ [u,(x) —u, (a) +... + [tn (x) —u,(a)] +... 
But, by hypothesis, 


s(x)-u, (x) --u,(x) +... +u) -..., 
s(a)=u,(a)+u,(a)+...+4u,(a)+..., 
no matter what the numbers x and a on the interval fa, b]. 
Therefore, 
| F (x) dx =s(x)—s(a). 
q 
Differentiating both sides of this equation with respect to x, 
we obtain 
F (x) = s' (x). 
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We have thus proved that when the conditions of the theorem 
are fulfilled, the derivative of the sum of the series is equal to 
the sum of the derivatives of the terms of the series. 

Note 2. The requirement of dominance (majorisation) of a series 
of derivatives is extremely essential, and if not fulfilled it can 
make term-by-term differentiation of the series impossible. This is 
illustrated by a dominated series that does not admit term- 
by-term differentiation. 

Consider the series 

sin l*x , sin2*x , sin 3'x 


iani 
15 CT-u— 92 d —3— 32? +. TE a 


This series converges to a continuous function because it is 
dominated, Indeed, for every x its terms are (in absolute value) 
less than the terms of the numerical convergent series with 
positive terms 


] ] | 1 

ytt t.e tpt. 
Write a series composed of the derivatives of the terms of the 
original series: 


cos x -- 2* cos2*x 4- ... Hn cos n*x -- ... 
This series diverges. Thus, for instance, for x=0 it turns into 


the series 
1 4-2! -3* 2 ... p n* T... 
(It may be shown that it diverges not only for x=0.) 


SEC. 13. POWER SERIES. INTERVAL OF CONVERGENCE 


Definition 1. A power series is a run series of the form 

a, +a, X+ax?+...ta,x"+. (1) 

Where Du dodi wick cue ves HIE constants called coefficients of 
ihe series. 

The domain of convergence of a power series is always some 
interval, which, in a particular case, can degenerate into a point. 
To convince ourselves of this, let us first prove the following theorem, 
which is very important for the whole theory of power series. 

Theorem 1 (Abel's Theorem). 1) /f a power series converges for 
some nonzero value x,, then it converges absolutely for any value 
of x, for which 


1? 


Ix < |x, |; 


2) if a series diverges for some value x,, then it diverges for every 
x for which 
|x| >| +I. 
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Proof. 1) Since, by assumption, the numerical series 
a, tax, Hat oen Hapo +... (1°) 


converges, it follows that its common term a,x?—+0 as n — oo, 


and this means that there exists a positive number M such that 
all the terms of the series are less than M in absolute value. 
Rewrite the series (1) in the form 


à, J- a,x, (=) +a (= H... Fax” (=) +... (la) 
and consider a series of the absolute values of its terms: 
altlar Ha] Hal ©) 


The terms of this series are less than the corresponding terms 
of the series 


M-+M 


x 
Xo 


X 
Xo 


X 


x I? 
Xg 


Xo 


EMILE asc MIE T s (3) 


For |x| «|x,| the latter series is a geometric progression with 
ratio Iz|«1 and, consequently, converges. Since the terms of the 


series (2) are less than the corresponding terms of the series (3), 
the series (2) also converges, and this means that the series (la) 
or (1) converges absolutely. 

2) It is now easy to prove the second part of the theorem: let 
the series (1) diverge at some point x. Then it will diverge at 
any point x that satisfies the condition |x| 7 |x,|. Indeed, if at 
some point x that satisfies this condition the series converged, then 
by virtue of the first part (just proved) of the theorem, it should 
converge at the point xf as well, since | x; | «| x|. But this con- 
tradicts the condition that at the point x, the series diverges. 
Hence the series diverges at the point x as well. The theorem is 
thus completely proved. 

Abel's theorem makes it possible to judge the position of the 
points of convergence and divergence of a power series. Indeed, 
if x, is a point of convergence, then the entire interval (—|x, |, 
|x,]) is filled with points of absolute convergence. If x, is a point 
of divergence, then the whole infinite half-line to the right of the 
point |x,| and the whole half-line to the left of the point —]| x| 
consist of points of divergence. 

From this it may be concluded that there exists a number R 
such that for |x| «C R we have points of absolute convergence and 
for [x| 2 R, points of divergence. 


X 
Xo 
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We thus have the following theorem on the structure of the 
domain of convergence of a power series: 

Theorem 2. The domain of convergence of a power series is an 
interval with centre at the coordinate origin. 

Definition 2. The interval of convergence of a power series is an 
interval from —R to +R such that for any point x lying inside 


series converges 
-R R 


Series diverges . Series diverges 


Fig. 349. 


this interval, the series converges and converges absolutely, while 
for points x lying outside it, the series diverges (Fig. 349). The 
number R is called the radius of convergence of the. power series. 

At the end points of the interval (at x=R and at x — —R) the 
question of the convergence or divergence of a given series is 
decided separately for each specific series. 

We note that in some series the interval of convergence dege- 
nerates into a point (R —0), while in others it encompasses the 
entire x-axis (R — oo). 

We give a method for determining the radius of convergence of 
a power series. 

Let there be a series 


a,taxtax+...fa,x"+... (1) 
Consider a series made up of the absolute values of its terms: 
jal+la Hx 3-4, LE P c Las LE x + 
tallet... +alle... (4) 
To determine the convergence of this series (with positive terms!), 
apply the d'Alembert test. 
Let us assume that there exists a limit: 


Anti 
Gn 


A u : 
lim ZH = lim 


n 0 n no 


n1 
es cal |= lim 
n 
n* n -> © 


|x | L |[x]. 

Then by the d'Alembert test the series (4) converges, if L|x|< 1; 

that is, if |x|<}, and diverges if L[x|>1, that is, if |x|>7. 
Consequently, series (1) converges absolutely when HESS But 


if |x|2 0-, then lim "ru —|x|L>1 and series (4) diverges, and 
nw "n 
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its general term does not tend to zero.*) But then neither does 
the general term of the given power series (1) tend to zero, and 
this means that (on the basis of the necessary condition of con- 


vergence) this power series diverges (when l>) ; 


From the foregoing it follows that the interval —L. T) is 
the interval of convergence of the power series (1): 


an 


l . 
R=;= lim 


noo 


nti 


Similarly, to determine the interval of convergence we can make 
use of the Cauchy test, and then 


| 
— lim Z/ja,|- 


n -> o 
Example 1. To determine the interval of convergence of the series 


| x x*-E x30 4... Fx" 3 u.. 
Solution. Applying d'Alembert's test directly, we get 


f ngl 
lim |* 5 
fl —> 0 X 


=|x|. 


Thus, the series converges when |x| <1 and diverges when |x|>1. At 
the extremities of the interval (—1, 1) it is impossible to investigate the 
series by means of d'Alembert's test. However, it is immediately apparent 
that when x= —1 and when x-—1 the series diverges. 

Example 2. Determine the interval of convergence of the series 


2e Qut Quy 


JT 9 3 see 
Solution. We apply the d’Alembert test: 
(2x)! +! 
: n+l : n 
lim = ] —— || 2x |=] 2x}. 
aad og selar AS 
n 


The series converges if [2x| <1, that is, if |x| <5: when -— the series 


l ; : 
converges; when x= —3 the series diverges. 


*) It will be recalled that in proving d'Alembert's test (see Sec. 4) we 
found that if lim “tH > 1, then the general term of the series increases and, 
consequently, does not tend to zero. 
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Example 3. Determine the interval of convergence of the series 
x* xt y 
*actautecbgngR$ee 
Solution. Applying the d'Alembert test we get 
x" *1pn| x 
x" (n+ 1)! n--1 


Since the limit is independent of x and is less than unity, the series con- 
verges for all values of x. 

Example 4. The series 1--x-4-(2x)*-J-(3xy) +... 4- (nx)* --... diverges for 
all values of x except x—0 because (nx)" — œ as n— œ no matter what 
the x, as long as it is different from zero. 


Un+y 
ün 


lim 


n => o 


— 
— 


n o 


=0 <1., 


— 
— 


n- do 


Theorem 3. The power series 
ataxtax+...+a,x"+... (1) 


is dominated on any interval [—0, o] that lies completely inside 
the interval of convergence. 


interval of convergence - 
cB -p 9 fi 
(ntervat of majorisatiom 
Fig. 350. 


Proof. It is given that ọ< R (Fig. 350) and therefore the num- 
ber series (with positive terms) 


la,]-- 1a,1e4-1a, |o  4- -.. -- a, |o" (5) 


converges. But when |x|<o, the terms of the series (1) do not 
exceed, in absolute value, the corresponding terms of series (5). 
Hence, series (1) is dominated on the interval [— 0, o]. 


=p p 
cR a 0 P R 
Fig. 351. 


Corollary 1. On every interval lying entirely within the interval 
of convergence, the sum of a power series is a continuous function. 
Indeed, the series on this interval is majorised, and its terms are 
continuous funetions of x. Consequently, on the basis of Theorem 1, 
Sec. 11, the sum of this series is a continuous function. 
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Corollary 2. If the limits of integration a, B lie within the interval of 
convergence of a power series, then the integral of the sum of the series 
is equal to the sum of the integrals of the terms of the series, be- 
cause the region of integration may be taken in the interval 
[—0, o], where the series is dominated (Fig.351) (see Theorem 2, 
Sec. 12, on the possibility of term-by-term integration of a domi- 
nated series). 


SEC. 14. DIFFERENTIATION OF POWER SERIES 
Theorem 1. /f a power series 
S(x) =a, +a x+ta,x*?+ax?+axi+...+a,x"+... (1) 
has an interval of convergence (—R, R), then the series 
p(x) — a, + 2a,x + 3a,x*+...+na,x"-'+..., (2) 


obtained by termwise differentiation of the series (1) has the same 
interval of convergence (—R, R); here, 
p(x) —s' (x), if |x| «R, 


i.e., inside the interval of convergence. the derivative of the sum 
of the power series (1) is equal to the sum of the series obtained by 
termwise differentiation of the series (1). 


-R - 0 X p ER 2% © 
Fig. 352, 


Proof. We shall prove that the series (2) is majorised on any 
interval [—0, o] that lies completely within the interval of con- 
vergenice. 

Take a point E such that o « E « R (Fig. 352). The series (1) 
converges at this point, hence lim a,” — 0; it is therefore possible 


to indicate a constant number M such that 
lae [M "(nemis 2, xs) 
If |x| o, then 
|na,i7* | e na," | nla t7 | E zen, 


where 
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Thus, in absolute value, the terms of the series (2), when 
x|<e, are less than the terms of a positive number series with 
constant terms: 


y 20-39 ess png ue). 


But this latter series converges, as will be evident if we apply 
the d'Alembert test: 


; ng” ——— 

Er 

Hence, the series (2) is majorised on the interval [—0, o], and by 
Theorem 2, Sec. 12, its sum is a derivative of the sum of the 
given series on the interval [— 0, o], i.e., i 


q (x) = s' (x). 


Since every interior point of the interval (—R,R) may be 
included in some interval [—g, o], it follows that the series (2) 
converges at every interior point of the interval (—R, R). 

We shall prove that outside the interval (— R, R) the series (2) 
diverges. Assume that the series (2) converges when x,>R. 
Integrating it termwise in the interval (0, x,), where R « x, <x,» 
we would find that the series (1) converges at the point x,, but 
this contradicts the hypotheses of the theorem. Thus, the interval 
(—R,R) is the interval of convergence of series (2). And the 
theorem is proved completely. 

Series (2) may again be differentiated term by term, and this 
may be continued as many times as one pleases. We thus have 
the conclusion: 

Theorem 2. /f a power series converges in an interval (—R, R), 
its sum is a function which has, inside the interval of convergence, 
derivatives of any order, each of which is the sum of a series re- 
sulting from term-by-term differentiation of the given series an 
appropriate number of times; here, the interval of convergence of 
each series obtained by differentiation is the same interval 


(—R, R). 
SEC. 15. SERIES IN POWERS OF x—a 
Also called a power series is a functional series of the form 
a,+a,(x—a)+a,(x—a)’+...+4a, (x—a)"+..., (1) 


where the constants a,, a,, ..., a,, ... are likewise termed coeffi- 
cients of the series. This is a power series arranged in powers of 
the binomial x—a. 
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When a-0, we have a power series in powers of x, which, 
consequently, is a special case of series (1). 

To determine the region of convergence of series (1), substitute 
the variable 


x—a--X. 
Series (1) then takes on the form 
a, +a X +a,X*+...+a,X"+..., (2) 


we thus have a power series in powers of X. 

Let the interval —R < X <R be the interval of convergence 
of the series (2) (Fig. 353, a). It thus follows that series (1) will 
converge for values of x that satisfy the inequality — R < x—a < R 
or a—R<x<a+R. Since series (2) diverges for | X| — R the 
series (1) will diverge for |x—a|>R, that is, it will diverge 
outside the interval a—R «x «a-- R (Fig. 353, B). 


-R 0 R X 
o) 2 
a-R -——~_a+tR X 01 2 X 
t— Ede "e ME IA CI —— 
Fig. 353. Fig. 354. 


And so the interval (a—R, a+ R) with centre at the point a 
will be the interval of convergence of series (1). All the properties 
of a series in powers of x inside the interval of convergence 
(—R, +R) are retained completely for a series in powers of 
x—a inside the interval of convergence (a —R, a+R). For example, 
alter term-by-term integration of the power series (1), if the limits 
of integration lie within the interval of convergence (a—R,a-+R), 
we get a series whose sum is equal to the corresponding integral 
of the sum of the given series (1). In the case of termwise diffe- 
rentiation of the power series (1), for all x lying inside the inter- 
val of convergence (a—R, a+R) we obtain a series whose sum 
is equal to the derivative of the sum of the given series (1). 


Example. Find the region of convergence of the series 
(x—2) + (x —2)? + (x 2) - ... c -(x—2)! +... 
Solution. Putting x—2-— X, we get the series 
X -TXLBXL... XU... 
This series converges when —1 < X <+1. Hence, the given series converges 


for all x that satisfy the inequality —1 < x—2 < 1, that is, when 1 «x «3 
(Fig. 354). 
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SEC. 16. TAYLOR'S SERIES AND MACLAURIN'S SERIES 


In Sec. 6, Ch. IV, it was shown that for a function f(x) that 
has all derivatives up to the (n+ l)st order inclusive, Taylor's 
formula holds in the neighbourhood of the point «=a (that is, 
in some interval containing the point x =a): 


Fo) — Fa) 4- T @+ 
+ EP (2)... + ESE po (a) -R, (0), d) 


where the so-called remainder term R,(x) is computed from the 
lormula 


(x—a)" +! 


R,= TESI f^*"[a--0(x—a), O<b<l. 


If the function f(x) has derivatives of all orders in the neigh- 
bourhood of the point x=a, then in Taylor's formula the number 
n may be taken as large as we please. Suppose that in the 
neighbourhood under consideration the remainder term R, tends 
to zero as n —> oo: 


lim R, — 0. 

n o 
Then, passing to the limit in formula (1) as n — oo, we get an 
infinite series on the right which is called the Taylor series: 

F(x) =fa) +27 @+...¢ 57% qm... ^ e) 
This equation is valid only when R, (x) —0 as n—+ oo. Then the 
series on the right converges and its sum is equal to the given 
function f(x). Let us prove that this is indeed the case: 
f(x) =P, (x) 7 R, (x), 


where 


P, (x) =f (a) +2227 (a) +... - E [m (a). 
Since it is given that lim R, —0, we have 
f (x) = lim P, (x). 
n -> o 

But P,(x) is the nth partial sum of the series (2); its limit is 
equal to the sum of the series on the right side of (2). Hence, 
(2) is true: 

Fa) 9 Fa) +227 (a) p 59. P (2) - EZ f (a) 4... 
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From the foregoing it follows that the Taylor series is a given 
function f (x) only when limR,=0. If limR,+0, then the series 
is not the given function, although it may converge (to a different 
function). 

If in the Taylor series we put a=0, we get a special case of 
' this series known as Maclaurin's series: 


F= OF OFT P(O+...+45 7+...) 


If for some function we have a formally written Taylor’s 
series, then in order to prove that this series is a given function 
it is either necessary to prove that the remainder term approaches 
zero, or to be convinced in some way that this series converges 
to the given function. 

We note that for each of the elementary functions defined in 
Sec. 8, Ch. I, there exists an a and an R such that in the inter- 
val (a—R, a-- R) it may be expanded into a Taylor's series or 
(if a0) into a Maclaurin's series. 


SEC. 17. EXAMPLES OF EXPANSION OF FUNCTIONS 
IN SERIES 


1. Expanding the function f(x)--sin x in a Maclaurin's series. 
In Sec. 7, Ch. IV, we obtained the formula 


] D x? x5 ye: PLE R 
sin x=x—z +A. e t(— ) Qn—1 T — 
Since it was proved that lim R,,— 0, it follows, by what has been 


n-- o 
said in the preceding section, that we get an expansion of sin x: 
in a Maclaurin's series: 
xml 


sinx—x—Z--E-.. cECTDUU wb (1) 


Since the remainder term approaches zero for any x, the given 
series converges and, for its sum, has the function sin x for 


any x. 

Fig. 355 shows the graphs of the function sinx and of the 
first three partial sums of the series (1). 

This series is used to compute the values of sinx for different 
values of x. 

To illustrate, let us compute sin 10? to the fifth decimal place. 


Since 10° = = = 0.174533, we have 


: o, n ] zt 3 fay. E E 
sin 10 =z (i) ta) —n(is) l.. . 
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Confining ourselves to the first two terms, we get the following 
approximate equality: 


T Tt | /nWM., 

i 6 (is) 

here, we are in*error by 6, which in absolute value is less than 
the first of the suppressed terms; that is, 


i mM l 5 —6 
ò< (is) « 150-2 < 4-107°. 
"E 


sin 


Fig. 355, 


N 


If each term in the expression for sin 73 


decimal places, we get 
sin 7 = 0.173647. 


is computed to six 


We can be sure of the first four decimals. 
2. Expanding the function f(x)-e* in a Maclaurin’s series. 
On the basis of Sec. 7, Ch. IV, we have 


slt tat tt (2) 
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since it was proved that lim R,(x) 20 for any x. Hence, thc 


series converges for all values of x and is the function e”. 
3. Expanding the function f(x)-—cosx in a Maclaurin's series. 
From Sec. 7, Ch. IV, we have 


cosx-l—Z5-Fa—gtes (3) 


for all values of x the series converges and represents the function 
COS X. 


SEC. 18. EULER'S FORMULA 


Up till now we have considered only series with real terms and 
have not dealt with series with complex terms. We shall not give 
the complete theory of series with complex terms, for this goes 
beyond the scope of this text. We shall consider only one important 
example in this field. | 

In Chapter VII we defined the function e**" by the equation 


| g**'? — e* (cos y +i sin yj). 
When x=0, we get Euler's formula: 
e" — cos y + i sin y. 
If we determine the exponential function e" with imaginary 
exponent by means of formula (2), Sec. 17, which represents the 
function e* in the form of a power series, we will get the very 


same Euler equation. Indeed, determine e” by putting the expres- 
sion iy in place of x in equation (2), Sec. 17: 


=l ee 0... Ou... (1) 
Taking into account that ?=—1, © = —i, *=1, =i, i= — 1, 


and so forth, we transform formula (1) to the form 
UIN. .. ru 
Shri oar apt gp oes 
Separating in this series the reals from the imaginaries, we find 
pl qvo. 7 a 
e = (1 ton SEF 3 8 — i 


The parentheses contain power series whose sums are equal to 
cosy and siny, respectively [see formulas (3) and (1) of the pre- 
ceding section]. Consequently, 


e" — cosy -- i sin y. 
Thus, we have again arrived at Euler's formula. 
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SEC. 19. THE BINOMIAL SERIES 


]. Let us expand the following function in a Maclaurin's series: 
f(x) =(1 +x)”, 
where m is an arbitrary constant number. 

Here the evaluation of the remainder term presents certain dif- 
ficulties and so we shall approach the series expansion of this 
function somewhat differently. 

Noting that the function f(x) = (1 +x)” satisfies the differential 


equation 
(1 +x) F (x) =mf (x) (1) 
F(0) — 1, 


we find a power series whose sum s(x) satisfies equation (1) and 
the condition s(0)=1: 


s(x) -1-4-a,x4-a,x' 4-...-F-a,x^ 4- ... *). (2) 
Putting this series into equation (1), we get 
(1+ x) (a, 4- 2a,x 4- 3a,x* +... - na,x"^ 4... )— 
=m (1 +ax +a, x +... Ha, 4- ...). 


Equating the coefficients of identical powers of x in different parts 
of the equation, we find 


a =m, a, + 2a, — ma,; P na, 4- (NF 1)a,,, = ma, Ever 


and the condition 


Whence for the coefficients of the series we get the expressions 


| a(m—l) mí(m—1), 
1 9 e 9 , 
|| a, (m— 2) |... m (m—1) (m— 2), 

ul Ses eee ae 


Q,—l; a,=m, a 


a, 


Inm (m—1)...[m—n--1], 


a, 1-2....n 


These are binomial coefficients. 
Putting them into formula (2), we obtain 
m (m — 1) 


s(x)= 1-4 mx+—7a Oo X4... 


m (m —1)...[m —(n — 1)] 


.-T- ron Xt els ad. (3) 


*) We took the absolute term equal to unity by virtue of the initial con- 
dition s (0) — 1. 
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If m is a positive integer, then beginning with the term con- 
taining x"*' all coefficients are equal to zero, and the series is 
converted into a polynomial. For m fractional or a negative 
integer, we have an infinite series. 

Let us determine the radius of convergence of series (3): 


Xe Dy 


n1 n! 
jj | m(m—1).. [m—5 4-2] ,, 
n^ (n — 1)! E 
0 sas] qi | mim—l)...(m—n+l)(n—1) of 
lim ae | | ml). (mapa "|^ 
= lim moet xlix. 
n- o5 


Thus, series (3) converges for |x|< 1. 
In the interval (—1, 1), series (3) is a function s(x) that 
satisfies the differential equation (1) and the condition 


s(0) — 1. 


Since the differential equation (1) and the condition s(0)=1 
are satisfied by a unique function, it follows that the sum of the 
series (3) is identically equal to the function (1--x)", and we 
obtain the expansion 


— Z2 r 
For the particular case Nt we have 
y = |— x+ xm t.n’ (4) 


For m= we get 


ae Y l a 1:3 3 13-5 , 
V1 +x=1+ 9 X—95.4^* T334.6* —24.6.8 * + s (5) 
1 
For m= — z We have 
i E eis 1-3-5 Js 1+3-5-7 4 
Vir tu "04:8 Th ae s (6) 


2. We apply the binomial expansion to the expansion of other 
functions, Expand the following function in a Maclaurin's series: 


f (x) 2 arcsin x. 
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Putting into equation (6) the expression —x^ in place of x, we 
get 


1 | oe 1-3 , 
Vise oe toate 


1-3-5 1:3-5.. pos E 
target tes boar, Tee 


By the theorem of integration of power series we have, for 
Ix | «Ll: 
x 


f dx -3x5 | 1-3-5 x’ 
1— 


;7 are sin x= I SEEE 


g psa xit 
i 2:4.6...2n 2n+1 


This series converges in the interval (—1, 1). One could prove 
that the series converges for x=-++-1 as well as that for these 
values the sum of the series is likewise equal to arcsinx. Then, 
setting x —1, we get a formula for computing n: 


. 1-3- 
arcsin 1 = =14 3. 3334 Ill TT. 


SEC. 20. EXPANSION OF THE FUNCTION In (14x) 
IN A POWER SERIES. COMPUTING LOGARITHMS 


Integrating equation (4), Sec. 19, from O to x (when |x|« 1), 
we obtain 


fifa- s+ t.n. )dx 
or 2 3 4 h 
In(l+x)=x—-Z+F7—F+...4 (HI E+ (1) 


This equation holds true in the interval (—1, 1). 
If in this formula x is replaced by —»x, then we get the series 


=) SG oo M e (2) 


which converges in the interval (— 1, 1). 

Using the series (1) and (2) we can compute the logarithms of 
numbers lying between zero and two. We note, without proof, 
that for x 1 the expansion (1) also holds true. 

We will now derive a formula for computing the natural loga- 
rithms of all integers. 
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Since in the term-by-term subtraction of two convergent series 
we get a convergent series (see Sec. 1, Theorem 3), then by sub- 
tracting equation (2) from equation (1) term by term, we find 


In (1 +x)—In(1—x) = Ini t =? er 


l—x 
lx ndi, eit 
Now put (—— — ——; then X— Al 
For any n 20 we have 0 x« 1; therefore 


l+ ni l l l 
Inyo in n xL sets tsa ud af 


whence 
l ] i l 
In(n--1)—Inn- 2| i mpm £m (3) 


For n=1 we then obtain 
| i 1 
In2-2| 5, xay]. 


To compute In2 to a given degree of accuracy 6, one has to 
compute the partial sum s,, choosing the number p of its terms 
such that the sum of the suppressed terms (that is, the error R 
committed when replacing s by s,) is less than the admissible 
error 6. To do this, let us evaluate the error R 

l ] l 
R= 2 ann HFa Har t | 
Since the numbers 2p--3, 2p+5, ... are greater than 2p+ 1, it 
follows that by replacing them by 2p-- 1 we increase each fraction. 
Therefore, 


l l l 
Rly ta a E 
or 


l ] 1 l 
Ry ei sent ent ant: |: 
The series in the brackets is a geometric progression with ratio 
$ Computing the sum of this progression we find 


2. PH H 
POF I aAa z 
9 


If we now want to compute 1n 2 to, for example, seven decimal 
places, we must choose p such that R p < 0.0000001. This can be 
done by selecting p so that the right side of inequality (4) is less 
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than 0.0000001. By direct choice we find that it is , sufficient to 
take p=8. To seven-decimal accuracy we have 


] 
næs —2 | y spa re ep et 
l l 
+i ga + g-ga | = 06931471. 


Thus, In 2 = 0.6931471. These seven digits are significant digits. 
Assuming n=2 in formula (3), we obtain 


In3=I1n 2+2 4ta typt na | = 1.098612, and so forth. 


In this way we obtain the natural logarithms of any integer. 
To get the common logarithms of numbers, use the following 
relationship (see Sec. 8, Ch. IJ) 
log V — Min N, 


where M —0.434294. Then, for example, we get 1n 2 — 0.6931472, 
log 2 — 0.30103. 


SEC. 21. INTEGRATION BY USE OF SERIES 
(CALCULATING DEFINITE INTEGRALS) 


In Chapters X and XI it was noted that there exist definite 
integrals, which, as functions of the superior limit, are not, in 
final form, expressible in terms of elementary functions. It is 
sometimes convenient to compute such integrals by means of 
series. 

Let us consider several examples. 

1. Let it be required to compute the integral 


V e-*? dx. 
Here, the antiderivative of e^** is not an elementary function. 
To evaluate this integral we expand the integrand in a series, 


replacing x by —x' in the expansion of e* [see formula (2), 
Sec. 17]: 


eI (HL + 
Integrating both sides of this equality from 0 to a, we obtain 
d 2 x xs a 
\er? dx (—£E 1:3 tag sits)h- 


a a’ 
=t HA Tt 
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Using this equation, we can calculate the given integral to any 
degree of accuracy for any a. 
2. It is required to evaluate the integral 


a 

sin x 
| —— dx. 
0 


X 


Expand the integrand in a series: from the equation 
: PME EE 
sink=X— Dry AT — 


we gel 
sin x x" 


x? x? 
- bedeuten 


the latter series converges for all values of x. Integrating term 
by term, we obtain 


a 

sin x a? a a? 
|" dre a— qd gm Zr 
9 


The sum of the series is readily computed to any degree of 
accuracy for any a. 
3. Evaluate the elliptic integral 


A 


f VI—Esimgdpe (k<1). 


Expand the integrand in a binomial series, putting m= 
X — k’ sin’ ọ [see formula (5), Sec. 19]: 


I 
91 


Vi—E sm g= 1—5 E sin! g— 7.4 Asin g— 5 g P'sin'g—.. 


This series converges for all values of ọ and admits term-by-term 
integration because it majorises on any interval. Therefore, 


9 p 9 


i QR P l p2 ( cuz al cine 
\Vi-k sin’ dp = 9—5 k | sin pdp—5 4 E | sin p dọ— 
9 9 0 


@ 
UN EE NUS eee 
248^ | sin pdg—... 


— 
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The ee on the right are computed in ceineutaly fashion. 
For p=% we have 


Ti ed) n 


sin’ "9 dg — L D HE 


dads 


(see Sec. 6, Ch. XI) and, hence, 


Tics d= S [i- (5) G3) 5-653) £—-] 


SEC. 22. INTEGRATING DIFFERENTIAL EQUATIONS 
BY MEANS OF SERIES 


If the integration of a differential equation does not reduce to 
quadratures, one resorts to approximate methods of integrating 
the equation. One of these methods is representing the equation 
in a Taylor'sseries; the sum of a finite number of terms of this 
series will be approximately equal to the desired particular 
solution. 

To take an example, let it be required to find the solution of 
a second-order diflerential equation, 


y"=F (x, y y) (1) 
that satisfies the initial conditions 
(Y) xox, = Yo Yez =Y i: (2) 


Suppose that the solution y —f(x) exists and may be given in 
the form of a Taylor's series (we will not discuss the conditions 
under which this occurs): 


y =F (x) HEF o) EP o4 .. (3) 


We have to find f(x), PF (x) P(x,),..., i.e., the values of the 
derivatives of the particular solution when x-x,. But this can 
be done by means of equation (1) and conditions (2). 

Indeed, from conditions (2) it follows that 


FG) = f d (x,) = Yo; 
from equation (1) we have 
P(X) = sou, =F Eo Yor Yo). 
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Differentiating both sides of (1) with respect to x, we get 


y" =F, (x, y, y) FoGS y, yy +Py s y, yy A) 
and substituting the value x—»x, into the right side, we find 


fr" (x,) =F (U PER 
Differentiating the relationship (4) once again, we find 
abd (x,) ee (y PEPA 
and so on. 
We put these values of the derivatives into (3). For those 


values of x for which this series converges, this series represents 
the solution of the equation. 


Example 1. Find the solution of the equation 
yf = — yx’, 
which satisfies the initial conditions 


Y)yoo= 1, (Y )x = =0. 
Solution. We have 


fO 9 y, —1; f^ (0) =y, =0. 
From the given equation we find (y’),.,=/" (0) 20; further, 
y" = — y'x?—2xy, («P (0) =0, 
y mx —Axy'—2y,  (y!Y) 9 = —2 


and, generally, differentiating & times both sides of the equation by the 
Leibniz formula, we find (Sec. 22, Ch. III) 


y 9 c y^ x2— 2b y ^70 x— hk (k — 1) y^-9, 
Putting x —0, we have 
yea ——k(—l)y 
or, setting k+2=n, 
| y, = — (n—3) (n—2) yf"), 
Whence 
y! ——1.2, y® =— 56y! —(— 1)* (1-2) (5-6), 
yl?) — — 9-10y(9 == (— 1) (1-2) (5-6) (9-10), 
ji^ = (— 1)* (1-2) (5-6) (9-10). . .[(4& —3) (4k —2)]. 


In addition, 
yE —0, y —0, ..., yE =0, 


9 —0, gQ9 =0, 4 ya^ +2) 0, 
JP —0, yO!) — 0, -— y^ +2) 0. 


Thus, only those derivatives whose order is a multiple of four do not 
become zero. 
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Putting the values of the derivatives that we have found into a Macla- 
urin's series, we get the solution of the equation 


siel 24. (1.9) (5-6) — (1.2) (5-6) (9-10) + 
y= gl 8l 12! i 


AR 
—€— D ay 072 (B-6). ..[(4& —3) (4& —2)] +... 


By means of d'Alembert's test we can verify that this series converges for 
all values of x; hence, it is the solution of the equation, 


If the equation is linear, it is more convenient to seek the 
coefficients of expansion of the particular solution by the method 
of undetermined coefficients. To do this, we put the series 


y =a, -- a,x - a,x* + pai Tax ae ee 


into the differential equation and equate the coefficients of 
identical powers of x on different sides of the equation. 


Example 2. Find the solution of the equation 
y” —2xy' + 4y 
that satisfies the initial conditions 
(Y)s=0=0, (y), 71. 
Solution. We set 
y —a,--aux-Tax*-o-ayx* d... d- aux" 4... 
On the basis of the initial conditions we find 
8, —0, 2,21. 
Hence, 
y —x4-ax +a xi +... fa x +... 
y' = 1+ 2a,x 4-3a,x* +... nax” -1 +... 
"==2a,+3-2a,x-+-...-+-na(n—1)a,x"-?+... 
Putting these expressions into the given equation and equating the 
coefficients of identical powers of x, we obtain 
20, =0, whence a,=0; 
3-2a, —2 --4, whence a,=]}; 
4.3a,—4a, +48, whence a,=0; 


n(n—1)a,-—(n—2)2a,-,4-4a,-, whence an= aca « 


Consequently, 
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Aeokt+ = oh PT ; 


a,=0; a,—0; a,,—0. 
Substituting the coefficients which we have found, we get the desired 
solution: 
po ox x x+ 
y=x+ r ta tzat e tat: 


The series thus obtained converges for all values of x. 

It will be noted that this particular solution may be expressed in terms 
of the elementary functions: taking x outside the brackets we get (inside the 
brackets) an expansion of the function e**. Hence, 


y — xe**, 
SEC. 23. BESSEL'S EQUATION 


Bessel's equation is a differential equation of the form 
xy" + xy’ +(x*—p*)y=0 (p= const). (1) 
The solution of this equation (as also of certain other equations 
with variable coefficients) should be sought not in the form of 
a power series, but in the form of a product of some power of 

x by a power series: 
y= x" Dag". (2) 
=90 

The coefficient a, may be considered nonzero due to the 


indefiniteness of the exponent r. 
We rewrite the expression (2) in the form 


oo 
y= 2) qut. 
R=0 


and find its derivatives: 


y= Yr k)a,x'**-*; 
k=0 


y" = PAG J- 5) (r - & — 1) a,x'**7*. 


Put these expressions into equation (1): 


x 2 (r J- E) (r --&—1)a,x'**^* + 


+x 2 (r 4- £ altho! 4- (x*—p*) X a,x! ** «0. 
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Equating to zero the coefficients of x to the powers r, r-- 1, 
r-F2,..., r+, we get a system of equations: 
[r (r— 1) -r— p']a, — 0 or [^ —p'] a, — 0, Y 
[r4-1)r--(r4-1)—p']a, 20 or. [(r--1) —p'1a, —0, 


[(r-- 2) (r-- 1)-E(r4-2)—p"] a,-Fa,—0 or [(r+2)*—p*]a,+a,=0, 1 (3) 


(r+ &) (r 4- 8 — 1)--(r t - 5) — plata- — 0 or 
[(r +k — p] a, 4- a4,., 2 O. ) 
Let us consider the latter equation: 
[(r +k)’ —p'] a, - a,.., — 0. (3) 
It may be rewritten as follows: 
I(r --&— p) (r +k+p)] a, +a,_,=0 
t is given that a, #0; hence, 
r^ — p* — 0, 

therefore, 7, — p or r,- — p. 

Let us first consider the solution for = 


0. 
From the system of equations (3) we determine all the coeffi- 


cients aà,, @,,... in succession; a, remains arbitrary. For instance, 
put a,— 1. Then 


GE» 
k (2p +k)” 
Assigning various values to k, we find 


Q,— — 


a, =0, a,-0 and, generally, a,,,, =0; 
l . — e ° 
72 =— FQp FH? %~ 2-4 Qp FH Opts” (4) 
a —-—— — —-— 
2v 2.4.6.. .2v (2p 4-2) (2p +4)... (2p + 2v) ' 


Putting the coefficients found into (2), we obtain 


EN iU TEE E AEE E 
yY, =x L 2(2p + 1 2-4 (2p 2) Gp 4) 


x? 
~ 2.4.6 (2p + 2) (2p +4) prot e] (9) 
All the coefficients a,, will be determined, since for every & the 
coefficient of a, in (3), 
(r Ry — p, 
will be different from zero. 
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Thus, y, is a particular solution of equation (1). 

Let us further establish the conditions under which all the coef- 
ficients a, will be determined for the second root r, — — p as well. 
This will occur if for any even integral positive k the following 
inequalities are fulfilled: 


(r,--R) — p' #0 (6) 
or 
rtk# p. 
But p=r,; hence, 
re +k Ær. 
Thus, condition (6) is in this case equivalent to the following 
ru,—r,-- Rh, 


where k is a positive even integer. But 


ri =p, r,— p, 
hence 


r.—r,=2p. 
Thus, if p is not equal to an integer, it is possible to write 


a second particular solution that is obtained from expression (5) 
by substituting —p for p: 


eS ee cee ee, NR RNER 
Marce L 3(—3p-E2j - 2-4 (— 2p 4-2 (— 2p 3-4) 
x? f 
sare r a a e (9) 


. The power series (5) and (5') converge for all values of x; this 
is readily found by d'Alembert's test. It is likewise obvious that 
y, and y, are linearly independent.*) 

The solution y, multiplied by a certain constant is called 
a Bessel function of the first kind of order p and is designated 
by the symbol J,. The solution y, is denoted by the symbol J p. 


*) The linear independence of functions is verified as follows. Consider the 
relation 


1 x? x* 
UJ, js x? NER MR e 
2(2p4-2)  2-4(2p--2)(2p--4) 


This relation is not constant, since for x +0 it approaches infinity. Hence 
the functions y, and y, are linearly independent. 
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Thus, for p not equal to an integer, the general solution of 
equation (1) has the form 


y — C,J, tC -p 


For instance, when p=> the series (5) will have the form 


= x? x$ xt 
* AS rg: = g 
EX x? x$ x! 
= yz -ati nt ee ae 
. Te $9 , 
This solution multiplied by the constant factor ra is called 
Bessel's function Jı; we note that the brackets contain a series 


2 
whose sum is equal to sin x. Hence, 


m 
J, (x)= ae sin x. 
P3 JU 


In exactly the same way, using formula (5), we obtain 
[3 
ua Vy COS X. 


The general integral of (1) for p=5 is 
y= Cda (x) 4- C4 oa (x). 


Now let p be an integer which we shall denote by n(nze0). 
The solution of (5) will in this case be meaningful and is the 
first particular solution of (1). 

But the solution of (5’) will not be meaningful because one of 
the factors of the denominator will become zero upon expansion. 

For positive integral p=n the Bessel function J, is determined 


by the series (5) multiplied into the constant factor (when 
nz0 we multiply by 1): 


2" nl 


yê 


x" x? ee 
Ja (0) = 22 [EE E to OE 
6 


x | | 
2-4-6 (2n + 2) (2n -- 4) (2n--6) © °t 
OT 


= L1» ny 
4 -Mateaz) - (7) 


vzo 
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It may be shown that the second particular solution should in 
this case be sought in the form 


K,(x)  J, 1n x 4- x7" b b,x". 


Putting this expression into (1), we determine the coefficients b,. 

The function K,(x), with the coefficients thus determined, mul- 
tiplied by a certain constant is called Bessel’s function of the 
second kind of order n. 

This is the second solution of (1), which with the first one 
forms a linearly independent system. 

The general integral will be of the form 


Au y =C, (x) TCK, (x). (8) 
We note that 
lim K, (x) = oo. 


Hence, if we want to consider the final solutions for x=0, then 
we must put C,=0 into formula (8). 


Example. Find the solution of Bessel's equation, for p —0, 
ao deos 
gor pg 
that satisfies the initial conditions: for «=O, 
y —2, y =Q. 


Solution. From (7) we find one particular solutions 
OKY O 1 f(xM,QU 1 æ) 1 fe) 
no-X grlt) =! (4) telt) alr) + 

v=0 


Using this solution, we can write a solution that satisfies the given 
initial conditions, namely: 


y = 2J, (x). 


Note. If we had to find the general integral of this given equation we 
would seek the second particular solution in the form 


K, (x) 2J, In x + > b,x*. 
k=0 


Without giving all the computations, we indicate that the second 
particular solution, which we denote by K,(x), is of the form 


K, (x) =J, (x) In +5 —aoni(F) (1+ z) tap() (14 gtg)o 


This function multiplied by some constant factor is called Bessel's function 
of the second kind of order zero. 
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Exercises on Chapter XVI 
Write the first several terms of the series according to the given general 
term: 
l n? (nl)? 
n(n-El) 2. Un Rl 3. "n — (ny 
5. uM nti V ntl. 


Test the following series for convergence: 6. cot duni du. 


x” 


l. Up= "E 


us =(— 1) 


Ans. Converges, 


l l l 
1. —y7—— —7— a eo ae arra "98 A . Di LJ 
yi o Vs ys Yoa” ns iverges 
8. 243 l4 +.. d .. Ans. Diverges. 9. Pg 


tym . Ans. Diverges. rts) t i T... (B) te 


Ans. d 11. ats ME ds Chu 


5+5 Tute . + DE . Ans. Converges. 
Test for convergence the following series with given general terms: 


+.. Ans. Diverges. 


1 l 2 
13. Un =z" Ans. Converges. 14. m= Ans. Diverges. 15. u, = al’ 
Ans. Diverges. 16. u Ein Ans. Diverges. 17. u NA Ans 
. € *. LI n 3--n*' * . ° n nt+2n+3° L 


Converges. 18. 4, ,— 


tyty to timat ti.. + 


20. Is the Leibniz theorem applicable to the series 
l l 1 


— —X € — M] —H PER Ce €—M— ——gn 


TE yazi V3) yit UY Vedi 


Ans. It is not applicable because the terms of the series do not decrease 
monotonically in absolute value. The series diverges. 

How many first terms must be taken in the series so that their sum should 
not differ by more than 10-7* of the sum of the E series: 


l l l l l l l 


M 


21. ap 9579 tectae Ans. n=20. 22. pata 
| | 4 m D 1,1 
ed aspe] f Ans. n=10". 23. a tp gt ta 
| | E ae jr 
"qp e Ans. n-]lO* 24. 9 t EG 2.3.4.5 te A 
Ans. n — 10 
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Find iu SOS 2 ne following series converges absolutely: 


l 
25. -atg a Sat ate. .+ (— 1"! (n — Ont ... Ans. Converges abso- 


lutely. 26. j—32'wti'm--- Ws Ans. Converges 


l l l l 
absolutely. 27. 2 in ratga pat D .. Ans. Converges 


conditionally. 28. — (— 1 yis Ans. Con- 


l l ] 
ETE et 77 tO 77 


Find the sum of the series: 29. 


verges conditionally. 


ptr je taii 
Ans. T° 
For what values of x do the following series converge: 
ata 
+... (— CE . Ans, — lex 1.32. 3x -- 3*x* -E 29x? 4 3"! Psp. 


2 0x? 
Ans. In| <=. 33. 1 eS veer S . Ans. — o0 « x « oo. 


: x . x? x" 
0. Lt d peecbusebe. Ans —2<x<2 3 x— 


34. sin x --2 sin [+4 sin Z4.. 2^ sin a; zat- Áns. |—oo <x< o. 

35. FENFU Ans. =l sr <l. 
1+V1 24-V2 n+Vn 

36. ea EE bes bates Ans. — o «x < c. 37. xit 


(1. : 3s 


EG Re E pese Ans. --e<x<e. 38. — 


+. E "4... Ans. — 4 «x «4. 39. Find the sum of the series 
nad. qnx" +... |x] <1). 


Hint. Write the series in the form 


x-re? pH xf... 
din cda. x 
P y Ans. ü—2ot 


xt 


Determine which of the Owe series is majorised on the indicated 
intervals: 40. a+. opos (0 e x «; 1). Ans.  Majorised. 


At. ee (O0<x<l). Ans. Not majorised, 


sinx , sin 2x i = sin 2 


42. + 


+... (0, 2x]. Ans. Majorised. 


25— 3388 
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Expanding Functions in Series 


43. Expand or in powers of x and determine the interval of conver- 
gence. Ans. The series converges for — 10 < x < 10. 


44. Expand cosx in powers of («-4) . Ans 


vyi-yz(*-4)- 
4 "Ve Vr 4 
7a (*— 4) tayr 3) 

—— | x — — —— |x= — T 

2y2 T) toya a) t 

2 3 
45. Expand e-7* in powers of x. Ans. Imre tate 
2 
46. Expand e* in powers of (x—2). Ans. epe! (x—2) +5 (—2)! + 


pe 

tye nF.. 

.47. Expand x!—2x*-4-5x —7 in powers of (x—1). Ans. —3+4(x—1)+ 

+ (x—1)? 4-(x— 1. 

48. Expand the polynomial x" 4- 2x*— 3x? — 6x* +- 3x* - 6x! —x —2 in a Tay- 
lor's series in powers of (x—1); check to see that this polynomial has the 
number 1 for a triple root. Ans, f{x)=81 (x —1) +270 er ia cana a 
-+ 330 (x —1)* 4+ 186 (x — 1)’ +63 (x — 1)* 4-12 (x —1)? +(x—1)”. 


49. Expand cos(x+a) in powers of x. Ans. cos a— x sin a—5 cos a -+ 


+5 sin a+- cos a—. 
50. Expand In x in powers of (x—1). Ans, (i1) — eI 4-7 eI) — 
i P i 

EU (x —1) +... 


irl 
51. Expand e" in a series of powers of (x+2). Ans. e~? | et). 
n 


52. Expand cos?x in a series of powers of («— 7) ; 
oo 4" -1 (s — 3X ec . 
n 


4 
Ans. itc I air xis ©). 


eo 
53. Expand — in a series of powers of (x1). Ans. X (n+1) (x 1" 
n=0 


(-~2<x <0). 


54. Expand tan x in a series of powers of (« — i]. Ans. 142 (s —F)+ 
2 


+2(2-4) +... 
Write the first four terms of the series expansion, in Pics of x, 
x? 


of the following functions: 55. tanx. Ans. x+ 3^ 15 He 
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2 4 6 
cos x at 3.0 
56. e . Ans. (1 at 1j 720 


57 gare tan x Ans br ges. 
e LI . 6 24 ees 
x LONE Ln 
58. In (14 -e*). Ans. In24- 9 — 8 Tag do 
2 4 
59. I", Ans 4x4 — +t 
x" ocn 
60. (14- x)*, Ans. Lx? —=5 Tg x — oe 


2 4 
61. sec x. Ans. dq es 


xt x le 
62. In cos x. Ans. 7 19^ 45 ens 
3 5 ? 

63. Expand sin&x.in powers of x. Ans. kx — C0 E LO a. 

64. Expand sin’ x in powers of x and determine the interval of conver- 
ence, Ans Ca DANT ER .F(— puer. sr The series conve 
Sr da mota ay To opgp ne (2n)i DEUS EAS 
ges for all values of x. 

65. Expand T2 in a series in powers of x. Ans. l1—x*--x*—x*-F... 


66. Expand arc tanx in a series in powers of x 
X 


x? 
.x— 7 t 


Hint. Take advantage of the formula arc tan x 


EN (—1«&xe«l) 


67. Expand in a series of powers of x. Ans. 1—2x + 3x! — 4x* +... 


l 
(+x). 
(—1«x«l) 


Using the formulas for expansion of the functions e*, sin x, cos x, In (1 4- x) 
and (1 +x)” into power series and applying various procedures, expang the 
following functions in ids series and determine the intervals of E 


68. sinhx. Ans, 4E. (— oo <x < co). 69. cosh x. Ans. 154. 


] n 25 
tite (—9«x«9. 7€ cot Ans Lt yc 


. < n x" 
(— o «x « o). 71. (1--x) In (+x). Ans. xt (— 1) fain (kls 1). 


nza 
-X < — |ì -i n—l n =o l 
72. (1--x)e-*. Ans. ap D'- x" (—9 <a <o 73. 7-H. 


25* 
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= x" - e* —1 x x? yt 
Ans. Mae (Ix| «Y 2). 74. PLU Ans LSet at. t+: 
nzo 
1 X j oa 
(— o<x< oo), 75. tea Ans. ue (Ix| « 1) 76. e"*sin x. 
3 3 = n 
Ans. epee HVF xsin BE, (— o» « x « o). 
— |oX* aoe? 1-3...(2n — 1) 
2 EUM Lo N ee du — 1841707771 LÁ 
71. x+ V i+x?. Ans. x 3 T5 5 T... (—D** 9. nl x 
x a0 
fl In (1 + x) ME d 
Xacptes (lara). 78 (LES ax. Ans. V (- ye, 
0 nzi 
x ao 
| arc tan x A x ta 
Ix \<1). 79. [eec ae. Ans. b» 1) Qn (—1sxsl) 
0 n-o 


i 2n 
80. | Sax Ans. C 1n (x | 3 C D" gor (—o<x<0 and 
n-i 


mat al x 3 
0 81 EE. Ans m 82. Prove the equation 
<x « o). . Dx 9n —8' . q ons 
9 n=l 
sin (a + x) =sin a cos x + cos a sin x, 
cos (a +- x) = cos a cos x —sin a sin x 
by expanding the left sides in powers of x. 


Utilising appropriate series, compute: 83. cos10° to four decimals. 
Ans. 0.9848. 84. sin 1° to four decimals. Ans. 0.0175. 


85. sin 18° to three decimals. Ans. 0.309. 86. sin > to four decimals. 


Ans. 0.7071. 87. arc tanc to four decimals. Ans. 0.1973. 88. In 5 to three 


decimals. Ans. 1.609. 89. log,, 5 to three decimals. Ans. 0.699. 90. arc sin 1 to 


within 0.0001.-Ans. 1.5708. 91. Ye to within 0.0001. Ans. 1.6487. 92. loge to 
within 0.00001. Ans. 0.43429. 93. cosi to within 0.00001. Ans. 0.5403. 


Using a Maclaurin series expansion of the function F (x)= v/ a" +x, 
compute to within 0.001: 94. 7/30. Ans. 3.107. 95. V 70. Ans. 4.121. 
96. }/500. Ans. 7.937. 97. 3/250. Ans. 3.017. 98. V/ 84. Ans. 9.165. 99. 7/2. 
Ans. 1.2598. 

Expanding the integrand in a series, compute the integrals; 

1 i 1 
100. jer to five decimal places. Ans. 0.94608. 101. ee dx to four 
x 
Q u 0 
E 


decimals. Ans. 0.7468, 102. V sin (x?) dx to four decimals, Ans. 0.1571. 
` i l 
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0.5 
are tan x 
f ^ x dx to three deci- 


0 


1 

D — 

es dx to two decimals. Ans. 0.81. 104. 
0 


f 1 
mal places. Ans. 0.487. 105. | cos Vxde to within 0.001. Ans. 0.764, 
0 


xa 


106. (In(1-- V X) dx to within 0.001. Ans. 0.071. 107. fe ‘ax to within 
` 0 


oe | 


1 

5 sing 

0.0001. Ans. 0.9226. 108. \ Vise to within 0.0001. Ans. 0.0214. 
0 


0.5 i = 
d In (1 
| ar to within 0.001. Ans. 0.494. 110. jac TEED a Ans. 19 


9 0 
Note. When solving this exercise and the two e por it is well to 
oo 
TEN rur ] x eS) m? 
bear in mind the equations: T a " =", Deans 


which wil be established in See: 2, Ch. XVII, 


In (1 —x n 
11. pics Ans. $ 


1 
1 -+x dx x? 
112. fin [ox x: Ans. |. 
9 


Integrating Differential Equations by Means of Series 


113. Find the solution of the equation 4'-xy that satisfies the initial 
conditions for x «0, y 1, y’=0. 
3 
Hint. Look for the solution in the form of a series. Ans. I++ 
x 


toa reset -+55.5-6...4gk—-1) 9k 550 


114. Find the solution -of the equation y’-+xy’+y=0 that EO. the 
x 


initial conditions for x=0, y=0, y’=1l. Ans. =g tross 3.5 ^7 
(— ])-!x 271 —1 

das EH NRI a ` 

115. Find the general solution of the equation 


x*y + xy! + (4-4) y=0. 


Hint. Seek the solution in the form 
y —xP (Ay Aye + A? +...) 
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1 


— x? x x* ` a x? x? 
Ans. C,x? h-iti at +C,x h-ite 
E S+G cos x 


i 


116. Find the solution of the equation xy" +y’ il^ that satisfies the 
xi x* 


initial conditions for x 0, y=1, g'-0. Ans. 1— -5 og Taare t 


px? 
ove (— 1) OND ca cis 


Hint. The two latter differential equations are particular cases of the 
Bessel equation 


xy" + xy’ + (x —n*) y=0 


for n=5 and n=0. 
117. Find the general solution of the equation 
4xy" + 2y' +y=0. 


Hint. Seek the solution in the form of a series xP (a,-+a,x J- a,x*? 4- .. .). 


Ans. C, cos V x--C, sin y x. 
118. Find the solution of the equation (1—x*) y" — xy' = A satisfies 


the initial conditions y’=1 when x=0 and y=0. Ans. xp ?'3 Tr la 


135 x’ 
tz46867Tt't 


119. Find the solution of the equation (1+ x?) y" -- 2xy' =e bs Fn 
the initial conditions y’=1 when x=0 and y —0. Ans. x—L +e pe = E 

120. Find the solution of the equation y"=xyy' that satisfies He initial 
conditions y'=] when x—0 and y=1. Ans. RHET E. 1i |j e =r 

121. Find the solution of the equation (1—x) y’=1+x—y that P 
the initial conditions y —0 when x—0, and indicate the interval of conver- 


gence of the series obtained. Ans. xd 1 ER 3 £g phe (—lexsl) 


122. Find the solution of the equation xy”-+y=0 that satisfies the initial 
conditions y’ =] when x=0 and y=O, and indicate the interval of conver- 


gence. Ans. —uisztgs- yit (— œ « x « oo). 


123. Find the solution of the equation y Ly yo that satisfles the 
initial conditions y 21 when x=0, y=1. Ans. =“. 
124. Find the solution of the equation y y’+y=0 that satisfies the 


initial conditions y’=0 when x=0 and y=1, pu indicate the interval of 
convergence of the series obtained, Ans, a pT sagt: 


(|x| < o). 
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Find the first three terms of the expansion in a power series of the solu- 
tions of the following differential equations for the given initial conditions 


3 
125. y' =x?+y"; for x=0, y=1. Ans. Leeper us. 126. y= 
; 2 3 
= -+x; for x—0, y=1, y'z0. Ans. FA €... 127. y’ = siny —sinx; 


2 
for x=0, y=0. Ans. ——-——— ies 


Find several terms of the series expansion of solutions of differential equa- 
tions under the indicated initial conditions: | 128. y —y'—x when x=0, 
8x* , 14x 


y=0 and y’=0. Ans. Ix ed RE 4rd RE e 129. y'=y°+ x? 
when x=0 and y=}. Ans. Stirt” ^i Pr see 130. y' = 
Ae beg tm. 
131. 'zx*y*—1 when x=0 and y=1. Ans. ioe e ens 


. 2 3 4 
132. y’ =e’ +xy when x=0 and y=0, Ans, iH gru. 


= x*——y* when x=0 and y=0. Ans. ate 


CHAPTER XVII 


FOURIER SERIES 


SEC. 1. DEFINITION. STATEMENT OF THE PROBLEM 
A functional series of the form 


2 J-a, cos x 4- b, sin x 4- a, cos 2x + b, sin 2x 4- .. ., 
or, more compactly, a series of the form 


A J 2 (a, cos nx -+ b, sin nx), (1) 


is called a trigonometric series. The constants a,, a, and b, 
(n=l, 2,...) are called coefficients of the^ trigonometric series. 
If series (1) converges, then its sum is a periodic function f (x) 
with a period 2n, since sinnx and cosnx are periodic functions 
with period 2m. 
Thus, 


f(x) 2 F (x+ 2n). 


Let us pose the following problem. 

Given a function f(x) which is periodic and has a period 2x. 
Under what conditions for f(x) is it possible to find a trigonomet- 
ric series convergent to the given function? 

That is the problem that we shall solve in this chapter. 

Determining the coefficients of a series from Fourier’s formulas. 
Let the periodic function f(x) with period 2x be such that it may 
be represented as a trigonometric series convergent to a given 
function in the interval (— zx, 2); i.e., that it is the sum of this 
series: 


F=% + >) (a, cos nx + b, sin nx). (2) 


Suppose that the integral of the function on the left-hand side 
of this equation is equal to the sum of the integrals of the terms 
of the series (2). This will be the case, for example, if we assume 
that the numerical series made up of the coefficients of the given 
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trigonometric series converges absolutely; that is, that the follow- 
ing positive number series converges: 


[o,J)+...+]@,/+]5,|/+.-.. (3) 
Then series (1) is majorised and, consequently, it may be inte- 
grated termwise in the interval from — x to x. Let us take advan-. 


tage of this for computing the coefficient a,. 
IUiprsle both sides of (2) from — x to Th 


Tres fy TESS (fa, cos ned + [o sin ax dx ). 


n=l —I 


Evaluate separately each integral on the right side: 


T 


fa, COS nx dx =a, | cos nx dx = SON "= 0; 
i -7 
=n -7 
u 5 x 
. . COS Nx 
fon sin nx dx = baf sin nx dx = bp ~z | 70. 
— Jt 
Consequently, 
aU 
f f (x) dx = na, 
-7 
whence 
] C | 
a, =— T fF (x) dx. (4) 


—I 
To calculate the other coefficients of the series we shall need 
certain definite integrals, which we will consider first. 
lí n and k are integers, then we have the following equations: 
il nÆ k, then 


n Y 

f cos nx cos kx dx —0; 
F4 

i cos nx sin kx dx —0; (I) 
-7 


T 
( sin nx sin kx dx =0; 
e 
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but if n=&, then 
a \ 
( cos? kx dx = sv; 
“3 


\ sin kx cos kxdx = 0; (II) 


-7 


n 
( sin? £x dx — x. 
-1 


To take an example, evaluate the first integral of group (I). 
Since 


cos nx cos kx = 3 [cos (n + &) x 4- cos (n — &) x], 

it follows that 
3t 1 71 
È cos nx cos x dx= 5 | cos (n+ k) x dx + È cos (n—k) xdx=0. 
-35. -7n -7 
The other formulas of (1) *) are obtained in similar fashion. The 
integrals of group (II) are computed directly (see Ch. X). 

Now we can compute the coefficients a, and b, of series (2). 


To find the coefficient a, for some definite value k 0, mul- 
tiply both sides of (2) by cos kx: 


Qo 


cos kx + > (a, cos nx cos kx +- b, cos nx cos kx). (2^) 


n-i 


f (x) cos kx= m 
The resulting series on the right may be majorised, since its terms 
do not exceed (in absolute value) the terms of the convergent 
positive series (3). We can therefore integrate it termwise on any 
interval. 
Integrate (2°) from — x to x: 
n 
Qy 


IC cos kx dx = 5 cos kxdx + | 
-—Jji 


-n 


— It mt 


+ y (a, ( cos nx cos kx dx-+ b, sin nx cos kx dx) . 


*) By means of the formulas 
cos nx sin kx ="), (sin (n + k) x —sin (n— k) x], 
sin nx sin £x ="), [— cos (n + k) x -+ cos (n — k) x]. 
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Taking into account formulas (II) and (I), we see that all the 
integrals on the right are equal to zero, with the exception of the 
integral with coefficient a,. Hence, 

T T 
( f (x) cos kx dx =a, ( cos! kx dx =a,n, 
whence Bi 7 


a, =— T F (x) cos kx dx. (5) 


Multiplying both sides of (2) by sin £x and again integrating 
from —z to x, we find 
\ f (x) sin kx dx = b, sin’ kx dx = b,n, 
whence d = 


b= (FO) sin kx dx. (6) 


The coefficients determined from formulas (4), (5) and (6) are 
called Fourier coefficients of the function f(x), and the trigono- 
metric series (1) with such coefficients is called a Fourier series 
of the function f (x). 

Let us now revert to the question posed at the beginning of 
this section: What properties must a function have so that the 
Fourier series constructed for it should converge and so that the 
sum of the constructed Fourier series should equal the values of 
the given function at corresponding points? We shall here state 
a theorem that will yield sufficient conditions for representing 
a function f(x) by a Fourier series. 

Definition. À function f(x) is called piecewise monotonic on the 
interval [a, 6] if this interval may be divided by a finite number 
of points x,, x,,..., x, , into subintervals (a, xj), (x,, x,),..., 
(x,.,, b) such that the function is monotonic (that is, either nonin- 
creasing or nondecreasing) on each of the subintervals. 

From the definition it follows that if the function f(x) is piece- 
wise monotonic and bounded on the interval [a, b], then it can 
have only discontinuities of the first kind. Indeed, if x=c is 
a point of discontinuity of the function f(x), then by virtue of the 
monotonicity of the function there exist the limits 


„lim fG)-9,(c—0) m f(3)-—f(-r0) 
i.e., the point c is a discontinuity of the first kind (Fig. 356). 
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We now state the following theorem. 

Theorem. If a periodic function f(x) with period 2x is piecewise 
monotonic and bounded on the interval [— m, n], then the Fourier 
series constructed for this function converges at all points. The sum 
of the resultant series .s(x) is equal to the value of f(x) at the 
discontinuities of the function. At the 
discontinuities of f (x), the sum of the series 
is equal to the arithmetical mean of the 
limits of f(x) on the right and on the left; 
that is, if x=c is a discontinuity of the 
function f(x), then 

s(x) =E Jr Hero) ; 


From this theorem it follows that the 

Fig. 356. class of functions that may be represented 

by Fourier series is rather broad. That is why 

Fourier series have found extensive applications in various divi- 

sions of mathematics. Particularly effective use is made of Fourier 

series in mathematical physics and its applications to specific 
problems of mechanics and physics (see Ch. XVIII). 

We give this theorem without proof. In Secs. 8-10 we will 
prove another sufficient condition for the expandability of a func- 
tion in a Fourier series, which condition in a certain sense deals 
with a narrower class of functions. 


SEC 2. EXPANSIONS OF FUNCTIONS IN FOURIER SERIES 


The following are some instances of the expansion of functions in Fourier 
series, 
Example 1. A periodic function f(x) with period 27 is defined as follows: 


f(x) =x, —m«xsm. 


This function is piecewise monotonic and bounded (Fig. 357). Hence, it 
admits expansion in a Fourier series. 
By formula (4), Sec. 1, we find 
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Applying formula (5), Sec. 1,.and integrating by parts, we find 


A Tt 
a= ( x COS kx dnt | eS MES | sarrar =o 
n n k 


J -n Rk 
-T — It 


By formula (6), Sec. 1, we have 


Jl 
b, — \ esa ede | af 
— jl 


T 
x l —{}\k+1 2 
+f costear Jac 1) EC 
-7 


k 


Thus, we get the series 
EE, FAAL. sin Be £e] 


This equation occurs at all points except points oi discontinuity. At each 
discontinuity, the sum of the series is equal to the arithmetical mean of its 
limits on the right and left, which is zero. 


Example 2. A periodic function f(x) with period 2x is defined as follows: 
f (x)= —x when —z «x «0, 
f (x)=x when Ocxsemsz 


[or f (x) | xl] (Fig. 358). This function is also piecewise monotonic and bound- 
ed on the interval —-n<x<cn. 


y 


-5N -4N -In -2n -K 0 Jt. 2m IN 4m X X 
Fig. 358. 


Let us determine its Fourier coefficients: 


a, e. NT dx= | fc» txt sis un 


0 Tl 
ant 1o» cos kx iex Y X sete |= 
~n 0 


0 n 
"E in ' +T \ sin kx dx 4-25 = F- E 
= IU 0 
o] cos kx]? .,coskx|t]| — 
~ nk E k i-n' k "| a 
5 0 for & even, 


= sn eos tx —1) =} 4 


xpi for & odd; 
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0 at 
not 1o» sinkxdx + | xsinkx | =0, 
-7n 0 


We thus obtain the series 


_ mm 4 [cosx , cos3x , cos 5x cos (2p -- 1) x 
Ko-3—| j| o^ 3x t op jet 9 t x 


This series converges at all points, and its sum is equal to the given function. 
Example 3. A periodic function f(x) with period 2x is defined as follows: 


f(x) - —1 for —z«x«0, 
f(x)=1 for  Oexem. 


This function (Fig. 359) is plecewise monotonic and bounded on the interval 
— JU € X€,T. 


Fig. 359. 


Let us compute its Fourier coefficientsi 


n= f f (x) dx = [jon dx tfa [ao 


-7 n 0 
" 0 Zu r 
" : 
a, 1- | (—1) cos kx dx + cos ists -i “= sin er "a0 
-Ji 0 
- y 0 
0 z : " : 
l : I | cos £x |o cos kx |n 
set (caine det ee = [ b 2t oer E 
- 0 
9 0 for k even, 
Sak Conan) Zu for k odd. 
mh 
Consequently, for the function at hand the Fourier series has the form 
_ 4 [sinx , sin 3x , sin 5x sin (2p + 1) x 
na | i + 3 Fer tert 25-1 T... |. 


This equation holds at all points with the exception of discontinuities. 

Fig. 360 illustrates how the partial sums S, of the series represent more 
and more accurately the function f (x) as n — œ. 

Example 4. A periodic function f(x) with period 2m is defined as follows: 


fœ) =x}, —mnexesemn (Fig. 301). 
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4 
$, T (sin x) 


sin BUS) 


Sp t (sinks 


Fig. 360. 
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aU 
- | E 
a — 1- | x? cos kx s" pee — V xsin IE 
Za -n 
--3|- x DE y jene | a Ur cos kx] = 
zi for & even, 
2 —$5 for k odd; 
n 3t 
b, pr sirds | Lien teg eee |- 
-7 


at 
2 | xsin kx |n ] 
ajes S T 1 inh az | 0 


-7 
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Thus, the Fourier series of the given function has the form 


E? 6 (Se cos2 x , cos 3x ) 


Since the function is piecewise monotonic, bounded and continuous, this equa- 
tion is fulfilled at al] points. 


g 


"3 20 Sn 4n SH xX 


-IT 0} 
Fig. 361. 


-3N -2N 


Sm -4n 


Putting x= in the equality obtained, we get 


o 
n? 1 
— > ni^ 


6 


nal 
Example 5. A periodic function f(x) with period: 2x is defined as follows: 


f(x)=0 for —n «x0, 
f(x)» for O<x<ca (Fig. 362), 


Fig. 562, 


Determine the Fourier coefficients: 


A 
x sin kx 
ay = E cos xdg — px 


Uu 


1 f i 

JU 

gsm Rx a |= 
0 


d. cos kx = 
Ak k I 


2 
n {aR for k odd, 


! O for k even; 
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7 l a 
+— | cos kx a | 
o R 
0 


at 
b= { xsin kx dx ES = 
0 


k 
l 
— for k odd, 
X R 
= —— cos k&n= 
tk l 
T for R even, 


The Fourier series will thus have the form 


2 fc 3 5 i i i 
jia=t—= ( dr RUPES. e (Ey Sine, 


T 


At the discontinuities of the function f(x), the sum of the series is equat to 


the arithmetical mean of its limits on the right and left (in this case, to the 


X 
number  — 


Putting x 20 in the equality obtained, we get 


a 
=) g 
E (2n —1)^' 
nzl 


cof à 


SEC. 3. REMARK ON THE EXPANSION OF A PERIODIC 
FUNCTION IN A FOURIER SERIES 


We note the following property of a periodic function Y (x) 
with period 2m: 
au À 27 
Veo) deo | woo dx, 
-jl A 
no matter what the number À. 
Indeed, since 


p ($— 270) = ip (5) 


it follows that, putting xz» E—2z, we can write (for all c and dy; 


d d-- 2 d+2n d+ 27 
(pwdr= V w—204&— | v@a= | p(xyar. 
c CHIN CHN €t 2n 
[n particular, taking c= —n, d=A, we get 
À A+2n 


\ p(x) dx = | v (x) dx, 


e- Tt n 
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therefore, 
A+ 250 -7 n : A+ in 
| p(eyde= V wonder | wo) dep | oode— 
A A -—3t x 


-1 a A 1 
=È wo) dx4- È p(x)det+ | p) de= Vbi) dx. 
À -7 -X — 7 


This property means that the integral of a periodic function sp (x) 
over any interval whose length is equal to the period always has 
the same value. This fact is readily illustrated geometrically: the 
cross-hatched areas in Fig. 363 are equal. 


on 


Jm 4s A*2y 5H 


^. 


xe 


Fig. 363. 


{ 
| -Jj . -2n x 


From the property that has been proved it follows that when 
computing Fourier coefficients we can replace the interval of in- 
tegration (— x, x) by the interval of integration (A, A+ 2x), that 
is, we can put 


' A+ 27 A +n X 
a, | f (x) dx, a= | F(x)cos nx de, 
A A 
À-T22 (1) 
b => | f(x) sin nx dx, | 
y y, 


where À is any number. 

This follows from the fact that the function /(x) is, by hypothe- 
sis, periodic with period 2»; hence, both the functions f (x) cos nx 
and f(x)sinnx are periodic functions with period 2m. We now 
illustrate how this property simplifies the process of finding coef- 
ficients in certain cases. 


Example. Let it be required to expand in a Fourier series the function 
f(x) with period 2z, which is given on the interval 0 « x < 2x by the equation 


f (x)—x. 


The graph of f(x) is shown in Fig. 364. On the interval [—, x] this func- 
tion is represented by two formulas: f{x)=x-+2n on the interval [— x, 0] 
and f(x) — x on the interval [0, x]. Yet, on [0, 2a] it is far more simply 
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represented by a single formula f(x)--x. Therefore, to expand this function 
in a Fourier series it is better to make use of formulas (1), setting A=0: 


27l 2n 
au f (x) d= — \ x dx am 
0 0 


x sin x , cos d DR 
€ — zm , 


n n? 


2n 271 
o, xc | F(x) cos nx deo so È x cos nx de — | : 
0 0 


271 271 
b ml f (x) sin nx dx I | xsin nx dixe = ar qo ‘ 
iL «x X n n 0 n 
0 0 
Consequently, 
Fox x—2si cd TONNES: ids dnd EE in 5 
(x)= sin x — 5 n 3 S 1 x g sin X—... 


27 -n Ü m 2X Jm 47 5x 6m 7 mr x 


Fig. 364. 


This series yields the given function at all points with the exception of points 
of discontinuity (i. e., except the points x=0, 2n, 4x, ...). At these points the 
sum of the series is equal to the half sum of the limiting values of the 
function f(x) on the right and on the left (to the number x, in this case). 


SEC. 4. FOURIER SERIES FOR EVEN AND ODD FUNCTIONS 


From the definition of an even and odd function it follows that 
if w(x) is an even function, then 


( pajdx=2 f y(x) de. 
Indeed, b i 
( ap (x) dx = ( Vb (x) dx - Veo) dx= | p(—x)dx+ V) dx = 


=| p(x) dx4- | p(x)dx=2 E dx, 


since by the definition of an even function :p(—x) — (x). 
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" It may similarly be proved that if p(x) is an odd function, 
then 


at 


| ec) dx= | (~x) dx + p(x) de — Veto dx E f p (x)dx=0 


-— Ji 


If an odd function f(x) is expanded in a Fourier series, then 
the product f(x)coskx is also an odd function, while f(x) sin kx 
is an even function; hence, 


a, = — ( F(x)dx =Q; 


| 
= + M f(x) cos kx dx — 0, i (1) 


Jt T 
b= | f(x) sin bx dx=— | F(x) šin kx dx. 
Sa 0 ) 


Thus the Fourier series or an odd function contains “only sines” 
(see Example 1, Sec. 2). 

If an even function is expanded in a Fourier series, the pro- 
duct f(x) sin&x is an odd function, while f(x) coskx is an even 


function and, hence, 
) 
f (x) dx, 
f (x).cos kx dx, (2) 


= (10) sin kx dx =Q. 
-n 


_ 2 


4 ^ 722 C33 


J 


Thus, the Fourier series of an even function contains *only cosines" 
(see Example 2, Sec. 2). 

The formulas obtained permit simplifying computations when 
seeking Fourier coefficients in cases when the given function is 
even or odd. It is obvious that not every periodic function is 
even or odd (see Example 5, Sec. 2). 


Example. Let it be required to expand in a Fourier series the even 
function f (x) which has a period of 2x and on the interval [0, x] is given by 
ihe equation 


y -—* 
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We have already expanded this function in a Fourier series in Example 2, 
Sec. 2. (Fig. 358). Let us again compute the Fourier series of this function, 
taking advantage of the fact that the given function is even. 

By virtue of formulas (2) 5,—0 for any k; 


n n 
2 2 
a | xdx=n, a= = | x cos kxdx= 
a x 
e 


Q 


— o ^ nk? 


O for k even 
2 Ixsin kx , cos kx|% 2 , 
| | (oue! 


X kt gi — 4 for k odd. 
tk 


We obtained the same coefficients as in Example 2, Sec. 2, but this time by 
a short cut. 


SEC. 5. THE FOURIER SERIES FOR A FUNCTION 
WITH PERIOD 2/ 


Let f(x) be a periodic function ` with period 2/, generally 
speaking, different from 2x. Expand it in a Fourier series. 
Make a substitution by the formula 


l 


x= >t., 
t 


Then the function IC will be a periodic function of ¢ with 
period 2. i 


It may be expanded in a Fourier series on the interval 
-— fs X eG 


Fx 2 = + 2, (a, cos kt + b, sin Rf), (1) 


where 
g 7t n 
a, = > 1 f e t) dt, a, — + | f x t) cos kt dt, 
-7 -x 


ees f f (= t) sin kt dt. 
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We will then have 


i i 
«7 | FO) dx a = f (x) cos k = x dx, 


a 
| 


l 
b, \ f(x) sink 7- x dx. 
Formula (1) takes the form 


Fo) — c Y (a cos Te b, sin x), (3) 


where the coefficients a,, a,, b, are computed from formulas (2). 
This is the Fourier series for a periodic function with period 21. 

We note that all the theorems that hold for Fourier series of 
periodic functions with period 2x hold also for Fourier series of 


periodic functions with some other period 2/. In particular, the 
sufficient condition for expansion of a function in a Fourier series 
(see end of Sec. 1) holdstrue, as do also the remark on the possibi- 
lity of computing coefficients of the series by integrating over any 
interval whose length is equal to the period (see Sec. 3), and the 
remark on the possibility of simplifying computation of coefficients 
of the series if the function is even or odd (Sec. 4). 


Example. Expand in a Fourier series the periodic function f (x) with period 
2! which on the interval [—4J, /] is given by the equation f (x)=| x| (Fig. 365). 
Solution. Since the function at hand is even, it follows that 


l 
b,—0; any jeden 


k for k even, 


I 
2 kax 
ay == | x 008 “7 de= S rcornrdem{ a TI EE) 
0 


07k? 
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Hence, the expansion is of the form 


E Tx cos oF cos CET Dr, | 
Ta pe * 


SEC. 6. ON THE EXPANSION OF A NONPERIODIC FUNCTION 
IN A FOURIER SERIES , 


Let there be given, on some interval [a, 6] a piecewise mono- 
tonic function /(x) (Fig. 366). We shall show that this function 
f(x) may be represented in the form of a sum of a Fourier series 
at the points of its discontinuity. To do this, let us consider an 
arbitrary periodic piecewise monotonic function f, (x) with period 
2u =|b—a|, which coincides with the function / (x) on the inter- 
val [a, b]. [We have redefined the function / (x).] 


y i 


Expand f, (x) in a Fourier series. At all points of the interval 
(a, b] (with the exception of points of discontinuity) the sum of 
this series coincides with the given function f(x); in other words, 
we expanded the function f(x) in a Fourier series on the interval 
[a, 5]. 

Let us now consider the following important case. Let a func- 
tion f(x) be given on the interval [0, /]. Redefining this function 
in arbitrary fashion on the interval [— /, 0] (retaining piecewise 
monotonicity), we can expand it in a Fourier series. In particular, 
if we redefine this function so that when —/ « x <0, f(x) - f (— x), 
we will get an even function (Fig. 367). [In this case we say that 
the function f(x) is *continued in even fashion".] This function 
is expanded in a Fourier series that contains only cosines. Thus, 
we ener a in cosines the function f (x) given on the inter- 
val [0, /]. 
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new 


But if we redefine the function f (x) when —/<x<0 as follows: 
f (x)= —f(— x), then we get an odd function which may be expan- 
ded in sines (Fig. 368). [The function f(x) is “continued in odd 
fashion".] 


d 
Fiò 
i 0 1 X 
i 
| 
l 
Fig. 367. Fig. 368. 


Thus, if on the interval [0, /] there is given some piecewise 


monotonic function f(x), it may be expanded in a Fourier series 
both in cosines and in sines. 


Example 1. Let it be required to expand the function f (x)= in a series 
in sines on the interval [0, x]. 


Solution. Continuing this function in odd fashion (Fig. 357), we get the 


series 
— ES "y rtg. 


—— NEM 


l 2 3 


(see Example 1, Sec. 2). 
Example 2. Expand the function f(x)—x in a series in cosines on the 
interval [0, x]. 
Solution. Continuing this function in even fashion, we get 
f(x)=lx], —nax«xe«mn 


(Fig. 358). Expanding it in a series we find 


TELT O] 


(see Example 2, Sec. 2). And so on the interval [0, x] we have the equa- 


tion , ; r 
zt cos x , cos 3x , cos 5x 


SEC. 7. MEAN APPROXIMATION OF A GIVEN FUNCTION 
BY A TRIGONOMETRIC POLYNOMIAL 


Representing a function by an infinite series (Fourier’s, Tay- 
lor’s and so forth) has the following meaning in practice: the 
finite sum obtained in terminating the series with the nth term 
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is an approximate expression of the function being expanded. 
This approximate expression may be made as accurate as desired 
by choosing a sufficiently large value of n. However, the charac- 
ter of the approximate representation may differ. 

For instance, the sum of the first n terms of a Taylor's series 
s, coincides with the function at hand at one point, and at this 
point has derivatives up to the nth order that coincide with the 
derivatives of the function under consideration. An nth degree 
Lagrange polynomial (see Sec. 9, Ch. VII) coincides with the 
function under consideration at n+1 points. 

Let us see what the character is of an approximate represen- 
tation of a periodic function f(x) by trigonometric polynomials 
of the form 


S, (x) —2-FYa, cos kx 4- b,sin kx, 


k=1 


where a, a@,, 0,, a,, Op ... , a,, bp are Fourier coefficients; that 
is, by the sum of the first n terms of a Fourier series. We first 
make several remarks. 

Suppose we regard some func- 
tion y = f(x) on the interval [a, b] 
and want to evaluate the error 
when replacing this function by 
another function (x). For the 
measure of error we can, for in- 
stance, take max |f (x)— 9 (x)| 
on the interval [a, b], which is 
the so-called maximum devia- Fig. 369. 
tion of p(x) from f(x). But it is 
sometimes more natural to take for the measure of error the 
so-called root mean square deviation ô, which is defined by the 
equation 


b 
ò = g | FU) — o o ax. 


Fig. 369 illustrates the difference between the root mean square 
deviation and the maximum deviation. 

Let the solid line depict the function y= f(x), the dashed lines 
the approximations q,(x) and qg,(x). The maximum deviation of 
the curve y=@, (x) is less than of the curve y= q, (x), but the 
root mean square deviation of the first curve is greater than the 
second because the curve y=, (x) is considerably different from 
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the curve y=f(x) only on a narrow section and for this reason 
characterises the curve y=f(x) better than the first. 

Now let us return to our problem. 

Let there be given a periodic function f(x) with period 2 m. 
From among all the trigonometric polynomials of order n 


PHY (a, cos kx + p, sin kx) 
k=1 


it is required to find (by choice of the coefficients a, and B,) that 
polynomial for which the root mean square deviation defined by 
the — 

n 2 


$5 = Ds xj (x) — gy (a, cos kx + P, sin z dx, 


Q^ 


has the smallest value. 


The problem reduces to finding the minimum of the function 
2n-+-1 of the variables a,, a,, .. 


Qa 
Expanding the square ‘under the integral sign and. integrating 
termwise, we get 


l 


Ôn = i G (x)— TED cos Rx + p, sin ks) |+ 
(iue cos kx +B, sin “| jac 


=z] d eai] iara] f (x) cos kx dx + 


Tt 


+200 3j f (x) sin kx dx + 3 x A cj et Sei) cos’ kx dx + 


m 
tg i iy sin ‘ex det da, Day | cos kx dx + 


E 


T 
+ 524, 2 sin £x dx + — DE Y cos kx cos jx dx + 


k=1 =1j=1 
kz-j 
n n 
Teo, , m cos kx sin jx dx + — EE sin kx sinjx dx. 


RAI 
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We note that 
Í e l e 
=| f(x) dx a, zl f (x) cos kx dx — ay; 
-—Jt —jl 


=| f (x) sin £x dx= b, 


are the Fourier coefficients of the function f (x). 
Further, by formulas (I) and (II), Sec. 1, we have: for k=j 


Jt aU 
\ cos! kx dx — m, | sin? kx dx 2 mn, 
—Jt —7n 

Zn 

\ sinkx cos jx dx = 0; 

—n 


for kÆj 


1t ji 

| cos kx cos jx dx = O, f sin kx sin jx dx — 0. 
—L —1 

Thus, we obtain 


imal P (x) dx — 9 -5 (aat B,b,) - T z » (os 4- BÀ). 
Adding and cubirastito the sum 
a lw ype 
4 yY (d +4), 


we will have 
mT 


al raa — iEn 43 (2) + 


On - 
s JT = 
l - 2 2 
+y ya [(a,— a4)" + (B,— 5,)']. (1) 
k=} 
The first three terms of this sum are independent of the choice 
of coefficients a,, a,, ..., a, B,, ... , B,. The remaining terms 


4 


i (a, — a) + zY [(a,— a4)* + (B4— ba] 
k=1 
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are nonnegative. Their sum reaches the least value (equal to zero) 
if we put a, —a,, a,=a,, ... , a,=a,, B,—5,, ... , B= bn 
With this choice of coefficients a,, a,, ... , am, B,, ... , p, th 
trigonometric polynomial 


n 
a> (a, cos kx + B, sin kx) 
will least of all differ from the function f(x) in the sense that in 
such a choice of coefficients the square deviation 65 will be least. 

We have thus proved the theorem: 

Of all trigonometric polynomials of order n, that polynomial has 
the least root mean square deviation from the function f(x), the 
coefficients of which polynomial are the Fourier coefficients of the 
function f (x). . 

The least square deviation is 

1 Jt as i n 
2 2 
ba =z | PO) de—p—y Dy (ak + bi), (2) 


—J 


Since 6,20, it follows that for any n we have 
It 2 ft 
2 a l 2 
a; PO) dxz f+ Y (ait 01). 
—41t k=1 


Hence, the series on the right converges (when n — oo), and we 
can Write 


xj lodo f+ Mob +p. 3) 


This relation is called Bessel's inequality. 

We note without proof that for any bounded and piecewise 
monotonic function the root mean square deviation obtained upon 
replacing the given function by the nth partial sum of the Fourier 
series tends to zero as n — oo, that is, 6*2 — 0 as n— oo. But 


then from formula (2) there follows the equation 
2 eo nu 
= Pa b= È p(xjde 9 
zE at= reas, (3^ 
k=1 —I 


which is called the Lyapunov equation. (We note that A. M. 
Lyapunov proved this equation even for a broader class of func- 
tion than that which we here consider.) 
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From what has been proved it follows that for a function 
which satisfies the Lyapunov equation (in particular, for any 
bounded piecewise monotonic function), the corresponding Fourier 
series yields a root mean square deviation equal to zero. 

Note. Let us establish a property of Fourier coefficients that 
will be needed in the future. We first introduce a definition. 

A function f(x) is called piecewise continuous on the interval 
[a, b] if it has a definite number of discontinuities of the first 
kind on this interval (or is everywhere continuous). 

We shall prove the following proposition. 

If a function f(x) is piecewise continuous on the interval 
[—7, s], then its Fourier coefficients approach zero as n — oo; 
that is, 

lim a, — 0, lim b, — 0. (4) 
n ® Rw 

Proof. If the function f(x) is piecewise continuous on the in- 

terval [— x, x], then the function f*(x) too is piecewise conti- 
n 


nuous on this interval. Then f f (x)dx exists and is a finite 


—1 

number*). In this case, from the Bessel inequality (3) it follows 

that the series *j(a; +b) converges. But if the series conver- 
i=l 


ges then its general term approaches zero; in this case, 
lim (an+ 55) — 0. Whence we get equations (4) directly. Thus, the 


no 
following equations are valid for a piecewise continuous and 
bounded function: 


lim | f (x) cos nx dx — 0, 
dad. 
TX 

lim f f (x) sin nx dx = 0, 


If a function f(x) is periodic with period 2m, then the latter 
equations may be written as follows (for any a): 


aT 2A atan 
lim \ f (x) cos nx dx = 0; lim f f (x) sin nx dx = 0, 
H— © a n. oo a 


. * This integral may be presented as the sum of definite integrals of con- 
Mer ees over the subintervals into which the interval [— m, mt} is 
subdivided, 


798 Fourier Ser les 


We note that these equations continue to hold if in the integrals 
we take any arbitrary interval of integration [a, b], which is to 
say that the integrals 


b b 
| f(x) cos nxdx and ( f (x) sin nx dx 


approach zero when n increases without bound if /(x) is a bound- 
ed and piecewise continuous function. 

Indeed, taking b—a<2n for definiteness, we consider the auxi- 
liary function p(x) with period 2x defined as follows: . 


9 (x) =f (x) when asx <b 
ọ(x)=0 when b<x <a-+ 2m. 
Then i 


b at+2n 
( f (x) cos nx dx = ( (p (x) cos nx dx, 
b aton 
MIO sin nx dx = { ọ (x) sin nx dx. 
a a 
Since g(x) is a bounded and piecewise continuous function, the 
integrals on the right approach zero as n— oo. Hence, the in- 
tegrals on the left approach zero as well. Thus, the proposition is 
proved; that is, 
b b 
lim Waco cosnxdx=0; lim MIC sin nx dx =0 (5) 
n op n9 4 
for any numbers a and b and any piecewise continuous function 
f(x) bounded on fa, b]. 


SEC. 8. THE DIRICHLET INTEGRAL 


In this section we shall derive a formula that expresses the 
nth partial sum of a Fourier series in terms of a certain integral. 
This formula will be needed in the subsequent sections, 

Consider the nth partial sum of a Fourier series for the peri- 
odic function f(x) with period 2: 


s, (x) 24 Y (a, cos kx + b, sin kx), 
where 


n n 
a= È f(O cos kt dt, b.m e| FD sin it dt. 
— Jt —1L 
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Putting these expressions into the formula for s,(x), we obtain 
T 
1 
s) — s; | F( dt + 
—n 


m" a a a 
» [| no cos kf a xt n sin kt de], 


or bringing coskx and sink&x under the integral sign (which is 
possible since coskx and sinkx are independent of the variable 
of integration and, hence, can be regarded as constants), we get 


s.) — a; | TO dt - 
+ + 2. MN f (t) cos kx cos kt dt tj f (2 sin kx sin kt dt] à 


Now taking l. outside the brackets and replacing the sum of in- 
tegrals by the integral of the sum, we obtain 


n 


s.(x) = zi "e + p> [F (£) cos kx cos kt +f (t) sin kx sin 2^ dt, 


-1 
OT 


S„ (x) = =| f(t) E» kt cos kx + sin Ai sin e| dt == 


k=1 
=~] io iX cose (t—) pt (1) 


Transform the expression in the brackets. Let 
C, (2) = 5 + cos z + cos2z + 2.. + COS NZ; 


then 


20, (Z) cos 2 = cos z + 2 cos z cos z 4-2 cos z cos 22 -- , 77 
««« F2 cos z cos nz = cos z +- (1 + cos 22) + (cos z + cos 32) + 
++ (cos 2z + cos 42) + . . . + [cos (n— 1)z + cos (n + 1) z] = 
—1-4-2cosz4-2cos224-...--2 cos (n— 1)2 + cos nz + cos (n 4-1) 2 
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or 
20, (z) cos 2 = 20, (z) — cos nz + cos (n+ 1)z, 
|  €os nz — cos (n 4- 1) z 
9, (2) = 2 (1— cos z) 
But 
cos nz— cos (n + 1) 2 = 2 sin (2n - 1) > sin 5 : 
l—cosz=2 sin' = è 
Hence, 
'sin (2n + N= 
€, 2) = — 
2 sin > 


Thus, equation (1) may be rewritten as 


x sin (2n + 1) > 


s) x I dt. 


t—x 
2 LEE 
sin 5 


Since the integrand is periodic (with period 2), it follows 
that the integral retains its value on any interval of integration 
of length 2x. We can therefore write 


i — x 


TE sin (2n + 1) 2 


s= | FO E 


i—x 


,Introducing a new variable a, we put 
f{—x=4@, f=x+a. 
Then we get the formula 


pa sin (2n + 1) > 
Sn (x) =| Fox T qe da. (2) 
"a ? sin > 
The integral on the right is Dirichlet’s integral. 
In this formula put f(x)zsl; then a,=2, a,=0, 56,—0 when 
k>0; hence, s,(x)=1 for any n and we get the identity 


n sin 2n 4-1) 7 
quos QUNM, 


jJ 


da, (3) 


n 2 sla > 
which we will need later on. 
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SEC. 9. THE CONVERGENCE OF A FOURIER SERIES 
AT A GIVEN POINT 


Assume that the function f(x) is piecewise continuous on the 
interval [—z, x]. 

Multiplying both sides of the identity (3) of the preceding 
section by f(x) and bringing f(x) under the integral sign, we get 
the equation 


n sin (2n -- 1) - 
I 2 
e = Ef 19 an 
2 sin = 
Subtract the terms of the latter equation from the corresponding 
terms of (2) of the ME section; we get 


sin (2n --1) Š ; 
s,(x)—F ( »-ij [f 6-9) r de. 


sin > 
2 


Thus, the convergence of a Fourier series to the value of a func- 
tion F(x) at a given point depends on whether the integral on 
the right approaches zero as n —* co. 

Let us break up this integral into two u 


5, ()—f (x) = +f Fetoa] — 


sin na da + 


—, 


15 
ij [/ (x 4- a) — f (x)] cos na da, 


taking advantage of the fact that sin (2n+1) 5 > == sin na cos + + 
+ cos na sin >. Break up the first of the integrals on the right 


of the latter EURO into three integrals: 


ò cos > 
S —-fwM=z I ERE ç Sin na da -+ 
-ò 


2 sin — 
2 


s cos > 
x ME Gio) — 02] —* + sin na da + 


2 sin -y 


n cos = l T 
*xj [ftat] — sinnada-t- | [Feat] 5 cos na da. 
Sin y —A 


26-. 3388 
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Put Q, (a) = Mebane) | Since f(x) is a bounded piecewise con- 


tinuous function, it follows that @,(a) is also a bounded and 
piecewise continuous periodic function of o. Hence, the latter 
integral approaches zero as n — oo, since it is a Fourier coeffi- 
cient of this function. The function 


a 
cos — 


G, (a) = [f (x + a) —f 69] — 
2 sin -y 


is bounded when — n <a<¢—6 and 6<a<n and 


|, (9) | < [M +M] , 


2 sin -y 


where M is the upper limit of the quantity |/(x)|. Also, the 
function ®, (a) is likewise piecewise continuous. Hence, by for- 
mulas (5) of Sec. 7, the second and third integrals approach zero 
as N— oo. ' 

We can thus write 


a 
COS — 


Z sinna da. (1) 
2 sin; 

In the expression on the right, the integration is performed 
over the interval —d<a<6; consequently, the integral is depen- 
dent on the values of the function f(x) only in the interval from 
x—6 to x4-6. An important proposition thus follows from the 
latter equation: the convergence of a Fourier series at a given 
point x depends only on, the behaviour of the function f(x) in an 
arbitrarily small neighbourhood of this point. 

Therein lies the so-called principle of localisation in the study 
of Fourier series. If two functions f, (x) and f,(x) coincide in the 
neighbourhood of some point x, then their Fourier series simulta- 
neously either converge or diverge at this point. 


ô 
lim [s (x) — 1 ()] = lim = | F@+o—f CO] 
n=» oo n-- o “3 


SEC. 10. CERTAIN SUFFICIENT CONDITIONS FOR THE 
CONVERGENCE OF A FOURIER SERIES 


In the preceding section it was shown that if the function f(x) 
is piecewise continuous in the interval [—n, x], then the conver- 
gence of a Fourier series at the given point x, to a value of the 
function f(x, depends on the behaviour of the function in a 
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certain arbitrary small neighbourhood [x,—6, x, +ô] with centre 
at the point x,. 

Let us now prove that if in the neighbourhood of the point x, 
the function f(x) is such that there exist finite limits 


lim Peto iek, (1): 
lim Ra el (Xo) = k,, (2) 


while the function is continuous at the very point x, (Fig. 370), 
then the Fourier series converges at this point to a correspond- 
ing value of the function f(x) *). 

Proof. Let us consider the furic- 
tion ®,(a) defined in the preced- 
ing section: 


cos 2 
D, (a) =I (x, +0) —/ (,)) — ; 
' 2siny 
since the function f(x) is piece- 
wise continuous on the interval l 
[—x, x] and is continuous at the point x,, it is therefore con- 
tinuous in some neighbourhood [x,--6, x,4-6] of the point x,.. 
For this reason, the function (D,(a) is continuous at all points 
where a=40 and [a|« 6. When a=0 the function (D,(a) is not 
defined. 
Let us find the limits lim Ọ, (a) and lim (D,(a), making us? 
0—0 Q- 0-0 


of conditions (1) and (2): dk 


Fig. 370. 


COS 5 
lim @,(a)= lim [f(x, +a) —/(x)]— 4 = 
0.—-0—0 (—0—0 2 sin DI 
= 
jg lebe 0 eg € eu 
0-»0—0 = sin X. 2 
2 
2 
= lim EtA e) ug — lim cos A. =k l= ke 
a—>0—0 a a—->0—0 sinz- q—0—0 


*) If conditions (1) and (2) are fulfilled, then we say that the function 
f(x) has, at the point x, a derivative on the right and a derivative on the 
left. Fig. 370 shows a function where £,-tanqg, &,—tanqg, &,4&,. If 
k,=k,, that is, if the derivatives on the right and left are equal, then the 
function will be differentiable at the given point. 


26* 


804 Fourier Series. 


—————Ó—— à 


Thus, if we redefine the function ®, (a) by putting ®, (0) — £,, 
then it will be continuous on the interval [—6, 0], and, hence, 
bounded as well. Similarly we prove that 

lim 6, (a) =&,. 
Q.-0--0 

Consequently, the function ®, (a) is bounded and continuous 
on the interval [0, à]. Thus, on the interval [—6, à] the func- 
tion @,(a) is bounded and piecewise continuous. Now let us 
return to equation (1), Sec. 9 (denoting x in terms of x,), 


i ò cos 7 | 
lim lsa (x) —£ (x) — lim. = V UG, 4-9) —1 (91 —; sin na da 
n-- oo no Lô sin > 


OT 
6 
lim (s, (x) —f(x,)] = lim + D, (a) sin na da. 
R=» 90 fi— a “o 


From formulas (5) of Sec. 7 we conclude that the limit on the 
right is equal to zero, and therefore 


lim [s, () —f (= . 
" n>a 
lim Sn (X,) =f (x,). 


The theorem is proved. 

This theorem differs from the theorem stated in Sec. 1 in that 
in the latter case it was required, for convergence of the Fou- 
rier series at a point x, to the value of the function f(x,), that 
the point x, should be a point of continuity on the interval 
[—7, x] whereas the function should be piecewise monotonic; 
here, however, it is required that the function at the point x, 
should be a point of continuity and that the conditions (1) and 
(2) be fulfilled, while throughout the interval [— 2, x] the func- 
tion should be piecewise continuous and bounded. It is obvious 
that these conditions are different. 

Note 1. If a piecewise continuous function is differentiable at 
the point x,, it is obvious that conditions (1) and (2) are ful- 
filled. Here, &,=,. Hence, at points where the function f(x) 
is differentiable, the Fourier series converges to a value of the 
function at the corresponding point. 

Note 2:. a) The function considered in Example 2, Sec. 2 
(Fig. 358), satisfies conditions (1) and (2) at the points 0, +2n, 
+4n, ... At all the other points it is differentiable. Consequent- 
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ly, a Fourier series constructed for it converges to the value of 
this function at each point. 

b) The function considered in Example 4, Sec. 2 (Fig. 361), 
satisfies conditions (1) and (2) at the points +n, 3m, +5n. 
It is differentiable at all points. [t is represented by a Fourier 
series at each point. 

c) The function considered in Example 1, Sec. 2 (Fig. 357), 
is discontinuous at the points +n, -FE3z, +5n. At all other 
points it is differentiable. Hence, at all points, with the excep- 
tion of points of discontinuity, the Fourier series corresponding 
to it converges to the value of the function at the corresponding 
points. At the discontinuities, the sum of the Fourier series is 
equal to the arithmetical mean limit of the function on the right 
and on the left (in this case, zero). 


SEC. 11. PRACTICAL HARMONIC ANALYSIS 


The theory of expanding functions in Fourier series is called 
harmonic analysis. We shall now make several remarks about 
approximate computation of the coefficients of a Fourier series, 
that is to say, about practical harmonic analysis. 

As we know, the Fourier coefficients of a function f(x) with | 
period 2x are defined by the formulas | 

T T 
a, => f (x) dx; a,= x-| f (x) cos kx dx; 
—I —n 


it 
b,=— | f (x) sin kx dx. 
7 


In many practical cases, the function f(x) is represented either 
in tabular form (when the functional relation is obtained by 
experiment) or in the form of a curve which is plotted by some 
kind of instrument. In these cases the Fourier coefficients are 
calculated by means of approximate methods of integration (see 
Sec. 8, Ch. XI). 

Let us consider the interval —n sxn of length 2x. This 
can always be done by proper choice of scale on the x-axis. 

Divide the interval [—x, x] into n equal parts by the points 


L, = — R, XQ XQ o... 0, X425 
Then the subinterval will be 
Axe 


n 
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We denote the values of the function f(x) at the points x,, x,, 
Xa, «+» , XQ (respectively) in terms of 


Yor U; Ys, pea = o Yn 


These values are determined either from a table or from the 
graph of the given function (by measuring the corresponding 
ordinates). 

Then, taking advantage, for example, of the rectangular for- 
mula [see formula (1), Sec. 8, Ch. XI], we determine the Fourier 
coefficients: 


= ple a, = 23. y cos, ins a dudas 


i1 


Diagrams have been devised that simplify computation of Fou- 
rier coefficients (see, for instance, V. I. Smirnov, “Course of 
Higher Mathematics", Vol. Il; A. M. Lopshits, “Models for Har- 
monic Analysis”). We cannot deal here with the details but we 
can note that there are instruments (harmonic analysers) which 
permit approximating the values of Fourier coefficients from the 
graph of the function. 


SEC. 12. FOURIER INTEGRAL 


Let a function f(x) be defined in an infinite interval (— oo 
oo) and absolutely integrable over it; that is, there exists an 
integral 


LU 


| Ireax- o. (1 


Further, let the function f(x) be such that it is expandable 
into a Fourier series in any interval (—/, +2): 


9-4 X ay cos x -- b, sin x, (2) 
k=] 


where 
l 


l 
1 k - I . k 
a-T| f(t) cos ËF tdt, h-1) F(A sin +dt. — (3) 
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Putting into: series (2) the expressions of the coefficients a, and 
b, from formulas (3), we can write 


oo i 
f(x) bf re ) dt + +7 DY I0 cos Fe at eos P+ 


t sin 57 t dt sin 5* X 
«(f fe) ) 


l 
=al f(t) #434 10 | cosy cos“ x 4+ sin “7 é sin E xl dt 


or 
l o f 
sje EN FA cos E= a A 
—I k=1 Li 


Let us investigate what form expansion (4) will take when 
passing to the limit as / — oo. 
We introduce the following notation: 
a=}, a=, cee y a, — 57 ... and Aa, — 7. (5) 


Substituting into (4), we get 


£ o l 
Fo) Eat ex X0 cosa, (t{—x)dt) Aaa — (5) 
-i =i al 


As (t—+oo, the first term on the right approaches zero. 
‘Indeed, 
l 


/ co 
| fro ed (irl e d. Girotac- dao. 
=f -l fad 


For any fixed /, the expression in the parentheses is a function 
of a, [see formula (5)], which takes on values from = to oo. We 


will show, without proof, that if the function f(x) is piecewise 
monotonic on every finite interval, is bounded on an infinite inter- 
val and satisfies condition (1), then as {—+-+ oo formula (6) takes 
the form 


t= f (| FW cosa(t—x9 dt) da. (7) 
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The expression on the right is known as the Fourier integral of 
the function f(x). Equation (7) occurs for all points where the 
function is continuous. At points of discontinuity we have the 
equation 


i ( f f (t) cos a (f— x) dx) = Mert ie—0) . (7') 


Let us transform the integral on the right of (7) by expanding 
cos a (f — x): 


cos a (£ — x) = cos a£ cos ax +- sin at sin ax. 


Putting this expession into formula (7) and taking cose x and 
sinax outside the integral signs, where the integration is performed 
with respect to the variable £, we get 


p=) ( ( f (t) cos at dt) cos ax da + 


Js E] ( f f (£) sin at dt) sin ax da. (8) 


Each of the integrals in brackets with respect to ¢ exists, since 
the function f(/) is absolutely integrable.in the interval (— oo, oo), 
and therefore the functions f(t) cosat and f (f) sina£ are also abso- 
lutely integrable. 

Let us consider particular cases of formula (8). 

l. Let f(x) be even. Then f (£) cosaf is an even function, while 
f (£f) sinatis odd and we have 


o e 


\ f(t) cosatdt —2 f f (t) cos at dt, 


- oO 


f F(t) sinat dt —0. 


Formula (8) in this case takes the form 


f (x) P (CF (t) cos at dt ) cos ax da. (9) 
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2. Let f (x) be odd. Analysing the character of the integrals in 
formula (8) in this case, we obtain 


fF (x) ont (CFO sin at dt) sin ax da. (10) 


If f(x) is defined only in the interval (0, oo), then for x —0 
it may be represented by either formula (9) or (10). In the first 
case we redefine it in the interval (— oo, 0) in even fashion; in 
the latter case, in odd fashion. 

Let it be noted once again that at the points of discontinuity 
we should write the following expression in place of f(x) in the 
left-hand members of (9) and (10): 


f (x --0) -- f (x — 0) 
2: E 


Let us return to formula (8). The integrals in brackets are func- 
tions of a. We introduce the following notation: 


A (a) = { f (f) cosat dt, 


B (a) - MIO sin adf. 


Then formula (8) may be rewritten as follows: 


co 


f(xy=\[A (a) cosa x + B (a) sin a x] da. (11) 


We say the formula (11) yields an expansion of the function f (x) 
into harmonics with a frequency a that continuously varies from 
0 to oo. The law of distribution of amplitudes and initial phases 
as dependent upon the frequency « is expressed in terms of the 
functions A (a) and B (o). 

Let us return to formula (9). We set 


F (a) = y 2lr@ cos at dt; (12) 
then formula (9) takes the form 


Fx) = y- | F (a) cos ax da. (13) 
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The function F(a) is called the Fourier cosine transform of the 
function f (x). 

If in (12) we consider F(a) as given and f(t) as the unknown 
function, then it is an integral equation of the function f (t). 
Formula (13) gives the solution of this equation. 

On the basis of formula (10) we can write the following equations: 


O (a) = y $50 sin a£ df, (14) 
TREE y ¿low sin ax da. (15) 


The function D (a) is called the Fourier sine transform, 
Example. Let 
F(x)—e-9* (B2 0, x=0). 
From (12) we determine the Fourier cosine transform: 


zA 0 ug 2, 23.9 

F (a)— y i P cos at dt = n pia’ 
" 0 

From (14) we determine the Fourier sine transform: 


—- o0 a, 
- 2 -gl = V 2 a 
® (a) = y 25 e-® sinat dt = "5 Berat 
0 
From formulas (13) and (15) we find the reciprocal relationshipsi 


2 P COS ax 
Tarpeia (x = 0), 
0 
9 oo 
a sin ax 
x 6? a? da =e-® (x > 0). 
0 


. SEC. 13. THE FOURIER INTEGRAL IN COMPLEX FORM 


In the Fourier integral [formula (7), Sec. 12], the brackets con- 
tain an even function of a; hence, it is defined for negative values 
of a as well. On the basis of the foregoing, formula (7) can be 
rewritten as follows: 


IRR ( ( rto cosa (ti— 29 d£) da. (1) 
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Let us now consider the following expression, which is identically 
equal to zero: 


M eo 
HM eu (t) sin a (£ — x) dt) da — 0. 


The expression on the left is identically equal to zero because 
the function of a in the brackets is an odd function, and an in- 
tegral.of an odd function from — M to + M is equal to zero. It 
is obvious that 


eo 


im f ( 6/0 sina —39) di) da=0 


-M -oa 
or 
f ( ( f (t) sina (£— x) dt) da — O0. (2) 


Note. It is necessary to point to the following. A convergent 
integral with infinite limits is defined as follows: 


eo [^] oo 


| ọ (a) da = ( p (0) da + | e (a) da = 
= lim f e (a) da + lim f e (o) da (*) 
M Yy TAR 


| provided that each of the limits to the right exists (see Sec. 7, 
Ch. XI). But in equation (2) we wrote 


eo M 
| p@)da= lim È g(a) da. (**) 
LOT Mo 


Obviously, it may happen that the limit (**) exists, while the 
limits on the right side of equation (*) do not exist. The expres- 
sion on the right of (**) is called the principal value of the in- 
tegral. Thus, in equation (2) we consider the principal value of 
the improper (outer) integral. The subsequent integrals of this section 
will be written in this sense. 


Let us multiply the terms oi (2) by z- and add them to the 
corresponding terms of (1); we then get 


eoo oo 


Fog; V | FO losat— s) +i sina (t—x))dt] da 


oo d 
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Or 
f ()- g- f [f f(t) e? tel da. (3) 


This is the Fourier integral in complex form. Formula (3) may be 
rewritten as follows: 


o ( (v: ( f(t) aL) e7 "da, 


On the basis of this latter equation we can write 


F* (0) = 7 | FO edt, (4) 
o= v | F* (a) eda. (5) 


The function F* (a) defined by formula (4) is called the Fourier 
transform of the function f(£. The function f(x) defined by for- 
mula (5) is called the Fourier inverse transform of the function 
F* (a) (the transforms differ in the sign in front of i). 


Exercises on Chapter XVII 


1. Expand the following function in a Fourier series in the interval( — x, 7); 


f(x) 22x for Oe x « x, 
f(x)=x for —n< x <0. 


1 2 fcosx , cos3x , cos 5x sinx sin 2x 
Ans. i"—xl E + 32 + 52 tees 9 
sin3x — 
3 


2. Taking advantage of the expansion of the function f (x)=1 in the inter- 
val (0, x) in the sines of multiple arcs, calculate the sum of the series 
]-—— — Ans. © 
— 3 Tg E d eee . 4 . | 
3. Utilising the expansion of the function /(x)2x* in a Fourier series, 


: gt. 
compute ihe sum of the series p opt pte Ans. ] 
y? 


2 
4. Expand the function ra=- F in a Fourier series in the interval 


cos ?x , cos 3x cos 4x 


(—x, n). Ans. coSx——x—d—3 — rE +... 
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5. Expand the following function in a Fourier series in the interval ( — x, x) 


[o -EEA for —n < x <0, 


f (=F (e—a) for 0 x < x. 


Ans. sin to sin depo sin 3x4-... 
6. Expand in a Fourier series, in the interval (—x, x), the function 
I (x)= —x for —n <x <0, 
f(x)=0 for Ocxemn. 


I 2 cos (2n -- 1) x ui Ru nx 
Ans. 25 — n4 -Xci 1) 


7. Expand in a Fourier series, in the interval (—x, zx), the function 
f(x)=1 for —xn< «<0, 
f (x)= —2 for 0 xem. 


_ 6 sin (2n -+ 1) x 
Ans. Synge ys eer . 
8. Expand "i uie F(x)2x*, in the interval (0, x), in a series of sines. 


e 
2 noi fm? , 2 " 
Ans. s 24D ‘ata [( — I)* —1]* sin ax. 
9. Expand the function y —cos 2x in a series of sines in the interval (0, x). 


4 [sinx , 3sin3x , 5sin 5x 
Ans. X EE it 938 t 9: pe 92 52 F.. jJ: 


10. "d and the pune y=sin x ina series of cosines in the interval (0, x). 
Ans. =. atin mr at... 
11. Expand the function y —e* in a Fourier series in the interval (=l, l). 


nax 
anoo 
Lnn? 


e (—1)"sin —— 


Ans. en [ee 


( —1)"-!n sin T 


baee Y. E 


n=1 


12. Expand the function f(x)=2x in a series of sines in the interval (0, 1). 


2 7 sin 2nxx 
Ans. ben 
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13, Expand the function f(x) 2x in a series of sines in the interval (0,/). 


2 e sin = 
l 
Ans =| Sne ])?^*! 

nzi 


14, Expand {he function 


(x) == xforO0<x<1, 
2—x for 1 «x «2 


in ihe interval (0, 2): a) in a series of sincs; b) in a series of cosines. 


eo sin Q7 E D zs eo 
8 " 2 l 4 cos (2n 4- 1) nx 


CHAPTER XVIII 


EQUATIONS OF MATHEMATICAL PHYSICS 


SEC. 1. BASIC TYPES OF EQUATIONS OF MATHEMATICAL PHYSICS 


The basic equations of mathematical: physics (for the case of 
functions of two independent variables) are the following second- 
order partial differential equations. 


I. Wave Equation: 


Q?u 0?u 
397 a ag (1) 


This equation is invoked in the study of processes of transversal 
vibrations of a string, the longitudinal vibrations of rods, electric 
oscillations in conductors, the torsional oscillations of shafts, gas 
vibrations, and so forth. This equation is the simplest of the class 
of hyperbolic equations. 


II. Fourier Equation for Heat Conduction: 


Ot | Ox?" (2) 


This equation is invoked in the study of processes oi the propa- 
gation of heat, the filtration of liquids and gases in a porous 
medium (for example, the filtration of oil and gas in subterranean 
sandstones), some problems in probability theory, etc. This equation 
is the simplest of the class of parabolic equation. 


Ii. Laplace’s Equation: 
;7 0. (3) 


This equation is invoked in the study of problems dealing with 
electric and magnetic fields, stationary thermal states, problems 
in hydrodynamics, diffusion, and so on. This equation isthe simplest 
in the class of elliptic equations. 

In equations (1), (2), and (3), the unknown function u depends 
on two variables. Also considered are appropriate equations of 
functions with a larger number of variables. Thus, the wave 
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equation in three independent variables is of the forrn 


Q?u ./9*u , Qu , 

ETT = a (sath) , (1°) 
the heat-conduction equation in three independent variables is of 
the form : : 

Qu 2 [0u , 0*u 

a4 t 35). 0G 
the Laplace equation in three independent variables has the form 

Ou , Ou , Ou ; 

at at aa 9 (3) 


SEC. 2. DERIVATION OF THE EQUATION OF OSCILLATION OF A STRING. 
FORMULATION OF THE BOUNDARY-VALUE PROBLEM. 
DERIVATION OF EQUATIONS OF ELECTRIC OSCILLATIONS IN WIRES 


In mathematical physics a string is understood to be a flexible 
and elastic thread. The tensions that arise in a string at any 
instant of time are directed along a tangent to its profile. Let a 
string of length / be, at the initial instant, directed along a seg- 
ment of the x-axis from O to J. Assume that the ends of the 
string are fixed at the points x=0 
and x=l. If the string is deflected 
from its original position and then 
let loose; or if without deflecting the 
string we impart to its points a cer- 
tain velocity at the initial time, or 
if we deflect the string and impart 
a velocity to its points, then the 
points of the string will perform 
certain motions; we say that the string is set into oscillation. 
The problem is to determine the shape of the string at any instant 
of time and to determine the law of motion of every point of the 
string as a function of time. 

Let us consider small deflections of the points of the string from 
the initial position. We may suppose that the motion of the points 
of the string is perpendicular to the x-axis and in a single plane. 
On this assumption, the process of oscillation of the string is 
described by a single function u(x, t), which yields the amount 
that a point of the string with abscissa x has moved at time ¢ 
(Fig. 371). 

Since we consider small deflections of the string in the (x, u)- 
plane, we shall assume that the length of an element of string 
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M,M, is equal to its projection on the x-axis, that is, ") M,M,= 

— x, x. We also assume that the tension of the string 'at all 
points is the same; we denote it 
by 7. 

Consider an element of the string 
MM’ (Fig. 372). Forces T act at the 
ends of this element along tangents 
to the string. Let the tangents form 
with the x-axis angles ọ and ọ + Ag. 
Then the projection on the z-axis of Fig. 372. 
forces acting on the element MM’ 
will be equal to T sin (ọ -+ Aq)— T sing. Since the angle ọ is small, 
we can put tang sin q, and we will have 
T sin (ọ + ^q)—T sing= 

~T tan (p+ Ag)— T tang =T [an n | = 
0*u (x + Ax, th), p u(x, y) 
=T eae Ax=T — A ; 


0«0—1 


(here, we applied the Lagrange theorem to the expression in the 
square brackets). 

[n order to obtain the equation of motion, we must equate to 
the force of inertia the external forces applied to the element. 
Let o be the linear density of the string. Then the mass of the 
element of the string will be ọAx. The acceleration of the element 


js La Hence, by d'Alembert's principle we will have 


oAx f — T Y Ax. 


Cancelling out Ax and denoting T=, we get the equation of 
motion: 

Ou Ou 

as =O" aa (1) 
This is the wave equation, the equation of vibrations of a string. 
Equation (1) by itself is not sufficient for a complete definition 


*) This assumption is equivalent to neglecting u? as compared with 1. 
Indeed, 


X4 X4 
—H A 
MM, =È Vitus acc (rri) dr~ V dx — my. 
x, 


X4 Xx 
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of the motion of a string. The desired function u(x, £) must also 
satisfy boundary conditions that indicate what occurs at the ends 
of the string (x0 and x=l) and initial conditions, which 
describe the state of the string at the initial time (¢=0). The bound- 
ary and initial conditions are referred to collectively as boundary- 
value conditions. 

For example, as we assumed, let the ends of the string at x —0 
ce be fixed. Then for any ¢ the following equalities must 
old: 


u (0, 7)=0, (2^) 
u(l, t) - 0. (2") 


These equations are the boundary conditions for our problem. 
At ¢=0 the string has a definite shape, that which we gave it. 
e this shape be defined by a function f(x). We should then 
ave 


u(x, O)=u| sap =f (x). (3’) 


Further, at the initial instant the velocity at each point of the 
string must be given; it is defined by the function ọ (x). Thus, 
we should have 


Q uF 
F = (0 (3”) 


The conditions (3’) and (3") are the initial conditions. 

Note. For a special case we may have f(x)=0 or »(x)=0. 
But if f(x)=0 and qg (x) z«0, then the string will be in a state 
of rest; hence, u(x, =Q. 

As has already been pointed out, the problem of electric oscil- 
lations in wires likewise leads to equation (1). Let us show this 
to be the case. The electric current in a wire is characterised by 
the current flow i(x, t) and the voltage v (x, f), which are depen- 
dent on the coordinate x of the point of the wire and on the 
time 7. Regarding an element of wire Ax, we can write that the 
voltage drop on the element Ax is equal to v (x, f) — v (x+ Ax, t) x 


=o Ax. This voltage drop consists of the ohmic drop, equal 


to iRAx, and the inductive drop, equal to 2: Lx. Thus, 
ð : Qi 
—3 Ax — IRAx +3; LAx, (4) 


where R and L are the resistance and the coefficient of self-induc- 
tion reckoned per unit length of wire. The minus sign indicates 
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that the current flow is in a direction opposite to the build-up 
of v. Cancelling out Ax, we get the equation 


A FIR +L% —0. (5) 


Further, the difference between the current leaving element Ax 
and entering it during time A? will be 


i(x, )—i(e+Ax, th —5- Axt. 


It is taken up in charging the element ( this is equal to CAx St At) 
and in leakage through the lateral surface of the wire due to 
imperfect insulation, equal to AvAxAt (here A is the leak coeffi- 
cient) Equating these expressions and cancelling out AxA/, we 
get the equation 


ði ð 
z +C5- + Av=0. (6) 


Equations (5) and (6) are generally called telegraph equations. 

From the system of equations (5) and (6) we can obtain an 
equation that contains only the desired function i(x, ¢), and an 
equation containing only the desired function v (x, /). Differentiate 
ihe terms of equation (6) with respect to x; differentiate the terms 
of (5) with respect to ¢ and multiply them by C. Subtracting, 
we get 


07 dv Oi Q^i 
Sa tA Sc — CR 5- —CL 55 — 0. 


Substituting into the latter equation the expression T from (5), 
we get 

" " 

tA (—iR—L& )—CR5—CL i =0 


or 
Q*i 07; ð ‘ 
3a = CL Fat (CR + AL) S + ARI. (7) 
Similarly, we obtain an equation for determining v (x, £): 
o? g? Q 
ga = CL se +(CR+ AL) 7 + ARo. (8) 


If we neglect the leakage through the insulation (4 —0) and 
the resistance (R —0), then equations (7) and (8) pass into the 
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wave equations 

„0i i TL _ ðw 

Ox? at? Oxt Ott? 
where a= rr. The physical conditions dictate the formulation 
of the boundary and initial conditions of the problem. 


SEC. 3. SOLUTION OF THE EQUATION OF OSCILLATIONS 
OF A STRING BY THE METHOD OF SEPARATION OF VARIABLES 
(THE FOURIER METHOD) 


The method of separation of variables (or the Fourier method), 
which we shall now discuss, is typical of the solution of many 
problems of mathematical physics. Let it be required to find the 
solution of the equation 


Ou 4 Pu l 
ag ^74 ag (1) 
which satisfies the boundary-value conditions 
u (0, t) — 0, (2) 
u (L, t) — 0, (3) 
u(x, 0)=f (x), (4) 
ð - 
Fr la 7 9 (8). (5) 


We shall seek a particular solution (not identically equal to zero) 
of equation (1) that satisfies the boundary conditions (2) and (3), 
in the form of a product of two functions X (x) and T (t), of 
which the former is dependent only on x, and the latter, only 


on f£: 
u(x, t)=X (x)T (t). (6) 
Substituting into equation (1), we get X (x) T” (t) 2a^ X" (x)T (t), 
and dividing the terms of the equation by a*XT, 
T X 
aT =X (7) 
The left member of this equation is a function that does not 
depend on x, the right member is a function that does not depend 
on f, Equation (7) is possible only when the left and right mem- 
bers are not dependent either on x or on £, that is, are equal to 
a constant number. We denote it by —A, where A>O (later on 
we will consider the case A«0). Thus, 
T X 0 
aT X f 
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From these equations we get two equations: 


X" -- AX =0, 4 (8) 

T" +AT — O0. (9) 

The general solutions of these equations are (see Ch. XIII, Sec. 21) 
X (x)= A cos V Ax +B sin V Ax, (10) 

T (x) - C cosa V At -4- D sin aV At, (11) 


where A, B, C, and D are arbitrary constants. 
Substituting the expressions X(x) and T'(f) into (6), we get 


u(x, t) - (A cos V Àx 4- B sin V Ax) (C cos aV t +D sin aV At). 


Now choose the constants A and B so that the conditions (2) and 
(3) are satisfied. Since T (/) 3&0 (otherwise we would have u (x, 1) z«0, 
which contradicts the hypothesis), the function X (x) must satisfy 
the conditions (2) and (3); that is, we must have X (0)=0, X (1) «0. 
Putting the values x20 and x=/ into (10), we obtain, on the 
basis of (2) and (3), 

02 A-14- B-0, 


0— AcosY Al +B sin VM — 0. 
From the first equation we find A =0. From the second it follows 
that P l 
B siny Al «0. 


B-zE0, since otherwise we would have X £20 and w==0, which 
contradicts the hypothesis. Consequently, we must have 


sin V Al =0, 
whence 


Via (nel, 2, ...) (12) 


(we do not take the value n=O, since then we would have X =0 
and uzz0). And so we have 

X — B sinx. (13) 
These values of X are called eigenvalues of the given boundary- 
value problem. The functions X(x) corresponding to them are 
called eigenfunctions. 

Note. If in place of —A we took the expression +A=&’, then 

equation (8) would take the form 

X" —R* X =0, 
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The general solution of this equation is 
X = Ae** +. Be-**, 


A nonzero solution in this form cannot satisfy the boundary 
conditions (2) and (3). 
Knowing YA we can {utilising (11)] write 


T (f) =C cos ^t -D sin F t (n=1, 2, ...). (14) 


For each value of n, hence for every À, we put the expressions 
(13) and (14) into (6) and obtain a solution of equation (1) that 
satisfies the boundary conditions (2) and (3). We denote this so- 
lution by u, (x, f): 

u,, (x; y= sin 7 x (C, cos —“t+D, sin Et). (15) 
For each value of n we can take the constants C and D and thus 
write C, and D, (the constant B is included in C, and D,). 
Since equation (1) is linear and homogeneous, the sum of the 
solutions is also a solution, and therefore the function represent- 
ed by the series 


u (x, => u, (x, t 
OT 
u (x, N= 3 nee cos 777 t D, sin 1) sin SF x (16) 


will likewise be a solution of the differential equation (1), which 
will satisfy the boundary conditions (2) and (3). Series (16) will 
obviously be a solution of equation (1) only if the coefficients 
C, and D, are such that this series converges and that the series 
resulting from a double term-by-term differentiation with respect 
to x and to ¢ converge as well. 

The solution (16) should also satisfy the initial conditions (4) 
and (5). We shall try to do this by choosing the constants C, 
and D,. Substituting into (16) £=0, we get [see condition (4)]: 


f (x) - 2.6, sin“ x. (17) 
If the function f(x) is such that in the interval (0, I) it may be 
expanded in a Fourier series (see Sec. 1, Ch. XVII), the condition 


(17) will be fulfilled if we put 
i 
2 b4 
=7 FW) sin TX dx. (18) 
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We then differentiate the terms of (16) with respect to ¢ and 
substitute / — 0. From condition (5) we get the equality 


TOREDA D a sin x, 


n-—1 


We define the Fourier Ine of this series: 
D, ann _ = + etos 
or 
zl (x) | sin 7 x dx. (19) 


Thus, we have proved that the series (16), where the coefficients 
C, and D, are defined by formulas (18) and (19) [if it admits 
double termwise differentiation], is a function u(x, f), which is 
the solution of equation (1) and satisfies the boundary and initial 
conditions (2) to (5). 

Note. Solving the problem at hand for the wave equation by 
a diflerent method, we can prove that the series (16) is a solution 
even when it does not admit termwise differentiation. In this case 
the function f(x) must be twice differentiable and (x) must be 
once diflerentiable*). 


SEC. 4. THE EQUATION FOR PROPAGATION OF HEAT IN A ROD. 
FORMULATION OF THE BOUNDARY-VALUE PROBLEM 


Let us consider a homogeneous rod of length /. We assume 
that the lateral surface of the rod is impenetrable to heat transfer 
and that the temperature is the same 
at all points of any cross-sectional area —— 
of the rod. Let us study the process of ? X X 
propagation of heat in the rod. Fie. 373 

We place the x-axis so that one E EE 
end of the rod coincides with the 
point x 20, the other with the point x=; (Fig. 373). Let 
u(x, t) be the temperature in the cross section of the rod with 
abscissa x at time /. Experiment tells us that the rate of propa- 


* These conditions are dealt with in detail in “Equations of Mathematical 
Physics”, A. N. Tikhonov and A. A. Samarsky, Gostekhizdat, 1954 (Russian 
edition). 
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gation of heat (that is, the quantity of heat passing through a 
cross section with abscissa x in unit time) is given by the formula 


ð 
q= —k zS (1) 


where S is the cross-sectional area of the rod and k is the coef- 
ficient of heat conduction*). 

Let us examine an element of rod contained between cross 
sections with abscissas x, and x,(x,—x,- Ax). The quantity of 
heat passing through the cross section with abscissa x, during 
time Af will be equal to 

Qu 
AQ, — —Rh 3: 


SAt, (2) 


XX, 


and the same for the cross section with abscissa x,! 


ð 
AQ, =—k NES (3) 


The influx of heat AQ,—AQ, into the rod element during time 
At will be 


ð Q 
AQ, — AQ, = E u NY i [|-« Z „a SAt) = 
~k D AxSAt (4) 
(we applied the Lagrange theorem to the difference x 
—- = ) This influx of heat during time At was spent in 


raising the temperature of the rod element by Au: | 
AQ,— AQ, = coAxSAu 


or AQ, — AQ, z«coAxS Č Mt, (5) 


where c is the thermal capacity of the substance of the rod and 
o is the density of the substance (gAxS is the mass of an element 
of rod). 


*) The rate of propagation of heat, or the rate of the thermal flux, is 
determined by 
| AQ 
q = lim At " 
where AQ is the quantity of heat that has passed through a cross section S 
during a time Af. 
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Equating expressions (4) and (5) of one and the same quantity 
of heat AQ, —4AQ,, we get 


Ou Qu 
k Ja AxSAt = coAxS ài At 


or 
ðu _ ku 
at co ax?” 
Denoting = =a", we finally get 


Qu ĝu 
ot = Q? od š (6) 


This is the equation for the propagation of heat (the equation of 
heat conduction) in a homogeneous rod. 

For the solution of equation (6) to be definite, the function u (x, £) 
must satisfy the boundary-value conditions corresponding to the 
physical conditions of the problem. For the solution of equation (6), 
the boundary-value conditions may differ. The conditions which 
correspond to the so-called first boundary-value problem for Ost «zT 
are as follows: 


u (x, 0) = (x), (7) 
u (0, £) — p, (f), (8) 
u (l, t) — b, ($). (9) 


Physically, condition (7) (the initial condition) corresponds to 
the fact that for #0 a temperature is given in various cross 
sections of the rod equal to (x). Conditions (8) and (9) (the 
boundary conditions) correspond to the fact that at the ends of 
the rod, x=0 and x=/, a temperature is maintained equal to 
ap, (£) and sp, (£), respectively. 

It is proved that the equation (6) has only one solution in the 
region O «x«l, Ost «T, which satisfies the conditions (7), (8), 
and (9). 


SEC. 5. HEAT PROPAGATION IN SPACE 


Let us further consider the process of propagation of heat in 
three-dimensional space. Let u(x, y, z, £) be the temperature at 
a point with coordinates (x, y, 2) at time /. Experiment states 
that the rate of heat passage through an area As, that is, the 
quantity oi heat passing through in unit time is governed by the 
formula [similar to formula (1) of the preceding section] 


0 
AQ=—k5 As, (1) 
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where & is the coefficient of heat conductivity of the medium 
under consideration, which we regard as homogeneous and isotro- 
pic, æ is the unit vector directed normally to the area As in the 
direction of motion of the heat. Taking advantage of Sec. 14, 
Ch. VIII, we can write 


ðu du Ou Ou 
Ia ^ dx 09 9 3; cos ++ cos y, 


where cosa, cosD, cos y are the direction cosines of the vector rnt, or 


La radu 
on — E : 


Substituting the expression i into formula (1), we get 


AQ =— kn grad u As. 


The quantity of heat passing in time A£ through the elementary 
area As will be 


AQAt = — kn grad u At As. 


Now let us return to the problem posed at the beginning of 
the section. In the medium at hand we pick out a small volume V 
bounded by the surface S. The quantity of heat passing through 
the surface S will be 


Q =— M y kn grad uds, (2) 


where n is the unit vector directed along the external normal to 
the surface S. It is obvious that formula (2) yields the quantity 
of heat entering the volume V (or leaving the volume V) during 
time Af. The quantity of heat entering V is spent in raising the 
temperature of the substance of this volume. 

Let us consider an elementary volume Av. Let its temperature 
rise by Au in time Aż. Obviously, the quantity of heat expended 
on raising the temperature of the element Av will be 


cAve Au=cAve 7 At, 
where c is the heat capacity of the substance and o is the density. 


The total quantity of heat consumed in raising the temperature 
in the volume V during time Aż will be 


rj) cQ ad dv. 
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But this is the heat that has entered the volume V during the 
time Af; it is defined by formula (2). Thus, we have the equality 


at \\ kngraduds = At JJ co St dv. / 
S 
Cancelling out Af, we get 
sf kn grad u ds = JS CQ ud dv. (3) 


The surface integral on the left-hand side of this equation we 
transform by the Ostrogradsky formula (see Sec. 8, Ch. XV), 
assuming F= k grad u: 


(È (k gradu) nds — $ (È div (k grad u)dv. 
S V 


Replacing the double integral on the left of (3) by a triple inte- 


gral, we get 
M) div (k grad u) dv = jj co% dv 


i | div (k grad u)— co sr do = 0. (4) 
V 


OT 


Applying the mean-value theorem to the triple integral on the 
left (see Sec. 12, Ch. XIV), we get 


: Qu ] 
[aive grad u)— co ri —PHÁ € 0, (5) 
where the point P(x, y, 2) is some point of the volume V. 
Since we can pick out an arbitrary volume V in three-dimen- 
sional space where propagation of heat is taking place, and since 
we assume that the integrand in (4) is continuous, equality (5) 
will be fulfilled at each point of the space. Thus, 
co 2 = div (k grad u). (6) 
But 
Qu Ou , Ou 
(see Sec. 14, Ch. VIII) and | 


div (k gradu) = 2. (4 J) tos (4 5.) +2 (4 as) 
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(see Sec. 9, Ch. XV). Substituting into (6), we obtain 
ðu ð Ou ð ðu ð ðu 
oog mas (f Se) Fa (# m) tae (# SE) - V) 
If k is a constant, then 
div (k grad u) = k div (grad u) =k (Sat 
and equation (6) then yields 


Ou Ou , O"u , Qu 
Dr e (Guts az) 


O*u , O?u 
oy? 32) 


or, putting == a’, 


Qu a [0u , Ou , Ou 
3:74 (207227) : (8) 
Equation (8) is briefly written 
Qu 
a= a Au, 


u , u , ou. Ba d aul t 
where Au = za t gat a2 i$ the Laplace operator. Equation (8) 
is the equation of heat conduction .in space. To find its unique 
solution that corresponds to the problem posed here, it is necessary 
to specify the boundary-value conditions. 

Let there be a body Q with a surface c. In this body we con- 
sider the process of propagation of heat. At the initial time the 
temperature of the body is specified, which means that the solu- 
tion is known for £—0O (the initial condition): 


u(x, y, 2, 0) (x, y, 2). (9 


In addition to that we must know the temperature at any point M 
of the surface o of the body at any time £ (the boundary condi- 
tion): 

u (M, t)=p(M, 2). (10) 


(Other boundary conditions are possible too.) 

If the desired function u(x, y, 2, t) is independent of z, which 
corresponds to the temperature being independent of 2, we obtain 
the equation 


Qu Cu , Q?u 
a =a (23-35) ; (11) 


which is the equation of heat propagation in a plane. 
If we consider heat propagation in a flat region D with bound- 
ary C, then the boundary conditions, like (9) and (10), are 
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—— 


formulated as follows: 
u(x, y, 0)=9(x, y), 
u(M, th=w(M, t), 


where ọ and w are specified functions and M is a point on the 
boundary C. 

But if the function u does not depend either on z or on y, 
then we get the equation | 


which is the equation of heat propagation in a rod. 


SEC. 6. SOLUTION OF THE FIRST BOUNDARY-VALUE 
PROBLEM FOR THE HEAT-CONDUCTIVITY EQUATION 
BY THE METHOD OF FINITE DIFFERENCES 


When we solve partial differential equations by the method of 
finite differences, the derivatives, as in the case of ordinary 
differential equations, are replaced by appropriate differences 
(see Fig. 374): 


Qu (x, t) u(x, t)—u (x, t) (1) 
Ox h : 
Ou(x,t) 1l E (x+h, t) —u(x, t) u(x, t)--u(x—h, 2| 
ox® ~“h| ^h Rh 
or | 
Q*u (x, t) _u(x+h, t)—2u (x, t) +-u(x—A, £). (2) 
Ox? h? * 
similarly, | 
ðu (x, t) u(x, t+-D—u (x, t) 
of. l i (3) 


The first boundary-value problem for the heat-conductivity equa- 
tion is stated (see Sec. 4) as follows. It is required to find the 
solution of the equation 


377 aei (4) 
that satisfies the boundary-value conditions 
u(x, 0)—o(x, | 0Ox«L, (9) 
u(0, y=, (0, | Ot «T, (6) 
u (l, t) — b, (£), Ox<t=<T, (7) 


that is, we have to find the solution u(x, t) in a rectangle boun- 
ded by the straight lines ¢=0, x «0, x=L, (sz T, if the values 
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of the desired function are given on three of its sides: / —0O, 
X —0, x=L (Fig. 375). We cover our region with a grid formed 
by the straight lines 

x=th, i21, 2, se- 

i — kl, Esel wes 
and approximate the values at the nodes of the grid, that is, at 


the points of intersection of these lines. Introducing the notation 
T4 


pti 


(x-hÜ (xt) (x*h,t) 


Fig. 374. Fig. 375. 


u (ih, RI) =u; ,, we write [in place of equation (4)] a corresponding 
difference equation for the point (ih, Al). In accord with (3) 
and (2), we get 


—2 = 
mE Hie qain & xui T (8) 
We determine uj, pyi’ 
2a*l l 
Ui, m= (1— 5 Je iy eto gallisa, pT i-a, ;)- (9) 
From (9) it follows that if we know three values in the &th 
TOW: Ui p Uit jp. Ui- p We Can determine the value uw; ,,, in 


the (k-+ 1)st row. We know all the values on the straight line 
t=0 [see formula (5)) By formula (9) determine the values at 
all the interior points of the segment t=/. We know the values 
of the end points of this segment by virtue of (6) and (7). In this 
way, row by row, we determine the values of the desired solution 
at all nodes of the grid. 

[t is proved that from formula (9) we can obtain an approxi- 
mate value of the solution not for an arbitrary relationship between 


the steps A and Z, but only if lar. Formula (9) is greatly sim- 
plified if the step / along the ¢-axis is chosen so that 
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or T 
l —33 
In this case, (9) takes the form 
l 
ti, kei = T aa, kT Ui k). (10) 


This formula is particularly convenient for computations (Fig. 376). 
This method gives the solution at the nodes of the grid. Solutions 
between the nodes may be obtained, for exam- 

ple, by extrapolation, by drawing a plane O 
through every three points in the space (x, f£, u). (i,k+1) 

Let us denote by u, (x, £) a solution obtained 
by formula (10) and this extrapolation. It is 
proved that (i-th) > (ik) 


lim u,(x, t)=u (x, t), Fig. 876. 
h-0 


where u(x, £) is the solution of our problem. It is also proved *) 
that 


Ius (x, t) —u(x, t) |« Mh, 


where M is a constant independent of A. 


SEC. 7. PROPAGATION OF HEAT IN AN UNBOUNDED ROD 


Let the temperature be given at various sections of an unboun- 
ded rod at an initial instant of time. [t is required to determine 
the temperature distribution in the rod at subsequent instants of 
time. (Physical problems reduce to that of heat propagation in 
an unbounded rod when the rod is so long that the temperature 
in the interior points of the rod at the instants of time under 
consideralion are but slightly dependent on the conditions at 
the ends of the rod.) 

If the rod coincides with the x-axis, the problem is stated 
mathematically as follows. Find the solution to the equation 


ot yi (1) 


*) This question is dealt with in more detail in D. Yu. Panov's “Ref- 
erence on Numerical Solution of Partial Differential Equations", Gostekhizdat, 
ieee Lothar Collatz, “Numerische Behandlung von Differentialgluchungen”, 
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in the region —oo«x« oo, O«t which satisfies the initial 
condition | 


u(x, 0)— (x). (2) 
To find the solution, we apply the method of separation of 


variables (see Sec. 3); that is, we shall seek a particular solution 
of equation (1) in the form of a product of two functions: 


u(x, t)=X (x)T (t). (3) 


Putting this into equation (1) we have X (x) T' (t) =a?X" (x) T (t) 
or 
T' X 
"Up eo (4) 
Neither of these relations can be dependent either on x or 
on ¢; therefore, we equate them to a constant, *)—A’. From (4) 
we get two equations: 


T' +a°MT =0, (5) 
X" +X —0. (6) 
Solving them we find 
T —Ce- 2t 


X-AcosAx -- BsinA x. 
Substituting into (3), we obtain 
u, (x, D) S e-* "" [A (A) cos x + B (4) sin Ax] (7) 


[the constant C is included in A(A) and in B (A)]. 

For each value of A we obtain a solution of the form (7). 
For each value of A the arbitrary constants A and B have defi- 
nite values. We can therefore consider A and B functions of À. 
The sum of the solutions of form (7) is likewise a solution 
[since equation (1) is linear]: 


> e?! LA (A) cos Ax + B (A) sin Ax]. 


Integrating expression (7) with respect to the parameter 4 between 0 
and oo, we also get a solution 


u(x, t) - Ve-*" LA (A) cos Ax + B (A) sin Ax] dà, (8) 


*) Since from the meaning of the problem T (t) must be bounded [or 
any f, if p(x) is bounded, it follows that T must be negative. And so we 
write —A?, 
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if A(A) and B(A) are such that this integral, its derivative with 
respect to ¢ and the second derivative with respect to x exist 
and are obtained by differentiation of the integral with respect 
to ¢ and x. We choose A (A) and B (A) such that the solution u (x, t) 
satisfies the condition (2). Putting /—0 in (8), we get [on the 
basis of condition (2)]: 


u(x, 0)— 9 (x) = V [A (A) cos Ax + B (1) sin Ax] da. (9) 


9 


Suppose that the function ọ (x) is such that it may be represented 
by the Fourier integral (see Sec. 12, Ch. XVII): 


eo 


TES ( p (a) cos À (a— x) da) dh 


== OO : 
Or 


eo 


ọ (x)= 1 ( f (p (a) cos Aa da ) cos Ax ++ 


0 -0 ' 
/ 


+( f p (o) sin ada ) sinc] dA. (10) 
Comparing the right sides of (9) and (10), we get 


A()-—- | (p (a) cos Àa da, 
p (11) 
l ; 
B (h) = — | 9 (a) sin Aa da. 


Putting the expressions thus found of A(A) and B(A) into (8), 
we obtain 


u(x, t)= L (eremo ( ( q (a) cos Au da ) cos Ax 4- 
f id + œ 


+( \ q (a) sin ha da | sin hx | dh = 


- 00 
oo 


= jet | \ «p (a) (cos Aa cos Ax + sin Aa sin Ax) da dÀ = 
0 -— 0 


== Cs | f q (a) cos À (a — x) da) di 


27. 3388 
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or, changing the order of integration, we finally get 


u(x, )-2 f |o (o) (C cos À (a — x) 23] da. (12) 


This is the solution of the problem. 


‘Let us transform formula (12). Compute the integral in the 
parentheses: 


Jem cos ^ (a— x) dA =—! = e? cos Bz dz. (13) 
a 
Q 0 
The integral is transformed by substitution: 
a Y t=z, b (14) 
We denote 
K (B) = \ e7* cos Bz dz. (15) 
Q 


Differentiating, *) we get 


K'(p)-— ( e7” z sin Bz dz. 


0 


Integrating by parts, we find 
- l 25 > e p e -22 
K (D ye" sin Bz) —$ e cos pz dz 


or 
K’ (p)= —4 xq. 


Integrating this differential equation, we obtain 
EM 
K(p)-Ce *. (16) 
Determine the constant C. From (15) it follows that 


o 


K (9) - [ ea; - 4 


0 


*) Differentiation here is easily justified. 
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(see Sec. 5, Ch. XIV). Hence, in (16) we must nave 


_Va - 
EDS 
Ánd so 
t B 
K(p)— ^e *. (17) 
Put the value (17) of the integral (15) into (13): 
o hu p 
EPYEY, * = 1 V x E" 
IE anit cos À (a — x) dÀ Pr ^ 


Q 


In place of B we substitute its expression (14) and finally get the 
value of the integral (13): 


oo em . (a - x? 
[e7teos (a—1) dn; y £e scs ae (18) 


0 


Putting this expression of the integral into the solution (12), we 
finally get 
(a— x)? 


u (x, - Ly | plaje “PF da. (19) 


This formula, called the Poisson integral, is the solution to 
the problem of heat propagation in an unbounded rod. 

Note. It may be proved that the function u(x, £), defined by 
integral (19), is a solution of equation (l) and satisfies condition 
(2) if the function g(x) is bounded on an infinite interval 
(— oo, oo). 

Let us establish the physical meaning of formula (19). We 
consider the function 


0 for —co<*<x,, 
q* (x) 24 p(x) for x, x s x,-- Ax, (20) 
O0 for x,+Ax<x<oo. 


‘Then the function 
oo (a — x)? 


f g*(aye er da (21) 


cdm Va 


oo 


is the solution to equation (1), which solution takes on the value 


27° 
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ọ* (x) when ¢=0. Taking (20) into consideration, we can write 
Xo t Àx (a — x) 


1 — 
* D= 4a?f A 
u* (x, É) Y e (a)e da 
Applying the mean-value theorem to the latter integral, we get 
NC 2R 
u* (x, t) S £L AX qb y LER H Ax. (29) 


2a V nt 
Formula (22) gives the value of temperature at a point in the 
rod at any time if for t=O the temperature in the rod is every- 
where u*=0, with the exception of the interval [x,, x,-+ Ax], 
where it is q(x). The sum of temperatures of form (22) is what 
yields the solution of (19). It will be noted that if ọ is the linear 
density of the rod, c the heat capacity of the material, then the 
quantity of heat in the element [x,, x, Ax] for ¢=0 will be 


AQ e (Ẹ) Ax oc. (23) 
Let us now consider the function 
(£-x» 
l x aa?t 
2a V nt f (24) 


Comparing it with the right side of (22) and taking into ac- 
count (23), we may say that it yields the temperature at any 
point of the rod at any instant of time ¢ if for f=0O there was 
an instantaneous heat source with quantity of heat Q —co in the 
cross section E (the limiting case as Ax — 0). 


SEC. 8. PROBLEMS THAT REDUCE TO INVESTIGATING 
SOLUTIONS OF THE LAPLACE EQUATION. STATING 
BOUNDARY-VALUE PROBLEMS 


In this section we shall consider certain problems that reduce 

to the solution of the Laplace equation: 
õu , O*u , Ou 
on on ox c9 (1) 
As already pointed out, the left side of equation (1), 
Ou Fu Pu 

is called the Laplacian operator. The functions u which satisfy the 
Laplace equation are called harmonic functions. 


I. A stationary (steady-state) distribution of temperature in a 
homogeneous body. Let there be a homogeneous body € bounded 
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by a surface c. In Sec. 7 it was shown that the temperature at 
various points of the body statisfies equation (8): 


Ou g'u 

ot a (atat a3) i 
If the process is steady-state, that is, if the temperature is not 
dependent on the ns but only on the coordinates of the points 


of the body, then Lm and, consequently, the temperature 


ot 
satisfies the Laplace a 
Ou Ou 
Ox2 ES gz 7 = 0. (1) 


To determine the temperature in the body uniquely from this 
equation, one has to know the temperature of the surface o. Thus, 
for equation (1), the boundary-value problem is formulated as 
follows. 

To find the function u (x, y, z) that satisfies equation (1) inside 
the volume & and that takes on specified values at each point M 
of the surface o: 

ul =p (M). (2) 


This problem is called the Dirichlet problem or the first boundary- 
value problem of equation (1). 
If the temperature on the surface of the body is not known, 
but the neal ce at every point of the surface is, which is pro- 
u 


portional to = (see Sec. 5), then in place of the boundary-value 
condition (2) on the surface o we will have the condition 
=p" (M). (3) 


The problem of finding the solution to (1) that satisfies the boun- 
dary-value condition (3) is called the Neumann problem or the 
second boundary-value problem. 

If we consider the temperature distribution in a two-dimensi- 
onal region D bounded by a contour C, then the function u will 
depend on two variables x and y and will satisfy the equation 


Cu , Ou 


which is called the Laplace equation in a plane. The boundary- 
value conditions (2) and (3) must be fulfilled on the contour C. 

II. The potential flow of a fluid. Equation’of continuity. Let 
there be a flow of liquid inside a volume $2 bounded by a sur- 
lace o (in a particular case, Q may also be unbounded). Let o 
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mam + 


be the density of the liquid. We denote the velocity of the liquid by 
C= Ul T LN na uk, (5) 
where v,, v,, v, are the projections of the vector 9 on the coor- 
dinate axes. In the body Q pick out a small volume o, bounded 
by the surface S. The following quantity of liquid will pass through 
each element As of the surface S in a time At: 
AQ — on Ase At, 


where n is the unit vector directed along the outer normal to 
ihe surface S. The total quantity of liquid Q entering the volume o 
(or flowing out of the volume o) is expressed by the integral 


Q= At V ( ovnds (6) 
S 


(see Secs. 5 and 6, Ch. XV). The quantity of liquid in the 
volume «c at time £ was 
MTTZO 


w 


During time Af the quantity of liquid will change (due to 
changes in density) by the amount 


Q= {Il Acdowar fÈ È ado. (7) 


Assuming that there are no sources in the volume œ, we con- 
clude that this change is brought about by an influx of liquid to 
an amount that is determined by equation (6). Equating the right 
sides of (6) and (7) and cancelling out AZ, we get 


— M oon ds = + W o do. (8) 
S (A) 


We transform the iterated integral on the left by Ostrogradsky's 
formula (Sec. 8, Ch. XV). Then (8) will assume the form 


—{ {f div (ov) do = W 2 do 


M) (G+ div (ev) ) do=0. 


Since the volume is arbitrary and the integrand is continuous 
we obtain 


OT 


2 + div (gv) =0 (9) 
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or 
ð , 
Et Fy (00.3 +5 (09) + = (00,) =0. (9") 


This is the equation of continuous flow of a compressible liquid. 

Note. In certain problems, for instance when considering the 
movement of oil or gas in a subterranean porous medium to a 
well, it may be taken that 


R 
= — £ grad 


where p is the pressure and & is the coefficient of permeability 
and 


ded. 


à= const. Substituting into the continuity equation (9), we get 


a TP. div (k grad p) —0 


or 
Op ð Op 0 Op ð Op 
Mama) tay (hay) taker) 0 
If k is a constant, then this equation takes on the form 
Op — k 
"TEM (S5-- s +) (11) 


and we arrive at Fourier’s equation. 
Let us return to eee (9). If the liquid is noncompres- 


sible, then @ = const, 3 =0, and (9) becomes 
div (v) == 0. (12) 


If the motion is potential, that is, if the vector 9 is a gradient 
of some function q: 


9 — grad q, 
then equation (12) takes the form 
div (grad q) — 
or 
rp , Hp , F 
Da a ds o2 — =0; (13) 


that is, the potential function of the velocity ọ must satisfy the 
Laplace equation. 
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In many problems, as, for example, those dealing with filtra- 
tion, we can put 


= — k, grad p, 


where p is the pressure and &, is a constant; we then get the 
Laplace equation for the determination of the pressure: 


0?p g? p , 
as ah Tuga cm (I3) 


The boundary-value conditions for equation (13) or (13') may 
be the following: 

‘1. On the surface o are specified the values of the desired 
function p— pressure [condition (2)]. This is the Dirichlet problem. 

2. On the surface o are specified the values of the normal 


derivative ee ; the flow through the surface is specified [condition (3)]. 


This is the Neumann problem. 
3. On parts of the surface o are specified the values of the 
desired function p—pressure, and on parts of the surface are 


specified the values of the normal derivative oe the flow through 


the surface. This is the Dirichlet-Neumann problem. 

If the motion is two-dimensional-parallel— that, is, the func- 
tion @(or p) does not depend on z—then we get the Laplace 
equation in a two-dimensional region D with boundary C: 


vo 0€ 4 
Gat 3-0. (14) 


Boundary-value conditions of type (2), the Dirichlet problem, 
or of type (3), the Neumann problem, are specified on the con- 
tour C. 

Ili. The potential of a steady-state electric current. Let a ho- 
mogeneous medium fill some volume V, and let an electric cur- 
rent pass through it whose density at each point is given by the 
vector J(x, y, 2) - Ji 4- Jj - J,k. Suppose that the current den- 
sity is independent of thé time t. Further assume that there are 
no current sources in the volume under consideration. Thus, the 
flux or a vector J through any closed surface S lying inside the 
volume V will be equal to zero: 


N JI ds — 0, 
S 


where ft is a unit vector directed along the outer normal to the 
surface, 
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From Ostrogradsky's formula we conclude that 

div J — 0. (15) 
The electric force E in the conducting medium at hand is, on the 
basis of Ohm's generalised law, 


J 
E=> (16) 
or 
J—AE, 


where A is the conductivity of the medium, which we shall con- 
sider constant. 

From the general electromagnetic-field equations it follows 
that if the process is stationary, then the vector field Æ is irro- 
tational, that is, rot E--0. Then, like the case we had when 
considering the velocity field of a liquid, the vector field is po- 
tential (see Sec. 9, Ch. XV). There is a function q such that 

E -- grad q. (17) 
From (16) we get 
J — X grad q. (18) 


From (15) and (18) we have 


À div (grad q) =0 
Or AA 
9, FP P 
| E ay t as =O (19) 
We get the Laplace equation. | 
Solving this equation for appropriate boundary-value conditions, 
we find the function g, and from formulas (18) and (17) we find 
the current J and the electric force £. 


SEC. 9. THE LAPLACE EQUATION IN CYLINDRICAL COORDINATES. 
SOLUTION OF THE DIRICHLET PROBLEM FOR A RING WITH 
‘CONSTANT VALUES OF THE DESIRED FUNCTION ON THE INNER 
AND OUTER CIRCUMFERENCES 


Let u(x, y, z) be a harmonic function of three variables. Then 
Qo? o? g? 
as aptas =O. (1) 
We introduce the cylindrical coordinates (r, 9, 2): 


x=r cos, x=rsingQ, 22-2, 
whence 


r=Vx+y7, arc tan=, Z=2, (2) 
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Replacing the independent variables x, y, and z by r, g, and z, 
we arrive at the function u*: 


u(x, y, 2) -u*(r, q, 2). 


Let us find the equation that will be satisfied by u* (r, q, 2) 
as a function of the arguments r, q, and z; we have 


Ou — Ou* or Lor op 
Ox Or Ox Op ox’ 


Ou — O?u* fdr V , Ou* ðr O'u* dr op , O'u* du* PP, 
at ar (x) ðr Jet? ðr Op Ox Ox + 3r = (52 2231 Toa Op Ox* , (3) 
similarly, 
ĝu __2u* Qu* Q?r O'u* örðp , Pu* fO Y , 0u* p 
af n (5) qaot 43090090 0 a7 ($2 ) tap ae 0) 
besides, 
Cu du* 
aa OF * (9). 


We find the expressions for 


Or Or Or Or dp dp Ap F 
ox? ay’ EL Oy?’ ax? oy ’ Ox2? oy? 
from equations (2). Adding the right sides of (3), (4) and (5), 
and equating the sum to zero [since the sum of the left-hand 
sides of these equations are zero by virtue of (1)], we get 
Q'u* , 1 du* | du* , Q?u* 
urba du core Te m (6) 
This is the Laplace equation in cylindrical coordinates. 

If the function u is independent of z and is dependent on x 
and y, then the function u*, dependent only on r and q, satisfies 
the equation 

Q?u* 1 ðu* , 1 G?u* j 
[uri ccr cmn (7) 


where r and are polar coordinates in a plane. 
Now let us find the solution to Laplace: s equation in the region 


D (ring) bounded by the circles C,:x* -- y^ = Ri and C,:x* -- y! - Ri 
with the following boundary values imposed: 


ulCc, =U? (8) 
u|C, — u,, (9) 


where u, and u, are constants. 
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We will solve the problem in polar coordinates. Obviously, it 
is desirable to seek a solution that is independent of q. Equation 
(7) in this case takes the form 

Cu , 1 du 


=> +—==0. 
r? r Or 
Integrating this equation we find 
u=C,Inr+C,. (10) 


We determine C, and C, from conditions (8) and (9): 
u,=C,InR,+C,, 
u,=C, In R, +C.. 

; Whence we find 


HU, — u la R 
C = 2, C,=4, — (u, — u) — E. 
in e in A2 

R, R, 


Substituting the values of C, and C, thus found into (10), we 
finally get 


R, (u,— u,). (11) 


Note. We have actually solved the following problem. To find 
the function u that satisfies the Laplace equation in a fegion 
bounded by the surfaces (in cylindrical coordinates) 


r=R,, r=R,, z=0, z=H, 
and that satisfies the following boundary conditions: 
U|r=R, =U, U |r =R, = Us 


(the Dirichlet-Neumann problem). It is obvious that the desired 
solution does not depend either on z or on @ and is given by 
formula (11). 


SEC, 10, THE SOLUTION OF DIRICHLET'S PROBLEM 
FOR A CIRCLE 


In an xy-plane, let there be a circle of radius R with centre 
at the origin and let there be a certain function f(p), where ọ 
is the polar angle, be given on its circumference. It is required 
to find the function u(r, m) continuous in the circle (including 
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the boundary) and satisfying (inside the circle) the Laplace equa- 


tion 
O7u 


sat a0 (1) 
and, on the circumference, assuming the specified values 
u|--R=f (ọ). (2) 


We shall solve the problem in polar coordinates. Rewrite equation 
(1) in these coordinates: 
Ou, lou 1 Ou 
Or? pore r? Og? — 
or 
2 Ou 


ral a aT n (°) 


We shali seek the solution by the method of separation of variables, 
placing 
u=0 (p)R (r). (3) 
Substituting into equation (1'), we get 
r*Q (p) R” (r) +r® (9) R' (r) + 9" (p)R(r)=0 
D” (p) r* R" (r)+rR' (r) k. (4) 


o@ | .RO 
Since the left side of this equation is independent of r and the 
right is independent of g, it follows that they are equal to a 
constant which we denote by —&’. Thus, equation (4) yields two 


OT 


equations: 
D” (p) + kO (q) = 0, (9) 
rR" +rR’—k*R=0. (5^) 
The complete integral of (5) will be 
(p = A cos kọ + B sin kg. (6) 


We seek the solution of (5' in the form R=r”. Substituting 
R =r" into (5^), we get 
r'm (m—1) r"7 2 4 rmr™- *— k'r" -0 


m^ — k* — 0. 
i: can write two particular linearly independent solutions p and 
. The general solution of equation (5^) is 
R 2 Cr* -- Dr-*. (7) 
We substitute expressions (6) and (7) into (3): 
Up = (A, cos ko + B, sin ko) (C,r^ + Dpr’). (8) 


Or 
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Function (8) will be the solution of (1^) for any value of k different 
from zero. If k=O, then equations (5) and (5’) take the form 


Q" —0, rR"+R’=0, 
and, consequently, 
u,=(A,+ B,9) (C, +D, In r). (8^) 


The solution must be a periodic function of q, since for one and 
the same value of r for q and q--2zx we must have the same 
solution, because one and the same point of the circle is considered. 
It is therefore obvious that in formula (8’) we must have B, — 0. 
To continue, we seek a solution that is continuous and finite in 
the circle. Hence, in the centre of the circle the solution must 
be final for r== 0, and for that reason we must have D, — 0 in (8') and 
D,=0 in (8). l 

Thus, the right side of (8' becomes the product A,C,, which 
we denote by A,/2. Thus, | 


A, " 

Uu = 5 (8 ) 

We shall form the,solution to our problem as a sum of solutions 

of the form (8), since a sum of solutions is a solution. The sum 

must be a periodic function of g. This will be the case if each 

term. is a periodic function of q. For this, k must take on integral 

values. [We note that if we equated the sides of (4) to the number 

J-&', we would not obtain a periodic solution.] We shall confine 
ourselves only to positive values: 


Ros]. 2 ias. 


because the constants A, B, C, D are arbitrary and therefore the 
negative values of & do not yield new particular solutions. 
Thus, " 


u(r, 9) — A 4- >, (A, cos ng + B, sin ng) r^ (9) 
n=i 


(the constant C, is included in A, and B,). Let us now choose 
arbitrary constants A, and B, so as to satisfy the boundary-value 
condition (2). Putting into (9) r=R, we get, from condition (2), 


f (9) = 42+ Y. (A, cos no 4- B, sin ng) R^. (10) 
For us to have equality (10), it is necessary that the function 
should be expandable in a Fourier series in the interval (—:t, x) 
and that A,R" and B,R" should be its Fourier coefficients. Hence, 
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A, and B, must be defined by the formulas 


X 
A, — a {FO cos nt dt, ). | 
nes (11) 
1 
B = 


n aR" 


| f(t) sin nt dt. 


Thus, the series (9) with coefficients defined by formulas (11) 
will be the solution of our problem if it admits termwise iterated 
differentiation with respect to r and q (but we have not proved 
this). Let us transform formula .(9). Putting, in place of A, and 
B, their expressions (11) and performing the trigonometric trans- 
formations, we get 


fO cosn (t 9) dt (4)" — 


n=1 


utr, 9) s; dt LY 


I 
yA 


T a 
1 n 
= On M F (t) [ +2» CR) cos n (¢—9)| dt. (12) 
-J n =li 
Let us transform the expression in the square brackets: * | 


ES y (x) cosn (é—g) 2 12- y (4y lem -o e= t- m] = 
nzi 


n=1 


=] + Y (e a-a)" L e en! md = 


E aes cT ea 
ee -0 L 
3 R e l R e 
r 2 
LLL Cc o Ron (13) 
E 1—2 —. cos t—e (RJ ~~ R*—2Rr cos (t — p) +r? * 
R R 


*) In the derivation we determine the sum of an, infinite geometric prog- 
ression whose ratio is a complex number the modulus of which is less than 
unity. This formula of the sum of a geometric progression is derived in the 
same way as in the case of real numbers. It is also necessary to take into 
account the definition ef the limit of the complex function of a real argu- 
ment. Here, the argument is n (see Sec. 4, Ch. VII). 
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Replacing the expression in square brackets in (12) by expres- 
sion (13), we get | 


R? — pr? 


M 
1 
ur, 9) V Ease pad (14) 
-1 


Formula (14) is called Poisson's integral. By an analysis of this 
formula it is possible to prove that if the function /(q) is con- 
tinuous, then the function u(r, @) defined by the integral (14) 
also satisfies equation (1') and u(r, q) —f (v) as r —R. That is, 
it is a solution of the Dirichlet problem for a circle. 


SEC. 11. SOLUTION OF THE DIRICHLET PROBLEM 
BY THE METHOD OF FINITE DIFFERENCES 


In an xy-plane, let there be given a region D bounded by 
a contour C. Let there be given a continuous function f on the 
contour C. It is required to find an approximate solution to 
the Laplace equation z " 

u u 


that satisfies the boundary condition 
| om. (2) 
We draw two families of straight lines: 
x=th and gy —Rh, (3) 


where / is the given number, and i and k assume successive 
integral values. We shall say that the region D is covered with 
a grid. We call the points of intersection of the straight lines 
nodes of the grid. | 

We denote by u;,, the approximate value of the desired 
function at the point x-ih, yzkh; that is, u (ih, kh)=u,, p 
We approximate the region D by the grid region D*, which 
consists of all the squares that lie completely in D and of some 
that are crossed by the boundary C (these may be disregarded). 
Here, the contour C is approximated by the contour C *, which 
consists of segments of straight lines of type (3). In each node 
lying on the contour C* we specify the value /*, which is equal 
to the value of the function f at the closest point of the con- 
tour C (Fig. 377). 

The values of the desired function will be considered only at 
the nodes of the grid. As has already been pointed out in Sec. 6, 
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the derivatives in this approximate method are replaced by finite 
differences: 


Q^u Ui 1, & — 2l, kt Ui-ik 
Ox |x-ih, y-kh — h? , 
ĝu O Ui, ke 2i, k tUi, k-i 
“Oy? |x=ih, y=kh h? ; 


The differential equation (1) is replaced by a difference equation 
(after cancelling out A) 
EST &— 2U,, & T Uii, R Tu, kta 2U;, p F U, R1 =0 
or (Fig. 378) 
Us, r= as I bet T Ung kT U;, pea): (4) 


For each node of the grid lying inside D* (and not lying on the 
boundary C*), we form an equation (4). If the point (x= ih,. 
y=kh) is adjacent to the point of the contour C*, then the 
right side of (4) will contain known values of f*. Thus, we 
obtain a nonhomogeneous system of N equations in N unknowns, 
where N is the number of nodes 
of the grid lying inside the 
region D*. 

We shall prove that the sys- 
tem (4) has one, and only one, 


y Akh 


ae 


Jh 


. ARS A 
BEESNEESERENEEBENE 7 » 
0 
Fig. 377. Fig. 378. 


solution. This is a system of N linear equations in N unknowns. 
lt has a unique solution if the determinant of the system is not 
zero. The determinant of the system is nonzero if the homoge- 
neous system has only a trivial solution. The system will be 
homogeneous if f*=0 at the nodes on the boundary of the 
contour C*. We shall prove that in this case all the values u;,, 
at all interior nodes of the grid are equal to zero. Inside the 
region, let there be u,,, different from zero. For the sake of 
definiteness, we suppose that the greatest of them is positive. 


Let us designate it by u;,,>0. 
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By (4) we write 
— ] , 
li, k =F Uir, rt Ug, kis TU kpt, "EP (4) 


This equation is possible only if all the values of u on the 
right are equal to the greatest u;, ,. We now have five points 


at which the values of the desired function are u;,,. If none of 
these points is a boundary point, then, taking one of them and 
writing for it the equation (4), we will prove that at certain 
other points the value of the desired function will be equal to 
u;,,. Continuing in this fashion, we will reach the boundary and 
will prove that at the boundary point the value of the function 


will be equal to u;,,, which is contrary to the fact that [*—0 
at boundary points. 

Assuming that inside the region there is a least negative 
value, we will prove that on the boundary the value of the 
function is negative, which contradicts the hypothesis. 

And so system (4) has a solution which is unique. 

The values u;,, defined [rom the system (4) are approximate 
values of the solution of the Dirichlet problem formulated above. 
It was proved that if the solution of the Dirichlet problem for 
a given region D and a given function f exists [we denote it by 
u(x, y)] and if u;, , is the solution of (4), then we have the relation 


[u (x, gy) — ui rl < Ah? (5) 


where A is a constant independent of A. 
Note. It is sometimes justified (though this has not been 
rigorously proved) to use the following procedure for evaluating 


the error of the approximate solution. Let uP") be an approximate 


solution for a step 2h, uf", an approximate solution for a step A, 
and let E,(x, y) be the error of the solution u^, Then we have 
the approximate equality 


I h h 
E, (X, y) x 5 (uf 4 — us) 


in the common nodes of the grids. Thus, in order to determine 
the error of the approximate solution for a step h, it is necessary 
to find the solution for a step 2^. One third of the difference 
of these approximate solutions is the error evaluation of the 
solution for a step (mesh-length) of A. This remark also refers 
to the solution of the heat-conduction equation by the finite- 
difference method. 
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Exercises on Chapter XVIII 


1. Derive an equation of torsional oscillations of a homogeneous cylin- 
drical rod. 
Hint. The torque in a cross section of the rod with abscissa x is determined 


by the formula M—Gl x where 0 (x, f) is the angle of torque of a cross 


section with abscissa x at time ¢, G is the shear modulus, and / is the polar 
moment of inertia of a cross section of the rod. 
2 


Ans. aa oe, where at S, and k is the moment of inertia of unit 
length of the rod, 
- A 0*0 OU s ! 
2. Find a solution of the equation ar =o" ET that satisfles the con- 
difions 0 (0, 7) «0, 8(/, t) 20, B(x, 0)—9 (x), DeD Lo, where 
p(x) = i for Os xe, 
p(x) 2 — T i. 20, for «x«l 


Give a mechanical interpretation of fhe problem. 


80 = — 1 k ob 9 
Ans. 8 (x, p= D roy sin! EU. Dept 
k=0 


UE an equation of longitudinal oscillations of a homogeneous cylin- 
drical rod.  : 

Hint. If u(x, £) is the franslation of a cross section of rod with abscissa x 
at time £, then the tensile stress T in a cross section x is defined by the 


Q l 
formula T—ES5.. where E is the elasticity modulus of the material and S 
is the cross-sectional area of the rod. 


Ans. Aa uU where picis , and o isthe density of the rod material. 


Ox* ' 

4. A homogeneous rod of length 2/ was shorted by 2X under the action 
of forces applied to its ends. At ¢=0 it is free of forces acting externally. 
Determine the displacement u(x, £) of a cross section of the rod with abscis- 
sa x at time £ (the mid-point of the axis of the rod has abscissa x=0). 


_ 8A . (—1)¥#? , (Qk+4-1)nx (2k +1) nal 
Ans. u(x, ur P^ "Qk-i* sin — 51 —— cos ——op — - 


5. One end of a rod of length 7 is fixed, the other end is acted upon by 
_a tensile force P, Find the longitudinal oscillations of the rod if the force P 


e 
yra 
8PI (— 1) sin (2n-4- 1) nx m (2n 4-1) nat 


does not operate when t =0. Ans. Est ka anp 3 2j 


(E and S as in Problem 3). 
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"t "EB LV 
6. Find a solution fo the equation ap 77 ag that satisfies the con- 


ditions 
u(0, f)=0, u(l, t) Asin ot, 


|a. Ou(x, 0) 
u (x, 0) —0, TOR zz 0. 


Give a mechanical interprefation of the problem. 


A sin È x sin wt e 
A a 2Awa (—1)"-? nnal , nax 
diu MENOR" a DET (ihe poe 
sin — Í - e- (| 
a n-i l 


Hint. Seek the solution in the form of a sum of two solutions; 


A sin = x sin ot 
u —v--u, where w 2-————————— 
. : (D 
sin — l 
| a 
is the solution that satisfies the conditions 
v(0, £)-20, oil, t) 20 
Qv (x, 0 ow (x, 0) 
t — 7 . 


: v (x, 0) 2 — w(x, 0), —)0 j 


(1 is assumed that sin — LE o.) 


2 
7. Find a solution fo the equation 2 aa! st that satisfies the con- 
ditions 
u (0, 2) —0, u(l, t)-0, t0, 
x when TEES 
u(x, 0)— l 
l—x when y«*«l 
(214-1)?:202 
AL (D at (On $1) nx 
Ans. h (x, De 2l UT sın TM em 
rn=0 
Hint. Solve the problem by the method of separation of variables. 
, 8. Find a solution to the equation aot Se that satisfies the con- 
' ditions 
1— 
u (0, t)=4(0, D=0, u(x, 0) = 24) 


_ (2041 )202072 


8 

8 l So ee l 
Ans. u(x, — dy Gap e n sig CAT T — iz 
nzo 
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2 
9. Find a solution to the equation So nat St that satisfies the con- 
ditions 
Ou 
pr bee =0, u(l, th=ua,, u(x, 0)=@ (x). 


+ 


Point out the physical meaning of the problem. 


e = t 
ns. u(x, Dur Apne g cos E E DUE y x. 
it=0 
l 
E] ane (ttl) ax. (— 1)" 4u, 
where An=7F ow COs eyo dx nnti’ 


0 
Hint, Seek the solution in the form u=u,+0 (x, t). 
2 
10. Find a solution to the equation ot gt SH that satisfies the con- 
ditions 
Ou 


u (0, t) —0, E 


= — Hu 
x 


=!’ u(x, 0)=@ (x). 


xzl 


Point out the physical meaning of the problem. 


2 
Ta nae? ` 


2 2 2 
Ans. u(x, d apa ER. Ld d sin Bn , 
^ pp (p+1)+ p32 l 


where A, = 


! 
= Vo casn Bt dx, p=Hl, W Wes pa are positive roots 
0 


of the equation tan uec 


Hint. At the end of the rod (when x= f) a heat exchange occurs with the 
environment, which has a temperature of zero. 
11. Find [by formula (10), Sec. 6, putting h=0.2] an approximate solution 


to the equation E NR that satisfies the conditions 


Ot Ox? 
3 1 
u (x, )ex gx). u (0, f)=0, u(l, =z 0 e t s 4l. 
; re 07u 
12. Find a solution to the Laplace equation Se oe 37 ——=0, in a strip 


O<x<a, Oy < om that satisfies the conditions 


u (0, y) -20, u(a, y) 20, u (x, 9-4( i-£). u (x, 00) =0. 


QA 1 -= 
Ans. u(x, )-— e 2 sin 
n=) 
ho 


Hint. Use fhe met of the separation of variables. 
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l TER RE gi ðu , O*u 
13. Find a solution to the Laplace equation "rrr in the rec- 
tangle sxa, Os ys b that satisfies the conditions 
u(x, 0)20, u(x, b)=0, u(0, y)}= Ay (b—y), ula, y)=0. 


uei sin n EED x) sin CRT Du 
Ans. u(x, t)— = — Qn+l à . .Qncimaza' 
. sin 4 =—— 
nz b 
"—. Ou du M 
14. Find a solution fo the equation 3x nde b inside a ring bounded 
by the circles x*-- y*— Rt, x?+y?=R? that satisfies the conditions 
Ou 


Uy. 


— == ————— u = 
or r=R, T À2xR, Bs r=R, 


Give a hydrodynamic inferpretation of the problem. 
Hint. Solve the problem in polar coordinates. 
In —5 . 
2A f 
15. The function u(x, y)—e Jsinx is a solution of the equation 


2 2 
auro in the square Oe x «1, Oxy «1 that satisfies the conditions 


Ans. u=u,— 


u (0, y)=0, u(l, y)zse-"sinl, u(x, 0)—sinx, u(x, 1)-e-!sin x. 


In Problems 12-15 solve the Laplace equations for given boundary condi- 
tions by the finite-difference method for 4—0.25. Compare the approximate 
solution with the exact solution. 


CHAPTER XIX 


OPERATIONAL CALCULUS AND 
CERTAIN OF ITS APPLICATIONS 


- 


Operational calculus is an important branch of mathematical analysis. 
The methods of operational calculus are used in physics, mechanics, electrical 
engineering and elsewhere. Operational calculus finds especially broad appli- 
cations in automation and telemechanics. In this chapter we give (on the 
basis of the foregoing material of this text) the fundamental concepts of: 
Operational calculus and operational methods of solving ordinary differential 
equations. 


SEC. 1. THE INITIAL FUNCTION AND ITS TRANSFORM 


Let there be given the function of a real variable £ defined for £z20 [we 
shall sometimes consider that the function f(t) is defined on an infinite . 
interval — 0o < f < oo, but f(£) 20 when ¢ <0]. We shall assume that the . 
function f(t} is piecewise continuous, that is, such that in any finite interval 
it has a finite number of discontinuities of the first kind (see Sec. 9, Ch. II). 
To ensure the existence of certain integrals in the infinite interval O «zi < oo 
we impose an additional restriction on the function f (f): namely, we suppose 
that there exist constant positive numbers M and s, such that 


| f (t)| < Mest (1) 


for any value £ in the interval 0 «! < oo. 
Let us consider the product of the function f(t) by the complex function 
e-Pt of a real variable*) ¢, where p—a--ib is some complex number: 


e-P!f (t). (2) 
Function (2) is also a complex function of a real variable t: 
e-P!f (t) Sec (9*0 tF (f) ce OF (t) ec PE — e?! P (t) cos bt —ie-"! (t) sin bt. 
Let us further consider the improper integral 


\ e-P!f (t) dt = ( e-atf (t) cos bt dt —i ( e 7 *!f (t) sin bt dt. (3) 
0 0 0 


We shall show that if the function f(t} satisfies condition (1) and a > s, 
then the integrals on the right of (3) exist and the convergence of the inte- 
grals is absolute. Let us begin by evaluating the first of these integrals: 


M e-*f (t) cos bt dt | < f jemsi (1) cos bt | dt < 


o 
M 
a — S, 


eo 
«M Verts dt < M Verte dt= 
0 


*) See Sec. 4, Ch. VII, concerning complex functions of a real variable. 
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In similar fashion we evaluafe the second integral. Thus, the integral 
oo 


V e=Pt FO) di exists. It defines a cerfain function of p, which we denote *) 


by F(p): 


eo 


F (p) = | e-?!f (t) dt. (4) 


The function F(p) is called the Laplace transform, or the L-transform, or 
simply the transform of the function f (t). The function f (t) is known as the 
initial function, or the original. If F(p) is the transform of f(t), then we 
write 


F (p) > f (t), (5) 

or 
f(t) + F (p), (6) 

Or 
L (f (t)} =F (p). (7) 


As we shall presently see, the meaning of transforms consists in the fact 
that with their help it is possible to simplify the solution of many problems, 
for instance, to reduce the solution of differential equations to simple algeb- 
raic operations in finding a transform. Knowing the transform one can find 
the original either from specially prepared "original-transform" tables or by 
methods that will be given below. Certain natural questions arise. 

Let there be given a certain function F(p). Does there exist a function 
f (ty for which F(p} is a transform? If there does, then is this function the 
only one? The answer is yes to both questions, given certain definite assump- 
tions with-respect to F(p) and f(t). For example, the following theorem, 
which we give without proof, establishes that the transform is unique: 

Uniqueness Theorem. /f two continuous functions p(t) and p(t) have one 
and the same L-transform F(p), then these functions are identically equal. 

This theorem will play an important role throughout the subsequenf text. 
Indeed, if in the solution of some practical problem we have determined, in 
some way, the transform of a desired function, and from the transform the 
original function, then on the basis of the foregoing theorem we conclude 
that the function we have found is the solution of the given problem and 
that no other solutions exist. 


SEC. 2. TRANSFORMS OF THE FUNCTIONS o,(f), SIN t, COS f 


l. The function f(t), defined as 
F(t) e for £z0, 
F (tf) 20 for t «90, 
is called the Heaviside unit function and is denoted by oy, (¢). The graph of 


this function is given in Fig. 379. Let us find the L-transform of the Heavi- 
side function: 


eo 
- pt 
L {oy (t)} f e~Pldt = — E "- 


SÍ 


0 


| *) The function F(p), for p z 0, is the function of a complex variable 
(for example, see V. 1. Smirnov's "Course of Higher Mathematics”, Vol. HI, 
Part 2) (Russian edition). 


856 Operational Calculus and Certain of Its Applications 


Thus, *) 
1 Go(t) i 1 
Ru me 8 
ae (8) 
or, more precisely, 
0 d pal 
Fig. 379. eU) T y. 


In some books on operational calculus the following expression is called 
the transform of the function f (£): 


oo 
F* (p) =p \ e-P'F (t) dt. 
0 
With this definition we have o,(#)<1 and, consequently, C- C, more 
exactly, Co, (f) — C. 
II. Let f (£) -sin£; then 


eo 


-pt uH P = o l 
f (o-ta _é ( — p sin x — cos x) 2 
L {sint} Se sin £ dt = re 
And so 
sin t < i (9) 
Ill. Let Ff(t)= cos t; then 
o 
- P! (t sin t — t) | 
_( ,-pt _é (t sin p cos É) -—-. 
L {cos t) j cos t dt mieu oce Lees 
And so l 
0p 
cost + c : (10) 


SEC. 3. THE TRANSFORM OF A FUNCTION WITH CHANGED 
SCALE OF THE INDEPENDENT VARIABLE. TRANSFORMS 
OF THE FUNCTIONS SINat, COS at 


Let us consider the transform of the function f (at), where a >Q: 
L {f (at)) = | en PI (at) dt. 
0 


We change the variable in the latter integral, putting z—at; hence, dz —a dt; 


then we get 


eee 


L{flah}=— Ve ^ f(z) dz 


*) In computing the integral (e-Ptat one might represent if as the sum o 


0 
integrals of real functions; the same result would be obtained. This also holds 
for the two subsequent integrals. 
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or 
L (rey - r£). 
Thus, if 
F (p) > / (t) 
(hen 


zF(2)+ren (11) 


a a 
Example 1. From (9), by (11), we straightway get 


: ; od l 
sin at «- — 


a 


EN A 
prat 
Example 2. From (10), by (11), we obtain 


or 


sin at < 


or 
(13) 


SEC. 4. THE LINEARITY PROPERTY OF A TRANSFORM 


Theorem. The transform of a sum of several functions multiplied by constants 
is equal to the sum of the transforms of these functions multiplied by the 
corresponding constants, that is, if 


f (t) — 5, Cif (f) (14) 


(C; are constants) and 


F(p)>f), Fi(p) > Fi(0, 
then 


F (p) — Ñ; CF; (p). (14^) 


Proof. Multiplying all the terms of (14) by e77' and integrating with res- 
mu t from 0 to o (taking the factors C; outside the integral sign), we 
get (14°). 

Example 1. Find the transform of the function 


f (f) = 3 sin 4£ —2 cos 5t. 
Solution. Applying formulas (12), (13), and (15), we have 


pied p 12 2p 


4 
PF ^ pep I6 pm 
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Example 2. Find the original function whose transform is expressed by 
ihe formula 


5 20 
F0) — EFATE 
Solution. We represent in as 
FU) py P F 


Hence, by (12), (13), and (14^) we have 
f(t) = 2 sin 21 +- 20 cos 3t. 


From the uniqueness theorem, Sec. 1, it follows that this is the only original 
function that corresponds to the given F (p). 


SEC, 5. THE SHIFT THEOREM 


Theorem. /f F(p) is the transform of the junction f(t), then F (p--a) is 
the transform of the function e-°' f(t), that is, 


if F (p) > F(t) 
then F (p +a) -> e-*!f (t). \ 


[If is assumed here that Re (p 4- a) > s,.] 
Proof. Find the transform of the function e^?! f (tn 


(15) 


eo oo 


Lett) m V emf ( at N emet pn ar, 
L (e-*!f ()} =F (p 4-9). 


This theorem makes if possible to expand considerably the class of trans- 
forms for which it is easy to find the original functions. 


Thus, 


SEC. 6. TRANSFORMS OF THE FUNCTIONS 
e^*!, SINH at, COSH at, e7% SIN at, e-*! COS at 


From (8), on the basis of (15), we straightway get 


I 


ect 
xu p^" (16) 


Similarly, 
> ett, (16°) 


p—a 


Substracting from the terms of (16’) the corresponding terms of (16) and divid- 
ing the results by two, we get 


1/7 1] Rad cd 
z (52a spa) ee 
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or 
ET. + sinh at. (17) 
Similarly, by adding (16) and (16’), we obfain 
Tar. => cosh at. (18) 
From (12), by (15), we have 
i m sin at. (19) 
Using formula (15) we get from (13) 
a EM 
DII ! cosat. (20) 


Example 1. Find the original function whose transform is given by the 
formula | 


7 
p? + 10p + 207 


it E Transform F (p) to the form of expression on the left-hand side 
o í 


F (p) = 


7 u 7 mi 4 
p*--10p 4-41  (p-F5)-F16 4 (p4-5f* 4-4** 
Thus 
7 4 
C071 FFE 


Hence, by formula (19) we will have 
F (p) > + e- sin 4t. 


Example 2. Find the original function whose transform is given by the 


lormula à 
BENE 
Solution. Transform the function F (p): 
p+3 (p 1-1) 3-2 p+! 2 


(+13 
TIN Lac ee A EEE 
PHPH 3 O13" 


using formulas (19) and (20) we find the original function: 


F (p) > e-t cos 3t +5 e-! sin 3t, 
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SEC. 7. DIFFERENTIATION OF TRANSFORMS 
Theorem. /f F (p) +f (t), then 
d" 
—1y.—. 5 4n 
(7^ Za F (P) + FD. (21) 


Proof. We first prove that if f(t) satisfies condition (1), then the infegral 
| e? (- 0^ F (h) di (22) 


0 
exists. 


By hypothesis |f (t) | < Mest, p-a--ib, az sy and a>0, s, 0. Obvi- 
ously, there will be an e >Q such that the inequality a<s,-+e will be ful- 
filled. As in Sec. 1, it is proved that the following integral exists: 


oo 


V ec 07?! |f (0 | at. 


0 
We then evaluate the integral (22) 
o0 Qo 
V [e-Ptenp(e) | at= V eto mte-ttin f n) | at. 
0 0 


Since the function e-''7^ is bounded and, in absolute value, is less than 
some number N for any value £ — 0, we can write 


C -ptn c ~(p~t EE e pw 
i Ceti day e P t(n) | at "H p-t) f(t) | dt o 


If is thus proved that the integral (22) exists. But this integral may be 
regarded as an nth-order derivative with respect to the parameter *) p of the 
integral 

eo 


\ e~Pt f (t) dt. 


0 
And so, from formula 
eo 
F (p) = V e-?' f (t) dt 
0 
we gel the formula 


eoo d" oo 
\e-# (—1 f (D dt — 375 | e? (t) dt. 


*) Earlier we found a formula for differentiating a definite integral with 
respect to a real parameter (see Sec. 10, Ch. XI). Here, the parameter p is a 
complex number, but the differentiation formula holds true 
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From these two equations we have 
e 


d" 
D" Soa F (9) = | erten (0, 
0 
which is formula (21). 
Let us use (22) to find the transform of a power function. We write the 
formula (8): 


— 21. 
Using formula (21), from this formula we get 


ngài) 


or 


Similarly 
"ra s 
For any n we have 
cn nd. (23) 


Example 1. From the formula [see (12)] 
e 
ZEN ieee 
ppa” je sin at dt, 
0 


by differentiating the left and right sides with respect to the parameter p, 
we get 


2pa  . ,. 
TUS > t sin at. (24) 
Example 2. From (13), on the basis of (21), we have 
az?—p? , 
BEETS -> t cos at. (25) 
Example 3. From (16), by (12), we have 
IR 
(nq e (26) 


SEC. 8. THE TRANSFORMS OF DERIVATIVES 


Theorem. /f F(p) > F(t), then 


pF (p)—f (0) +f’ (t). (27) 
Proof. From the definition of a transform we can write 


Lir (t — ( e-P!f' (t) dt. (28) 
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We shall assume that all the derivatives f’ (t), f" (t), ..., f"? (t) which we 
encounter satisfy the condition (1), and, consequently, the integral (28) and 
similar integrals for subsequent derivatives exist. Computing by parts the in- 
tegral on the right of Tn we find 


e» 


LAP (t)}= f e-P!j (t) dt =e- f (t) . Lp ( e-Pt f(t) dt, 


But by condition (1) 
lim e-7! f (£) —0 
Í -> o0 


and 
e 


Co Ve? EQ dt F (p). 
L| (0) 2— f (0) + pF (p). 


The theorem is proved. Let us now consider the transforms of derivatives 
of any order. Substituting into (27) the expression pF (p)—7 (0) in place of 
bc and the expression f (t) in place of f (f), we get 


PIpF (p) — F (0)] —P (0) + P Q) 


Therefore ` 


or, removing brackets, 
PF (p) — pf (0) — F (0) > P" (t). (29) 
The transform for a derivative of order n will be 
p"F (p) — [p" - f (0) + p"-?f^ (0) +... + pj "79 (0) + "7? (0)] > f"? (n). (30) 


Note. Formulas (27), (29) and (30) are simplified if f(0)=/’ (0)—... 
=,,,=/"-"(0)=0. In this case we get 


F (p) > f (4), 
pF (p) >F (4), 


p"F (p) + {™ (t). 


SEC. 9. TABLE OF TRANSFORMS 


For convenience, the iransforms which we obtained are here given in the 
form of a table. 
Note. Formulas 13 and 15 of this table will be derived later on. 
Note. If for the transform of the function f(t) we take 
(r a] 


F* (p —p | e-P! f(t) dt, 
0 
fhen in the formulas 1-13 of the fable the expressions in fhe first column 


must be multiplied by p, and formulas 14 and 15 will take on the following 
form. Since F*(p)z pF (p), it follows that by substituting into the left side 


Table of Transforms 


eo 


F (p) =} e^! j (4) dt 


pta 
(p +a)” +a? 


n a 
(—1) api ^ OD 


F (p) F, (p) 


F* 
of 14 the expression 


p 
14’, (—1)" p 


d" 
d p" 


Table 1 


l 
sin at 
cos at 
eti 

sin ^ at 
cos hat 
e-~" sin af 


al cos af 


e- 
t" 
1 sin at 
t cos at 
te~”! 


25 (sin at — at cos at) 


t" [ (f) 


t 
(hO Ie (— 9 di 
0 


(p) in place of F (p) and multiplying by p, we gel 


)*enro. 
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Substituting into the left side of 15 


Pi Fi 
Fe B, Est 


and multiplying this product by p, we have 


t 
eee 
i5. Fro) Fio) :j h (9) fy (1) dr. 


SEC. 10. AN AUXILIARY EQUATION FOR A GIVEN 
DIFFERENTIAL EQUATION 


Suppose we have a linear differential equation of order n with constant 
coefficients dy, @,, ... , G4, ni 
d"x dx dx 
d, gja Oy Gar tee Han- gr F as C) — f). (31) 


It is required to find a solution of this equation x= x (f) lor £ze0 that sati- 
sfies the initial conditions 


x (O= xo. 2 (D), oos attt) s n9 (32) 


Before, we used to solve this problem as follows: we found the general solu- 
tion of equation (31) containing a arbitrary constants; then we determined the 
constants so that they should satisfy the initial conditions (32). 

Here we give a simpler method of solving this problem using operational 
calculus. We seek the L-transform of the solution x (£) of (31) satisfying the 
conditions (32). We designate this L-transform by x(p); thus, x (p) > x (t). 

Let us suppose that there exist transforms of the solution of (31) and of 
its derivatives of order n (after finding the solution we can test the truth of 
this assumption). We multiply all terms of (31) by e-7', where p=a +ib, and 
integrate with respect to £ from O to oo; 


2 D Lvs) e 
1 ax "To: t t 
a, Ve-? jim di +a, Ve7? jm: di... bas e—P TTE f (t) dt. (33) 
0 0 0 0 


On the left-hand side of the equation are the L-transforms of the function x (1) 
and its derivatives, on the right, the L-transform of the function f (/), which 
we denote by F (p). Hence, equation (33) may be rewritten as 


n d" -1 
aL E aL i-i] +... + anL {x ()) = LIF (Q0). 


Substituting into this equation the expressions (27), (29), and (30) in place of 
the transforms of the function and of its derivatives, we get 


ay {p"X (p) — [p^ 71x, + p^7*x, + p^7* x, 4- ... x7] 
+a, (p^! x (p) — [p^ 7?x, t p^7?x, + ee x9 72] 4- 
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Equation (34) is known as the auxiliary equation, or the transform equation. 
The unknown in this equation is the transform x(p), which is determined 
from it. Transform it leaving on the left the terms that contain x (p): 


x (p) [ap^ +a, p" -- ... -- a4 p as] = 
=a, [p^ !x, + p^7? xb... belt) + 


$a, [p^7? x, pm? x, +. by] + 


+a, -2 [Px + xo] + 

+ an, Dx] + F (p). (34^) 
The coefficient of x (p) on the left of (34’) is an nth-degree polynomial in o, 
which results when in place of the derivatives we put the corresponding 


degrees of p into the left-hand member of equation (31). We denote the poly- 
nomial by e, (p): 


Pn (p) = ap" +a, p"! + bane P+ 0s. (35) 
The right-hand side of (34’) is formed as follows: 
the coefficient a, , is multiplied by x,, 
the coefficient a,-, is multiplied by pro+ *, 


the coefficient a, is multiplied by p"-?x,--p"-* x. +... -- x^ 79, 
n-1) 


the coefficient a, is multiplied by p*-! x, -- p^7? x, +... +x! 


All these products are combined. To this is also added the transform of the 
right side of the differential equation F (p). All terms of the right side of (34’), 
with the exception of F (p), form, after collecting like terms, a polynomial 
in p of degree 5 —1 with known coefficients. We denote it by 15, , (p). And 
so equation (34^) can be written as follows: 


x (p) Pn (P) — b, (0) + F (p). 


From this equation we determine x (p): 


= n Pn-1 (P) , F(p) 
a PnP) ^ Oalp)’ mm 


Determined in this way, x(p) is the transform of the solution x(t) of the 
equation (31), which solution satisfies the initial conditions (32). If we now 


find the function x* (f) whose transform is the function x(p) determined by 

equation (36), then by the uniqueness theorem formulated in Sec. 1 it will 

sy acd x* (t) is the solution of equation (31) that satisfies the conditions 
, that is, 


x* (t) — x (1). 


If we seek the solution of (31) for zero initial: conditions: XQm X, mm XQ... = 


x ^7P —0, then in (36) we will have 'bu-,(0)—0 and the equation will take 
the form 


28— 3388 
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or 


F (p) | 
a,p"+a,p"-'+...-+a, ° 
Example 1. Find the solution of the equation 


x (p) = (36^) 
dx 
di Tx- l 


satisfying the conditions x —0 for t=0. 
Solution. Form the auxiliary equation 


= E se 1 
x (p) eh) or ig 


Decomposing the fraction on the right into partial fractions, we get 


Using formulas 1 and 4 of Table 1, we find the solution: 
x (f) 21—e-t. 
Example 2. Find the solution of the equation 
d*x 
ji: x=! 


that satisfies the initial conditions: x,=x,—0 for t=O. 
Solution. Write the auxiliary equation (34’) 


— l — 1 
*t--9)— — or x(p)— ———c-- 
x (p) (p* 4-9) p (p) p(p?-+9) 
Decomposing this fraction into partial fractions, we get 
EE 
— 9 9 


Using formulas 1 and 3 of Table 1 we find the solution: 


x te cos +e e 


9 
Example 3. Find the solution of the equation 
d*x dx 


that satisfies the initial conditions x,—x,=0 for t=0. 
Solution. Write the auxiliary equation (24’) 


= 
x (p) (E39 r2) 
or 
_— l 1 
4 (P) =- -ra = 


1 
pP? (p*+3p+2)  p'(pry(G-r2) ^" 
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Decomposing this fraction into partial fractions by the method of undetermined 
coefficients, we obtain 


I 1l : l 1 l 
2 pl 4(p+2) ` 


From formulas 9, l,and 4 of Table 1 we find the solution: 
ates l 3 -t l — 5L 
x (i)= t— zte a re 


Example 4. Find the rd of the equation 


F T ox sint 


satisfying the conditions x,—1, x,—2 for t=0. 
Solution. Write the auxiliary equation (34^): 
x (p) (p?-+ 2p 4-5) - p-1--24-2-1-- L ( sint! 
or 


x (p) (p?+ 2p +5) =p+4+ 14 


whence we find x (p): 


aT’ 


= p+4 l 

na p? 7D FST (p? *-+ 1) (p?-+-2p+5) ` 
Decomposing the latter fraction on the right into partial fractions, we can 
write 


11 l ] 
P= p 2p+5 p?+1 
or 
— a4. d p4-1 29 2 | 
*P=0 GEERT 10-9" (p Df 2* 10 nts PED 


Applying formulas 8, 7, 3, and 2 of Table 1, we get the solution 


x (47 e-' cos 21 -- Se! sin 2 — cos tte sin £ 
or, finally, 


l1 1 l 
-— = ee Lt 
x (t) ae (To cos 2 4-77 sin 21 ) — jo 95^ z sin £. 


SEC. 11. DECOMPOSITION THEOREM 


From formula (36) of the previous section it follows thaf the transform of 
the solution of a linear differential equation consists of two terms: the first 
term is a proper rational fraction in p, the second term is a fraction whose 
numerator is the transform of the right side of the equation F(p), while the 
denominator is the polynomial q,(p). ‘lf F(p) is a rational fraction, then 
the second term will also be a rational fraction. It is thus necessary to be 
able fo find the original function whose transform is the proper rational 


28* 
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fraction. We shall deal with this question in the present section. Let the 
L-transform of some function be a proper rational fraction in p: 
v, (p). 

Pn (P) 


It is required to find the original function. In Sec. 7, Ch. X, it was shown 
that any proper rational fraction may be represented in the form of a sum 


of elementary fractions of four types: 


II. —— P $, 
(p—a)* 
, where the roofs in the denominator are complex, that 


ii. e 
p?+ apta, 


08 
1S, TT aX, 
sa ; where k>2, the roots of the denominator are complex. 
(p* -- a,p +83) 
Let us find the original functions for these elementary fractions. For 
fraction type I we get (on the basis of formula 4 of Table 1) 
LA 
p—a 
For a type II fraction, by formulas 9 and 4 of Table 1, we have 
l Rk = 1,1l 
A kI) if e^, (37) 


(p—a)® ` 
Let us now consider the type III fraction. We perform identical transforma- 


tions: 
Ap -- B = Ap 4- B = 
Papa a. (WV dy 
(2+3) +(V az) 
do) +3 
PHA + 
2 y 2.7 
a, 
(+3) +(V az) 


Denoting the first and second terms by M and N respectively, we get 


(from formulas 8 and 7 of Table 1) 
M= Ae ° 272 e 
Q, — — 


4 


869 


Examples of Solutions of Differential Equations 


; Aa, l 
Ne ( —)———r:' 2 ui | a, jc 
1 
dz 
And, finally, 
Ap+B xs 
prapcta 
Aa 
a x a? 
—— sil / d,—4- : (38) 


We shall nof consider the case of elementary fraction IV, since if would in- 
volve considerable calculations. We shall consider certain special cases below 


SEC. 12. EXAMPLES OF SOLUTIONS OF DIFFERENTIAL 
EQUATIONS AND SYSTEMS OF DIFFERENTIAL EQUATIONS 
BY THE OPERATIONAL METHOD 


Example 1. Find the solution of the equation 


2 
ox Ac sin e 


that satisfies the initial conditions x, —0, x, —0 when f=0. 
Solution. Form the auxiliary equation (34’) 
3 


m 3 7 ce 
* (p) (p* F4) 2 p-0- F0 ig OF) TURIS TA 
2 


3 3 
EE: 5 1 3 3 
"UO afat apr 7 5 PESTO pd 


whence we get the solution ^ i 
x O= sin 2i — 5 sin 3f. 


Example 2. Find the solution of the equation 
d*x 
qa t*=0 


that safisfies the initial conditions x,=1,x,=3, x,=8 when ¢=0. 
Solution. Form the auxiliary equafion (34’) 
x (p) (p* 4- 1) — p*- 1 - p-34-8, 


we find 
Pipe p?-+-3p+8 
p+! (p-+1)(p?—p+1) ° 
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Decomposing the ic fraction obtained into partial fractions, we get 


p* 4- 3p 4-8 — " uri Jae 
(p +1) (p —p+}) n p?—p+l 
l V 3 
| = D Pm 
Ez - 


R Oey 


Using Table 1, we write the solution: 


Ba " 
x (f) 22e7!--e* ( —cos 431 4 ys" r3; ) : 


Example 3. Find the solution of the equation 


2 
Ts rf cos 2t 


that satisfies the initial conditions x—0, x,=0 when 1-0. 
Solution. Write the auxiliary n (34') 


8 
2 
x (ppt e pi 3i TETA 
whence EP É 
T=- RA SPA TE 
Consequently, 


1 
244 
5 
x)=- 5 sin t+ 1g > sia 2t -- — ; (sin 21 — t cos 21) 


Obviously, the operational a may also be used to solve systems of 
linear differential equations. The following is an illustration. 
Example 4. Find the ae of the 2 of E 


dx dy m 


Ehat satisfy the initial conditions x —0, y —0 when t=O. 


Solution. We denote x (t) .— x (p), y (2) — y (p) and write the system of 
auxiliary equations: 


(8p--2)x 0) c py (o — 
p x (p)-- 4p --3) y (p)=0. 
Solving this system, we find 


4p 4-3 1 1 1 


* (P= 5px üipró dp 5p i0(ip6' 


I E TR 
Y P= Tip+6)(p+l) 5 \p+l ilp+e) 
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From the transforms we find the original functions—the sought-for solutions 
of the system: 


PME Dur 
SUI pt 7939 


l LT. 
g(t)- 5 (ers m ) . 


Linear systems of higher orders are solved in similar fashion. 


SEC 13. THE CONVOLUTION THEOREM 


The following convolution theorem is frequently useful when solving 
differential equations by the operational method. 

Convolution Theorem. /f F,(p) and F,(p) are the transforms of the functions 
fı (t) and f, (£), that is, 


F,(p) — Ff, (t) and F,(p) 2 f: (4), 
then F,(p)-F,(p) is the transform of the function 
t 


(OG di, 
that is, i 
t 
F, (p) F, (p) = V h CO fa (#1) ds. (39) 


0 
Proof. We find the transform of the function 
t 


{ h (T) fa (C —71) dv 
0 
from the definition of a transform: 


a 


t 
L { Vi (x) f, (£ —1) dt jen n (T) f, (E—*) dx | dt. 


The integral on the right is a double integral of the form N Q (v, t) dt dt, 


D 
which is taken over a region bounded by the straight lines t=0, t=? 
(Fig. 380). Changing the order of integration in this double integral, we get 


L (in (T) f, e—a} =f E (T) ferigi —t) dt | dc. 


Changing the variable ¢—t=z in the inner integral, we obtain 


| e-P! fi (t —T) dt = Y e-P*? f, (2) dz =e-P" ( e7* f, (z) dz =e-F* F, (p). 
t 9 
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Hence, 


t oo [ra] 


L { V f (1) fa (£— 2) ds Y =\ f, (1) e-P* F, (p) dx =F, (p) V e^ (v) dt = 
0 0 0 

= F, (p) F, (p). 
And so 


t 
(f, (00 f, (E—7 dt + F, (p) F, (p). 
0 


This is formula 15 in Table 1. 
i 
Note 1. The expression Lf (t)f,(¢—t) dt is called the convolution 


0 
(Faltung, resultant) of two functions f, (t) and f, (t). 
The operation of obtaining it is also known as the 
convolution of two functions; here 


t 


t 
| A Of E dr = Vf, (0f Q0 dr. 


0 


Fig. 380. 


That this equation is true is evident if we change 
the variable ‘—t=z in the right-hand integral. 
Example. Find the solution to the equation 


T r-i (A 
that satisfies the initial conditions x,—x, —0 for t=0. 
Solution. Write the auxiliary equation (34^) 
x (p) (p! --1) —F (p), 
where F (p) is the transform of the function f (f). Hence, x (p) = 
x --sin f and F(p):-f(t) Applying the convolution formula (39) 
I 


and denoting nri (p, F (p) =F, (p), 


l 
DT F (p), 
but 


we get 
t 


x (t) = | f (1) sin (£— T) dt. (40) 


Note 2. On the basis of the convolution theorem it is easy to find the 
transform of the integral of the given function if we know the transform of 
this function; namely, if F (p) +f (t), then 

t 


] A 
=F) > J fede (41) 
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Indeed, if we denote 
l 
fi () — f (t), fa 0) = 1, then F, (p) =F (p), F, w= . 
Putting these functions into (39), we get formula (41). 


SEC. 14. THE DIFFERENTIAL EQUATIONS OF MECHANICAL 
OSCILLATIONS. THE DIFFERENTIAL EQUATIONS 
OF ELECTRIC-CIRCUIT THEORY 


From mechanics we know that the oscillations of a material point of mass 
m are described by the equation *) 


dx X dx, k l 
T og a L (42) 
where x is the deflection of the point from a certain position and k is the 
rigidity of the elastic system, for instance, a spring (a car spring), the force 
of resistance to motion is proportional (the proportionality constant is A) 
to the first power of the velocity, and f, (f) is the 
outer (or disturbing) force. C L 
Equations of type (42) describe small vibrations id 
of other mechanical systems with one degree of free- 
dom, for example, the torsional oscillations of a fly- 
wheel on an elastic shaft, if x is the angle of rotation € 
of the flywheel, m is the moment of inertia of the 
flywheel, & is the torsional rigidity of the shaft, and 


mf, (f) is the moment of the outer forces relative to dQ 
the axis of rotation. Equations of type (42) describe i= -JF 
not only mechanical vibrations but also phenomena Fig. 381. 


that occur in electric circuits. 

Suppose we have an electric circuit consisting of an inductance L, a 
resistance R and a capacitance C, to which is applied an e.m.f. E (Fig. 381). 
We denote by i the current in the circuit, by Q the charge of the capacitor; 
then, as we know from electrical engineering, i and Q satisfy the following 


equations: 


di ay i ls 
Ly 5 tg-B (43) 

dQ , 
P (44) 

From (44) we get 
(44) "M " 
dt? dt^ 
Substituting (44) aad (44') into (43), we get for Q an equation of type (42): 
d*Q dQ 1n | 

Lag tRa +e Q=é. (45) 


*) See, for example, Ch. XIII, Sec. 26, where such an equation is derived 
in considering the oscillation of a weight on a car spring. 
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Differentiating both sides of (43) and utilising (44), we obtain an equation 
for determining the current i: 
d*i di, 1, dE 

ur T re Clo a: (46) 


Equations (45) and (46) are type (42) equations. 


SEC. 15. SOLUTION OF THE DIFFERENTIAL OSCILLATION 
EQUATION 


Let us write the oscillation equation in the form 
d*x dx 
qth qt ata (t), (47) 


where the mechanical and physical meaning of the desired function x, of the 
coefficients a,, a,, and of the function / (t) is readily established by comparing 
this equation with equations (42), (45), (46). Let us find the solution to 


equation (47) that satisfies the initial conditions x= xo, x! =X, when í —0. 
We form the auxiliary equation for equation (47): 


x (p) (P+ a,p 4- a,) — xp +x, + a,x, +F (p), (48) 
where F (p) is the transform of the function f (f). From (48) we find 
EM pax 
: To ea d MUS 1*9 F (p) (49) 


p*+ap+a, papa, 
Thus, for a solution Q (1) of equation (45) that satisfies the initial conditions 
Q=Q,, Q’=Q, when ¢=0, the transform will have the form 
= L (Q,p +Q) +RQ E 
Q (p) TU —LÀÁE f 
Lp'-Rpc — Lp8BRptu 


The type of solution is significantly dependent on whether the roots of the 
trinomial p*--a,p--a, are complex, or real and distinct, or real and equal. 


Let us examine in detail the case when the roots of the trinomial are complex, 
2 


that is, when 3) — a, < 0. The other cases are considered in similar fashion. 


Since the transform of a sum of two functions is equal to the sum of their 
transforms, it follows from formula (38) that the original function for the 
first fraction on the right of (49) will have the form 


, a 2 


Xo04 
Xo "9 at (50) 
V gi 
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Let us then find the original function corresponding to the fraction 


F(p) 
p?+a,p+a, 
Here, we take advantage of the convolution theorem, first noting that 


] Ta" 5 
A e : BALA 
Papa 7/73 aiy ai Ris 
v: RERUM 


Hence, from (39) we get 


F(p) . 1 a V af 
anc L- V. Fme sin (t — T) a, = i (51) 
a; 


1 


4 0 
And so, from (49), taking into account (50) and (51), we get 


d X,a 
ett ai Xa + 9 a 
x(t) —-e * |x, cost a, ——— 4+. — r sint a —-7 |+ 
ai 
t a, 2 
1 —-—- a, 
-+ V: | F (1) e * sin (t —T) V a PUTES dv. (52) 
a 


1 
a, ——79 


4 


If the external force f (f) £20, which means that if we have free mechanical 
or electrical oscillations, then the solution is given by the first term on the 
right-hand side of expression (52). If the initial data are equal fo zero, i.e., 


if x,—2x, —0, then the solution is given by the second term on the right side 
of (52). Let us consider these cases in more detail. 


SEC. 16. INVESTIGATING FREE OSCILLATIONS 


Let equation (47) describe free oscillations, that is, f(/)e50. For con- 
venience in writing we introduce the notation a, —2n, a, — k*, k? = kè — n. 
Then (47) will have the form 


d*x dx 
jg + 28 gr + Rx =0. (53) 


The solution of this equation x,, that satisfies the initial conditions x= x, 
x’ =x, for t=0 is given by the formula (50) or by the first ferm of (52): 


X pp (t) e" E cos k pated sin nt] ; (54) 


k, 
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X, + X, : ; 
We denote x, — a, ————-=b. It is obvious that for any a and b we can 


select M and 6 such that the following equalities will be fulfilled: 
a= M sin 6, b= M cos 6, 
here, 
M? = a? -- 67, tan b . 
We rewrite formula (54) as 
xg, 2 e7"! [M cos k,t sin d+ M sin k,t cos ô], 
or, in final form, the solution may be written thus: 


xj! V a? +t e- sin (k,t 4- 0). (55) 


Solution (55) corresponds to damped oscillations. 
If 2n=a,=0, that is, if there is no internal friction, then the solution 
will be of the form 


x= V a? + 6 sin (,t 4- 8). 


In this case harmonic oscillations occur. (In Ch. XIII, Sec. 27, Figs. 270 and 
271 give graphs of harmonic and damped oscillations.) 


SEC. 17. INVESTIGATING MECHANICAL AND ELECTRICAL 
OSCILLATIONS IN THE CASE OF A PERIODIC EXTERNAL FORCE 


When studying elastic oscillations of mechanical systems and, in particular, 
when studying electrical oscillations, one has to consider different types of 
external force f (f). Let us consider in detail the case of a periodic external 
lorce. Let equation (47) have the form 


2 
Te nt p hem A sin ot. (56) 


To determine the nature of the motion it is sufficient to consider the case 
when X, — x, =0. One could obtain the solution of the equation by formula 


(52), but pedagogically speaking, it is more convenient to obtain the solution 
by carrying out all the intermediate calculations. 
Let us write the transform equation 


x (p) (P+ 2np +k) =A 
from which we get 
* = oe a 
PI= (p T 2np Fk (p? + 0%) ' 


We consider the case when 2n 40 (n? < k?). Decompose the fraction on 
ihe right into partial fractions: 


Aq |... Np -B Pe war (58) 
(p? + 2np-+ k?) (P+) p*-F2np-rk* PHa’ 


We determine the constants B, C, D by the method of undetermined 
coefficients. Using formula (38), we find the original function from its 


(57) 
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L-transform (57): 


X (4) = ET ENSE l (22 — o?) sin of —2nw cos wt + 
J-e-?t | Q'— k+ ot) z sin k,f+2no cos k,t l H (59) 


here again, k,— V k?—n?. This is the solution of equation (56) that satisfies 
the initial conditions x,—x,—0 when £—0. 

Let us consider a special case when 254-0. This corresponds to a mecha- 
nical system with no internal resistance, or to an electric circuit where R =0 
(no internal resistance in the circuit). Equation (56) then takes the form 


du 
dt? 


and we get the solution of this equation satisfying the conditions X= x, x0 
for £—0 if in (59) we put n0: 
A 


oh [—o sin kt + k sin of]. (61) 


Here we have the sum of two harmonic oscilla- 
tions: natural oscillations with frequency : 


+ &*x = A sin ot, (60) 


Xs 


x(t) = 


A o 
Xnatt — — Riot p m5 


and forced oscillations with frequency o: 


A 
X for (4) = Boo sin wt. 


The type of oscillations for the case £32» is 
shown in Fig. 382. 

Let us again return to formula (59). 
If 2n — 0 (which occurs in the mechanical and 
electrical forces under consideration), then the : 
term containing the factor e7"*, which represents Fig. 382. 
damped natural oscillations for increasing t, 
rapidly decreases. For f sufficiently large, the character of the oscillations 
will be determined by the term that does not contain the factor e7"4; that is, 
by the term 


A 


* 0) = 08 — 35) F Ano 


{(k? —w’) sia ot —2no cos ot}. (62) 


We introduce the notations 


EDT , 
A (kè—0o) —— Most A-2no 


Bao E dnte Te on pantar = sno, — (59 


where 
Mz MEC CET é 
y (2 — w*)? + 4n2w? 
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The solution (62) may be rewritten as follows: 


a Soar sin (wf + 6). (64) 

á (o? 2 $ a)? 
From formula (64) if follows that the frequency of forced oscillations coincides 
with that of the external force. If the internal resistance, characterised by 
the number n, is small and the frequency of the external force œ is not very 
different from that of the natural oscillations k, then the amplitude of oscil- 
lations may be made as great as one pleases, since the denominator may be 


arbitrarily small. For n—0, w*=—k?, the solution is not expressed by for- 
mula (64). 


x) 


SEC. 18. SOLVING THE OSCILLATION EQUATION 
IN THE CASE OF RESONANCE 


Let us consider the special case when a,—2n—0, that is, when there is 
no resistance and the frequency of the external force coincides with that of 
ihe natural oscillations k=@. The equation then takes the form 


dix. 
jn t^ x= Asin kt. (65) 


We shalf seek the solution that satisfies the initial conditions x,—0, Xx, —0 
for ¢=0. The auxiliary equation will be 


pu 2 2) — k 
z (P (PRA voa 


whence di 
x(p-— (p E C (66) 


We have a proper rational fraction of type IV, which we have not considered 
in the general form. To find the original function for the transform of (66), 
we take advantage of the following procedure, We write the identity (formula 2 
of Table 1) 


[^^] 
apa he” sin At dt. (67) 
0 


We differentiate both sides of this equation with respect to k (the infegral-on 
the right may be represented in the form of a sum of two integrals of a real 
variable, each of which depends on the parameter A): 


e 


2 
R \ e~P' t cos kt dt. 
0 


PEE (pr E 


Utilising (67) we can rewrite this equation as 


@ 
2 
- Gg alert [ cos kt — sin kt dt. 
0 
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Whence it follows directly that 


Ak. de 


Wh T BE y sin kt —t cos kt) 


(from this formula we have formula 13, Table 1). Thus, the solution of equa- 
tion (65) satisfying the initial conditions x, — x, —0 for £ —0 will be 


(0 — 3x (sin kt — t cos 2 : (68) 
Let us study the second term of this equation: 
x, (f) =— 5 t cos kf; (68’) 


this quantity is not bounded as £ increases. The amplitude of oscillations that 
correspond to formula (68') increases without bound as ¢ increases without 
bound. Hence, the amplitude of oscillations corresponding to formula (68) also 
increases without bound. This is resonance; it occurs when the frequency of 
the natural oscillations coincides with that of the external force (see also 
Ch. XIII, Sec. 29, Fig. 273). 


SEC. 19. THE DELAY THEOREM 


Let the function f(t), for t <0, be identically equal to zero (Fig. 383, a). 
Then the function F(£—1,) will be identically zero for t< t, (Fig. 383, b). 
We shall prove a theorem which is known as the delay theorem. 


js ats 


(Q) (b) 


Fig. 383. 


Theorem. If F(p) is the transform of the function f(t), then e^" »F (p) is 
the transform of the function f(t—t,); that is, tf F(t) 3- F (p), then 


f (£—t,) + e7 ^F (p). 
Proof. By the definition of a transform we have 


o fo o 
L{f(t—t,)} = f e-Pt F(t.) dt = ( e-P! f (t—t,) dt + ( e~Pt F(t —t,) dt. 
0 0 fo 
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The first integral on the right of the equation is zero since /(£—1,)—0 for 
f <t, In the last integral we change the variable, putting t—£,—2; - 


Lift —:19) = ( gr Peet) f(z) doa P5 \ e-P* [ (z) dz e^ "^^ F (p). 
0 0 
Thus, f (¢—t,) < e7 °F (p). 


Example. In Sec. 2 it was established for the 
Heaviside unit function that 


. 1 
gU) mes 


It follows, from the theorem that has just been 
proved, that for the function o,(£— ^) depicted 
in Fig. 384, the L-transform is 


Fig. 348, LE 


[hat is, 
* I Lud 
utc ph. 


Exercises on Chapter XIX 


" Find solutions to the following equations for the indicated initial condi- 
ions: 


d?x dx e E EET at 
l. 4a t3 a 025-0, x=1, x'—2 for t=0. Ans. xz4e-'—3e^!t, 


d! d? 
2. Far =0, x=2, x'—0, x'-1 for t=0. Ans. x=1—t+el. 
d?x d , 
3. "ji 2a 4 (a? + b?) x =0, x-X, X —x, for t=0. Ans. x= 
e?! " 
E [xab cos bt +(x, — xaa} sin bt]. 
d*x dx — A8X e ro EN l st 
4. qe 3g4; tHe , x=], x’=2 for t=0. Ans. X= T5e + 
l 2i 
+ 4 e — — € e 
d*x fe. j ? a 
b. jm t x=acosnt, x-—x, x'—x, for t=0. Ans. X X 


X (cos nt —cos mt) +x, cos nt TA cos mt, 


J 


2 
ES cos t?, x 20, x =0 for £—0. Ans. x — 3e! —— 020-3, 


' di^ di 
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d*x l 24t , n A l 2 
7. js *— x! €, x=x'=x"=0 for 1-0. ns. x=7 t— 3t +. 
+5 ea et fcos (z V Si) — Vein (s va) e! 


3 , " 
8. Ta rx, x—X—XX —0 for t=0. Ans. x—l—-e 


d*x d*x 


ega 72 gg o7 sint Xy=X, m X um X, =0 for t=0. Ans. x= 


] ; 3 
=g de ) sin — s t cos f. 
10. Find solutions to the system of differential equations 
d*x 


d? 
Gatyal gat*=0 


that satisfy the initial conditions x,—9,—x,—9,—0 for t—0. Ans. x(t) = 


—— n y (£)  — cos t pe! --e7'— 1. 
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power-exponential, 93 
quadratic, 27 
rational integral, 27, 244 
represented parametrically, 104, 123 
of several variables, 255 
single-valued, 20 
tabular representation of, 20 
transcendental, 28 
trigonometric, 22, 24, 102 
unbounded, 4l 
Functional determinant, 636 
Functional relation, 19 
Functional series, 733 
Functions 
hyperbolic, 110, 111 
linearly dependent, 539 
linearly independent, 539 
rational, 357 
Fundamental theorem of algebra, 245 


G 

Gauss function, 385 

Gaussian curve, 187 

General solution (of a differential 
equation), 474, 475, 515 

Geometric mean, 305 

Ceometric progression, 710 

Gradient, 286, 287 

Graph, 21 

Greatest value (of a function), 61 

Green, D., 681 

Green's formula, 679-681 


H 


Hamiltonian operator, 700 
Harmonic analysis, 805 
Harmonic function, 703, 836 
Harmonic oscillations, 558 
Harmonic series, 714, 715 
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Heat-conduction equation, 815, 816, 
825, 828 

Heaviside unit function, 855 

Helicoid, 316 

Helix, 315, 316 

Hodograph, 314 

Homogeneous equation, 482 

Homogeneous function, 482 


Homogeneous linear equation, 529 
Hyperbolic equations, 815 
Hyperbolic iunctions (sine, cosine, 


tangent, cotangent), 110, Ill 
Hypocycloid, 449 


Identity, 364 
Imaginary 

pure, 233 
Imaginary axis, 233 
Imaginary part of complex number, 

233 
Implicit function, 90, 91, 122 
Improper fraction, 357 
Improper integral, 416, 417 
Improper iterated integral, 631 
Inclined asymptotes, 191 
Increasing function, 20 
Increasing variable, 18 
Increment 

partial (of a function), 259 

total (of a function), 259, 265 
Indefinite integral, 343 
Independent variable, 19 
Indeterminate forms, 144-147, 150-152 
Inequality 

Bessel's, 796 

Bunyakovsky's, 647 

Schwarz', 647 
Infinitely large quantity, 39 
Infinitely large variable, 34 
Infinitesimal, 42-45 
Infinitesimal function, 42, 44, 45 
Infinitesimal of higher order, 64 
Infinitesimal of kth order, 64 


Infinitesimal of lower order, 64 
Infinitesimal quantity, 45 
Infinitesimals 
equivalent, 64, 65 
of same order, 63 
Inflection (point of inflection), 186 
Initial condition, 474, 514 
Initial conditions, 8, 18, 825, 
Initial function, 855 
Initial phase, 558 
Integrable (said of a function), 399 
Integral, 473 
absolutely convergent, 420 
complete, 475, 515 
convergent, 421 
definite, 396, 398, 399 
Dirichlet’s, 800 
divergent, 421 
double, 609 
elliptic, 385 
Fourier, 806-808 
improper, 416, 417 
improper iterated, 631 
indefinite, 343 
iterated, 611 
line, 671, 674 
particular, 475 
Poisson’s, 835, 846 
three-fold iterated, 651-655 
triple, 650, 654, 656, 658, 659 
Integral curves, 475, 515 
Integral sign, 343 
Integral sum, 398, 608 
Integral test (for convergence), 723-726 
Integrals 
table of, 345 
Integrals of irrational functions, 37], 
383 
Integrand, 343 
Integrate (a differential equation), 476 
Integrating factor, 495-497 
Integration (of a function), 344 
Integration of binomial differentials, 
375 
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Integration by parts, 354-356, 413-416 
Integration of rational fractions, 365 
Integration by substitution, 348-351 
Integration of trigonometric functions, 

378-383 
Interior point (of a region), 610 
Interior points (of a domain), 
Intermediate argument, 85 
Interpolation, 250 
Interval, 17 

closed, 17 

of integration, 399 

open, 17 
Invariance (of form of differential), 117 
Inverse function, 95 
Inverse trigonometric function, 22, 102 
Investigation of a function, 194-198 
Involute, 219 
Irrational function, 27 
Irrational numbers, 13 
Irrotational vector field, 702 
Isogonal trajectories, 509, 512-514 
Isolated singular point, 310 
{terated integral, 611 

evaluation of, 615, 616 

improper, 631 

three-fold, 651-655 


256 


J 


Jacobi, 636 
Jacobian, 636, 659 


K 
Krylov, A. N., 435 


L 


L-transform, 855 

Lagrange form of remainder, 155 

Lagrange's interpolation formula, 
250, 251 

Langrange’s theorem, 142 

Laplace equation in cylindrical coor- 
dinates, 842 


Laplace transform, 855 
Laplace’s equation, 507-509, 703, 815, 
836 
Laplacian operator, 703, 836 
Least value (of a function), 61 
Leibniz (see Newton-Leibniz formula; 
410, 411) 
Leibniz’ formula, 436 
Leibniz' rule (formula), 120 
Leibniz" theorem, 727, 728 
Length of 
an arc, 208 
a normal, 127 
a subnormal, 127 
a subtangent, 127 
a tangent, 127 
Level lines, 283 
Level surfaces, 283 
L'Hospital's theorem (rule), 145 
Limit 
lower (of an integral), 399 
upper (of an integral), 399 
Limit of 
an algebraic sum of variables, 46 
a function, 35, 261 
a product, 46 
a quotient, 46 
a variable, 32 
Line 
secant, 265 
Line integral, 671, 674 
Line tangent, 73 
Linear density, 459 
Linear differential equation, 528, 529 
Linear equation, 487 
Linear function, 27 
Linearity property (of a transform), 
857 l 
Linearly dependent functions, 539 
Linearly dependent solutions, 530 
Linearly independent functions, 539 
Linearly independent solutions, 530 
Lines 
flow, 510 
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level, 283 

equipotential, 510 
Logarithm 

common, 258 

Napierian, 56 

natural, 56, 758 
Logarithmic derivative, 94 
Logarithmic function, 22, 24, 103 
Lopshits, A. M., 806 
Lower limit (of an integral), 399 
Lower (integral) sum, 397 
Lyapunov, A. M., 576, 581 
Lyapunov stable (about solutions, 

conditions), 577 
Lyapunov equation, 796 
Lyapunov's theory of stability, 576 


M 


Maclaurin's formula, 155 
Maclaurin's series, 751-753 
Mapping ' 

one-to-one, 634 
Maxima (see maximum) 
Maximum (of a function), 164, 

178, 292, 297 
Maximum absolufe error, 270 
Maximum deviation, 793 
Maximum relative error, 272 
Mean 

geomefric, 305 
Mean-value theorem, 406, 616, 653 
Member 

right-hand (of an equation), 529 
Method 

of chords, 225 

combined, 229 

Euler's, 581-584 

Newton's, 227 

Ostrogradsky’s, 368 

of tangents, 227 : 

of variation of arbifrary 

constanfs (parameters), 543 

Minima (see Minimum) 
Minimax, 297, 299 


Minimum (of a function), 165, 169, 
178, 292, 297 

Modulus, 15 
of a complex number, 234 
of logarithms, 56 


Moments 
static, 649 

Monotonicity, 226, 227 

Multiple roots (of a polynomial), 
247 


Multiple-value function, 20 
Multiplicity (of roots), 247-249 


N 


Nth partial sum of a series, 710 
Napier, 56 
Napierian logarithms, 56 
Natural logarithms, 56, 758 
Necessary condition (for existence of 
extremum), 166 
Necessary conditions of an extremum, 
294 | 
Neumann problem, 837 
Newton-Leibniz formula, 
Newton's method, 227 
Neighbourhood (of a point), 17, 260 
centre of, 18 
radius of, 18 
Nodal point, 307 
Nonhomogeneous linear equation, 529 
Normal, 221, 320 
principal (of a curve), 328 
Normal to a curve, 126 
Normal to a surface, 339 
Normal plane, 320 
Normal system of equations, 564 
Number 
complex, 233 
e, 51, 53 
irrational, 13 
rational, 13 
Number (con(t.) 
real, 13 


410, 411 


Subject Index 891 


Number pair, 256 
Number quadruple, 258 
Number scale, 13 
Number triple, 257 
Numerical series, 710 


0 
Operator 
v-operator, 700 
del, 700 
Hamiltonian, 700 
Laplacian, 703, 836 
One-to-one correspondence (mapping), 
634 
One-parameter family of curves, 498 
Open domain, 256 
Open interval, 17 
Operational calculus, 854 
order of a differential equation, 472 
Ordered variable quantity, 18 
Ordinary differential equation, 472 
Ordinary point, 305, 336 
Origin (of a vector), 314 
Original, 855 l 
Original-transform tables, 855 
Orthogonal trajectories, 509-512 
Oscillations 
forced, 557, 559-563 
free, 557, 875-876 
Oscillations (cont.) 
harmonic, 558 
Osculating plane, 331 
Osculation (see Point of osculation 309) 
Ostrogradsky, M. V., 368, 636, 681, 
699 
Ostrogradsky's formula, 697-700 
Ostrogradsky's method, 368 


P 
Parabola 
safety, 502 
Parabolic equations, 815 
Parabolic formula, 426 
Parabolic irapezoid, 426 


———————————————RÓá——— H— —— — À— 


Parameter, 103 
Parametric, 103 
equations, 103, 104, 314 


Part 

principal (of an increment), 113 
Partial derivative, 263-265 
Partial derivatives 

of different orders, 279-283 
Partial differential equations, 472 


Partial fractions, 358 
Partial increment (of a function), 259 
Particular integral, 475 
Particular solution, 475, 515 
Partition unit, 401 
Period, 24 

of oscillation, 558 
Periodic function, 24 
Piecewise continuous function, 797 
Piecewise monotonic function, 779 
Phase 

of a complex number, 234 

initial, 558 
Plane 

complex, 240 

normal, 320 

osculating, 331 

tangent, 338 
Plus-and-minus series, 729 
Point 

critical, 168, 294 

of discontinuity, 60, 75 

of inflection (of a curve), 186 

interior (of a region), 610 

isolated singular, 310 

nodal, 307 

ordinary, 305, 336 

of osculation, 309 

singular, 306, 322, 336 
Points 

interior (of a domain), 256 
Poisson’s integral, 835, 847 
Polar axis, 28 
Polar coordinate system, 28 
Polar coordinates, 28 
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Pole, 28 
Polynomial, 27, 244 

Bernstein's, 252 

Chebyshev, 253 
Potential of a field, 459 
Potential of a gravitational field, 696 
Potential of a vector, 684 
Potential vecfor field, 701 
Power-exponential function, 93 
Power function, 22, 23, 93, 102 
Power series, 742 
Principal normal (of a curve), 328 
Principal part (of an increment), 113 
Principal value (of an integral), 811 
Principle of localisation, 802 
Problem 

Dirichlet, 837 

Dirichlet-Neumann 840, 843 

First boundary-value, 825, 837 

of interpolating a function, 250 

Neumann, 837 

second boundary-value, 837 


of a simple pendulum, 522-525 
Product 
Wallis', 416 


Progression 
geometric, 710 
Proper fraction, 357 
Property 
linearity (of a transform), 857 
Pure imaginary, 233 


Q 


Quadratic function, 27 
Quadratic trinomial, 351 
Quantity 
infinitely large, 39 
infinitesimal, 45 
monotonic, 18 
ordered variable, 18 
R 


Radius of convergence, 744 
Radius of curvature, 217, 328 
Radius of a neighbourhood, 18 


Radius of torsion (of a curve), 333 
Radius vector, 314 
Range of a variable, 17 
Rate of motion, 70 
Ratio (of a geometric progression), 710 
Rational functions, 357 
Rational integral function, 27, 244 
Rational aumbers, 13 l 
Ray, 626 
Real axis, 233 
Real number, 13 
Real part of complex number, 233 
Rectangular formula, 424, 425 
Region 
closed, 608 
of integration, 609 
regular, 64, 611, 626 
regular in the x-direction, 611 
regular in the y-direction, 611 


Relative error, 272 


Relation 
functional, 19 
Remainder, 154 
Lagrange form of, 155 
Remainder theorein, 244 
Resonance, 563, 879 
Resonance curves, 561 
Resultant, 872 
Right-hand member (of an equation), 
529 
Rolle's theorem, 140 


Root 

double, 546 

of an equation, 244 

k,-tuple, 247 

of multiplicity k, 247-249 

of a polynomial, 244 

simple (single), 546 
Roof-mean-square deviation, 793 
Roots 

complex, 248, 249 

multiple (of a polynomial), 247 
Rotation (of a vector function), 694 
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Rule 
Leibniz, 120 
L'Hospital's, 145 
Simpson's, 426, 428 
trapezoidal, 425, 426 


S 


Safety parabola, 502 
Scalar field, 283 
Scale 
number, 13 
Schwarz' inequality, 647 
Secant line, 265 
Second derivative 
mechanical significance of, 124 
Second Euler substitution, 373 
Sense of description, 672 
Sense of integration, 671 
Separated variables, 479 
Series 
absolutely convergent, 731 
alternating, 727 
binomial, 754-756 
conditionally convergent, 731 
dominated, 734-736 
Fourier, 776-812 
definition of, 779 
functional, 733 
harmonic, 714, 715 
Maclaurin's, 751-753 
numerical, 710 
plus-and-minus, 729 
power, 742 
Taylor's, 750, 751 
trigonometric, 776 
Serret-Frenet formulas, 335 
Shift theorem, 858 
Sign 
of double substitution, 411 
integral, 343 
Simple (single) root, 546 
Simpson's formula, 428 


Simpson's rule, 426, 428 
Single (simple) root, 546 


Single-valued function, 20 

Singular point, 306, 322, 336 
isolated, 310 

Singular solution (of differential equa- 
tion), 504 


Smallest value (of a function), 61 
Smirnov, V. I., 806 

Smooth curve, 528 

Solenoidal vector field, 702 


Solid of revolution, 455 
Solution 
of a differential equation, 473 
general, 474, 475, 515 
particular, 475, 515 
singular, 504 
stable, 577, 579, 580 
unstable, 579, 580 
Solutions 
linearly dependent, 530 
linearly independent, 530 
Solve (a differential equation), 476 
Space curve, 450 
Spiral of Archimedes, 29 
Stable 
Lyapunov (about solutions, condi- 
tions), 577 
Stable solution, 577, 579, 580 
Static moments, 649 
Stokes, D., 694 
Stokes' formula, 692-697 
Stokes' theorem, 694-695 
Subinterval, 401 
Subnormal, 127 
Subregions, 608 
Substitution 
Euler, 372-375 
universal trigonometric, 379 
Subtangenf, 127 
Sulficient conditions (for existenc 
of an extremum), 169 i 
Sum 
integral, 398, 608 
lower (integral), 397 
upper (integral), 397 
Sum of a series, 710 
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nth partial, 710 
Surface density, 642 
Surfaces 

level, 283 
oymbolic vector, 700 


T 


Table of integrals, 345 
Table of transforms, 862, 863 
Tables 
original-transform, 855 
Tacnode, 309 
Tangent, 73, 336 
line, 73 
Tangent plane, 338 
Taylor's formula, 152, 155 
for a function of two variables, 290 
Taylor's series, 750, 751 
Telegraph equations, 819 
Terminus (of a vector), 314 
Terms of a series, 710 
Test 
Cauchy's, 721, 722 
d'Alembert's, 718 
integral (for convergence), 723-726 
Theorem 
Abel's, 742, 743 
Cauchy's, 143 
convolution, 871 
decomposition, 867 
delay, 879, 880 
existence (of a line integral), 673 
Theorem (cont.) 
on finite increments, 142 
fundamental (of algebra), 245 
l'Hospital's, 145 
Lagrange's, 142 
Leibniz', 727, 728 
mean-value, 406, 616, 653 
on ratio of increments of two fun- 
ctions, 143 
remainder, 244 
Rolle's, 140 
shift, 858 


Stokes', 694, 695 

uniqueness, 855 

Weierstrass' approximation, 252 
Theory of stability 

Lyapunov's, 576 
Third Euler substitution, 374, 375 
Threefold iterated integral, 651-655 
Torsion (of a curve), 333 

radius of, 333 
Total derivative, 275 
Total differential, 267 
Total differentials 

approximation by, 268, 269 
Total increment (of a function) ,259,265 
Trajectories 

isogonal, 509, 512-514 

orthogonal, 509-512 
Transcendental function, 28 
Transform (L-transform), 855 
Transform, 855, 856 

Fourier, 812 

Fourier cosine, 810 

Fourier inverse, 812 

Fourier sine, 810 

Laplace, 855 
Transform equation, 865 
Transforms 

of derivatives, 861, 862 

differentiation of, 860, 861 
Trapezoid 

curvilinear, 400 

parabolic, 426 
Trapezoidal formula, 426 
Trapezoidal rule, 425, 426 
Trigonometric function, 22, 24, 102 
Trigonometric series, 776 
Trinomial 

quadratic, 351 
Triple integral, 650, 654, 656, 658, 659 
Triple product (of vectors), 333, 334 


U 


Unbounded function, 41 
Uniqueness theorem, 855 
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Universal trigonometric substitution, 
379 

Unstable solution, 679, 580 

Upper limif (of an integral), 399 

Upper (integral) sum, 397 


V 


Value 

absolute, 15 

critical, 168 

greatest (of a function), 61 

least (of a function), 61 

principal (of an integral), 811 

smallest (of a function), 61 
Values 

extreme (of a function), 166 
Variable, 16 

bounded, 18 

complex, 240 

decreasing, 18 

increasing, 18 

independent, [9 

infinitely large, 34 


of integration, 399 
monotonically varying, 18 
Variables separable, 479 
Variables 
separated, 479 
Vector, 233 
symbolic, 700 
Vector equation, 314 
Vector field 
of gradients, 287 
irrotational, 702 
potential, 701 
solenoidal, 702 
Velocity of motion, 70 
Vertical asymptotes, 190 


W 
Wallis'formula, 415, 416 
Wallis'product, 416 
Wave equation, 815, 817 
Weierstrass’ approximation fheorem, 
252 | 
Wronkskian, 530-533, 542, 544, EBJ. 


